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Abstract : The distribution of the M2 strength in spherical nuclei is studied within the quasiparticlo-
phonon nuclear model . It is shown that the interaction of the ono- and two-phonon states affects
strongly this distribution at the excitation energies E, > 15 MeV . In all the nuclei the strength ofthe
M2 traasitions is concentrated in the excitation energy region of 6-12 MeV . At these energies
the calculated total value of B(M2)j is in good agreement with the experimental data in'°Zr and
~oepb . The calculations show that a group of states observed in'°Ni at an energy ofabout 7 MeV
in the (e, e') experiments is a paR of the M2 resonance .

I. Introdactioo

In recent years a good deal of attention has been paid to the theoretical and
experimental study of the giant resonances in medium and heavy atomic nuclei .
Themost important result of the experiments on the inelastic scattering of electrons
at large angles is the discovery of the magnetic quadrupole resonance. The M2
resonance was first detected in Z°BPb in the Naval Research Laboratory, Washington
(NRL) t) . These data were verified in (e, e') experiments with high resolution at the
linear accelerator in Darmstadt, where the M2 resonance was also identified in
9°Zr [refs. 2-4)] . The concentration of the M2 strength in 9°Zr at an energy of
Ex 9 MeV was observed earlier s) . We should like to mention the investigations
performed on the Ni isotopes by the group in NRL. They contain indirect indica-
tions as to the existence of 2 - states at energies from 6 to 8.5 MeV in seNi .
The M2 resonance in 9°Zr and z°BPