
I N F L U E N C E  O F  P H O N O N  I N T E R A C T I O N  ON T H E  G R O U N D  

S T A T E  O F  E V E N - E V E N  S P H E R I C A L  N U C L E I  

N g u y e n  D i n  D a n g  and V . Y u .  P o n o m a r e v  

Equations a r e  obtained that make it poss ib l e  to ca l cu la t e  the energy and s t ruc tu r e  of 
exci ted s t a tes  de sc r ibed  by a wave function containing s i ng l e -  and two-phonon 
components .  Allowance is made for  the phonon c o r r e l a t i o n s  in the nuc lea r  ground 
s ta te  due to the in te rac t ion  of the phonon exci ta t ion modes .  The influence of the 
phonon c o r r e l a t i o n s  on the ene rg i e s  of the lowest  exci ted s t a tes  is  e s t ima ted .  

In the l a s t  few y e a r s  the q u a s i p a r t i c l e - p h o n o n  model of the nucleus [1] has been used in a s e r i e s  of 
s tudies  (see, for  example ,  [2]) in which a l lowance has been made for  the in terac t ion  of s imple  s ingle-phonon 
s ta tes  with more  compl ica ted  s t a t e s  in sphe r i ca l  nuclei .  The exci ted s t a tes  with angular  momentum J and 
pro jec t ion  M were  de sc r ibed  by the wave function 

( ) Q ~ + ~ , P ~ , ~ , ~ .  + + 

~2~2 

which contains  s i n g l e -  and two-phonon components .  The phonon c rea t ion  o p e r a t o r  Q~+~ is a superpos i t ion  of 
t w o - q u a s i p a r t i c l e  (~ + is the quas ipa r t i c l e  c r ea t ion  opera to r )  conf igura t ions :  

~Y 

and ~0 is the g r o u n d - s t a t e  wave function of the e v e n - e v e n  nucleus .  In the quoted pape r s  [21 the phonon 
vacuum was taken as the ground s ta te ,  i . e . ,  it was d e s c r i b e d  by the same  wave function as in the a p p r o x i m a -  
tion of noninterac t ing  phonons. However ,  the phonon vacuum is not an eigenfunction of the Hamil tonian,  
which contains  t e r m s  desc r ib ing  phonon-phonon in te rac t ion .  The in terac t ion  between the phonons leads  to 
c o r r e l a t i o n s  in the ground s t a te .  This effect was taken into account in [3], in which the bas ic  equations of the 
q u a s i p a r t i c l e - p h o n o n  model were  obtained using the f o r m a l i s m  of two- t ime  G r e e n ' s  functions,  addit ional  
t e r m s  a r i s i n g  in the equations as a consequence .  In the p r e s e n t  paper ,  we shall  show that under  the 
condit ion of c o r r e c t  de te rmina t ion  of the ground s ta te  the t rad i t iona l  methods on the q u a s i p a r t i c l e - p h o n o n  
model give the same additional terms. Equations will be obtained for spherical nuclei. We also give some 
numerical estimates of some effects that arise because the additional correlations in the ground state are 
taken into account. * 

We determine the wave function of an excited state in the form of a linear combination of the 
operators flJ+Mv and ~ . :  

_-- [~  ~ , , . -  ( - )  " - ~ . - ~ , _ ~ . 1 % ' ,  

t 
and as the ground s ta te  ~0 of the nucleus we take the vacuum with r e s p e c t  to the o p e r a t o r s  0 ~ :  e ~ V 0 ' =  
~JO+M~=--0. 

If the wave functions of the ground s ta te  and the exci ted s t a tes  a r e  to be o r thonorma l ,  the o p e r a t o r s  
O+~ and O j , . , . ,  must  sa t i s fy  the commuta t ion  r e l a t i ons  

* In what fol lows,  we shal l  give the name "approximat ion  II" to the case  when the new c o r r e l a t i o n s  in the 
ground s ta te  a r e  taken into account,  in con t r a s t  to "approximat ion l , "  when only the c o r r e l a t i o n s  between the 
q u a s i p a r t i e l e s  a r e  taken into account .  
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+ 

Substituting in (2) the explicit  express ions  for  the o p e r a t o r s  0 + ~  and O,~,, we obtain an equation re la t ing  
the coeff ic ients  R, P, ~, and ~: 

(2) 

iliT. 

To de te rmine  the ene rgy  Vj~ of the exci ted s ta tes  descr ibed  by the wave function ,I,r(JM), we use 
the method of l inear iza t ion  of the equations of motion: 

H + + 

The par t  of the Hamiltonian of the quas ipa r t i c l e -phonon  model descr ib ing  the interact ion of the phonons has 
the fo rm 

H=Z'~ 2 2 <k'Ix'$%Ix~IE-Ix>[U~,' (X')O~,",~,O~,~',Qx-.~+(-)~-~V~,', (Xi)Q~,.,,,Qx...,.Qx~, .c.]; 

zt*2~ 

i ts  f i r s t  t e r m  c o r r e s p o n d s  to the approximat ion  of noninteract ing phonons, when the excited s ta tes  a re  
t r ea t ed  as pure ly  s ing le - ,  two- ,  . . .  phonon s ta tes ,  and the second t e r m  desc r ibe s  the interact ion of the 
configurat ions with different  numbers  of phonons, in pr inciple ,  the Hamil tonian of the model has a more  
compl ica ted  form;  the express ion  (5) is exact  in the sense  that the omit ted t e r m s  will not contr ibute  to any 
of the expres s ions  obtained with the chosen wave function. The coeff icients  U~,,, (~i) and T~,~, (~,~) have the 
fo rm 

�9 ( - )  

U#'t:'(/.i)=(-)~'+~:-~l/(2~,-4-t) (2~+1) E [ <],Ilia(r)Y~.Ilh>vs,s: {St, L~ 7. } x,. x,~, , .... ~,. 

" v ' - ){  } <]dlh,(r) " (- '{  } ] 

(3) 

(4) 

(5) 

Vi,,, (~+0 -- ( - )  Y (2X~+i) (2M+t) E 

h J ~  

where  <]~]]]~(r)Yx]]]z> are  the reduced ma t r ix  e lements  of the s ing le -pa r t i e l e  ope ra to r  genera t ing  the phonon 
excitat ions*;  v~] =a~.t+j,-vj,vj, is a combinat ion of coeff ic ients  of a Bogolyubov t r ans fo rmat ion ;  o~, a re  

I l ia  . _gii l  
normal iza t ion  coeff ic ients .  The above exp res s ions  for  the coeff icients  U~,, (~) and Y~,~, (if) cor respond  to the 
case  when only na t u r a l -pa r i t y  phonons a re  taken into account in the wave function (1). The genera l iza t ion  to 
the case  with both natural  and anomalous  par i ty  of the phonons leads m e r e l y  to a change in the signs in front  
of ce r t a in  t e r m s  (see, for  example ,  [4]). F o r  the overwhelming  major i ty  of the two-quas ipar t i c le  ampli tudes  

lj,~,>>%~., and t he re fo re  the main t e r m  in the express ion  for  rr~,~, (~,i) is the t e r m  ~$r The coeff icients  V ~'~t= 
(~.i) contain only weak t e r m s  ~$r 

Under the assumpt ion  that the number  of phonons in the ground s ta te  of the nucleus is smal l ,  

N~J = 2J+ i 
M 

~. , ~ , P~,,, ( I v ) :  the equations of motion (4) lead to a s y s t e m  of equations for  the coeff ic ients  ~ J" B~(l) and ~" 

2 { 2 ,'. , ' , ]  + 2 )= 0, 
iti$ itiz 

(6)  

*In the quas ipa r t i c l e -phonon  model,  the phonon exci ta t ions a r e  genera ted  by sepa rab le  multipole (phonons 
of natural  par i ty)  V~(r,, r~)~h(rdh(r2)Yx~(.q,)Y~,'(~2) and sp in-mul t ipo le  (phonons of anomalous  pari ty)  V~(r,, r~)~ 
]x(ri)]x (rz) [oiYL(Q,) ]x•" [o2YL(Q2) ]~." fo rces .  
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Z {  ~""" [ " + ""  x'~' (Iv) +'-~-t2 Z (Yi)R~(J) - - ~ d ' Z V s ' ~ ' ( ] t ) R ~ ( J ) } = O '  

Z {  ~J" [ (r (J)+ Z us,,, t,~,)~'%,,tv)J+ 3~d" 

ili2 i~i2 

v i t 

i= t ,  2 , . . . ,  n,; ~ ,v=t ,  2 . . . . .  (n,+n~), 

where  n~ and n 2 a re ,  respec t ive ly ,  the total numbers  of s ingle-  and two-phonon components in the wave 
function (1). The sys tem (7) can also be obtained by using the variat ional  p rocedure  

I & / / + 
6{<~o IO:~,go.,.,,,l~o >-<~o IHl~' j> - ,q<%'le.,~,e.,~j ~o'>} =o, 

the variables R, P, ~, and ~ being varied independently. 

By means of the second and fourth equations of the system (7) we eliminate P ~  (Jr) from the other 
two equations and go over to the new variables 

(7) 

Then the system (7) goes over into a system of l inear  homogeneous equations in the new var iables: 

M. L ~-~-- M~, ~ ,  = 0 .  

3q~ 
III IV ~ ,  

2~,, and its e lements  (depending on the values of the indices k and k' ) can be The rank of the matr ix  M is 
calculated in accordance  with the following formulas .  

I. t<~k, k'<~n~: 

[ v;,,, (ik) u~,,, (ik) v.., (Jk) v.,,, (1k) ] 
(e~,,,-F(0*,,,-{-ll) 

i t i l  

3 [ u,,,, t~,~) ~,,, t ,~ ) m,?: Uk') vt2 Uk) 

i l l 2  

II[. n,+l<~k<~2n~, l<~k'<~n,: 

M~, = _ 3 _  ~ ,  iv:?, (.,k) v::',: (.,k') § v:,i: (:k') v:,i: uk) ] 
2 L (0)~,q4- ex,i,A-h) (e~,,,+ e~,i,--ll) " 

i l i  2 

IV. n~+l~k, k'<~2m: 

M,,,= ((~,,+~1) 6a,-- ~ (to~,,,+o),,,,+~l) + 9 

ili2 

(8) 

The condition of exis tence  of a nontrivial  solution of the sys tem (8) leads to the equation det IIM(~I)H=0, and 
solving this we obtain the energy spectrum n,~ of the excited s ta tes  descr ibed  by the wave function ~ , ( ] i ) .  
Substituting then in the sys tem (7) the value ~1=~1~ and using the normalizat ion condition (3), we find the 
coeff icients  ~ ~ ~ , ~ , R~'(.f), and r)~i~ (Jr), i . e .  we de termine  the wave function i tself .  Note that in the L~,d, 

limiting case ~d~8 .... ~d~-+0 Eqs. (3), (7), and (8) go over into the equations corresponding to approximation I 

1055 



TABLE 1 

l"Sm l~Sm I ] '"Sn ,~r li'$m li.Sm 
I 

/ I 
ntSn 1~r163 

U 0,158 0,6t5 
V 0,099 0,255 

t,23 0,72 
~(~) 1,22 0,52 

0,690 
0,t65 
t,66 
t,53 

0,941 [I,l( lID 1,21 
O, 304 
t,13 11,12~(~ 2,46 

2,47 
0,s2 11 (7) 2,46 

0,t9 
1,44 
t,64 
t,53 

1,50 
3,32 
3,45 
3,43 

0,59 
2,26 
2,57 
2,47 

(in this case,  the rank of the matr ix  M(v) is halved, and the matr ix  itself has the form of [ if we set 
V~:~: (~k)=0). Allowance for the phonon cor re la t ions  in the ground state leads to the pole t e rms  

~((0~,,,+~0~,-~1) - '  in the equations being augmented by non-pole t e rms  ~(0~x,~,+(0~,~,+~l) -'. Similar  non-pole 
t e rms  are  also present  in the equations obtained in the f ramework  of the theory of finite Fe rmi  sys tems  when 
allowance is made for the cor re la t ions  in the ground state due to the interaction of the lp lh  and 2p2h con-  
figurations [5]. 

We est imate  the number  of phonons in the ground state of the nucleus, which was assumed to be 
small in the derivation of Eqs. (7) and (8). For  this, we f irs t  express  the wave function q,~ of the new 
ground state in t e rms  of the wave function q~0 of the phonon vacuum. Applying the procedure  descr ibed in 
detail in the monograph [6] (pp. 382-384), we obtain 

t t 

YN [ 2 
J f f f v  vv'  

where the matr ix (~-')J~ is the inverse of ~J~ (i.e 

(~-9 ~ "%" ( - ) ' - ~ / ~ . t . ~ ,  } ~o, 

_ 1  J ~  J ~ ,  _ , . ,  ( ~ ) ~  ~,, - -6~ . ) ,  and N is  a n o r m a l i z a t i o n  
v 

(9) 

coefficient,  determined by the condition <Wo'lWo'>=l. Substituting (9) in the definition of N J, we readily 
obtain an expression for the total number  of phonons with angular momentum J in the ground state q,:: 

N J =  2 N / =  2 { 2 2  ( ~ J ~ ) ~ + 2  ( Z  R~'(/)~J')~} ' 
i �9 v i v 

i . e . ,  the assumption (6) is well satisfied in the case  when the coefficients ~J~ are  small .  

The solution of the obtained equations is a complicated computational problem, since it is neces sa ry  
to diagonalize a matrix of high rank M(~) that depends nonlinearly on the variable ~. In the present  paper,  
we do not attempt such a task. However, to obtain a cer ta in  quantitative picture of the part  played by the 
phonon corre la t ions  in the ground state, we consider  the s implest  case .  F r o m  the complete set of phonons 
in the definition of the opera to r  ~+uv, we take into account only the lowest 2 + phonon: ~u,=~,.,~,=~.~,.~=w2,§162 + .~ + '~ + ~ + ,~+ 
(with energy (0------0J2,.). In this special case,  all the equations can be solved analytical ly.  In the approximation 
of noninteracting phonons, the sys tem has two excited s tates  with energies  o) ( ~ = Q + ~ )  and 2o) (W=Q+Q + 
W0). Allowance for the interaction of the phonons in the wave function of the excited states (approximation I), 

W.=a~+To={I~'Q++P(v) [Q+Q+]}q~0, v=l ,  2, 

leads to the well-known effect for  the two-level problem - repulsion of the roots:  

,i) 3~o-u U~ ~1~)_ 3~o+?~ 
q~ 2 ' 2 

The first  solution ~1~ I) is the lowest 2 + state, the single-phonon component being predominant in its wave 
function; for the second solution q2 (I), the two-phonon component is predominant .  

Allowance for the phonon-phonon interaction in the ground state (approximation II) gives the 
solutions 

ff  5~02+U~-9V~--3(0 1/~0~+2(U ~- V ~) ff 5(0~+U~_9V~+3r 1/(o~+2(U~-V ~) 

We calculated ~1~(I2 and ~ )  for some nuclei, using the p rogram GIRES [4] and taking the pa rame te r s  
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(~) exp of the model such as to satisfy approximately the condition ~l, =c02r . The obtained results are given in 

Table 1 (all values are given in MeV). The strength of the interaction of the single- and two-phonon com- 

ponents can be judged from the value of the coefficient U. In nuclei in which U is small (as a rule, these 

are magic and near-magic nuclei) we have the solution ~i)___c0 and R -~ 1 (and, respectively, ~]~i)___20) and 

P(2) ~ 1) - the isotope ~iSSn can serve as an example, in other nuclei, the interaction of the single- 

and two-phonon components leads to appreciable mixing of them and a significant decrease in the energy of 

the lowest excitation (see, for example, 146Sm). The energy of the second state is increased at the same 

time, though not so much. Allowance for the phonon correlations in the ground state results in an even 

larger sinking of the lowest excited state. The energy of the second state is also deereased compared 
2~0< (If)< (I)\ with ~i) (at the s a m e  t ime,  for  all nuclei we obtain ~h ~lz ). The influence of the phonon co r re l a t ions  

on the position of the lowest  levels  is most  impor tan t  in nuclei with la rge  values of the coeff icients  U and V. 
The values of these coeff ic ients  a re  de te rmined  by the extent to which the phonons a r e  col lec t iv ized.  
The re fo re ,  in spher ica l  nuclei far  in N and Z f r o m  the magic numbers ,  whose 2+1 and 3~" s ta tes  have a 
low energy and a re  accordingly  s t rongly col lect ivized,  the phonon co r re l a t ions  in the ground s ta te  play 
a significant part. On the other hand, in magic and near-magic nuclei their influence can be ignored. 

We thank A. I. Vdovin for valuable advice and assistance in this work, and V. V. Voronov, 
G. Kyrehev, and Ch. Stoyanov for valuable discussion. 
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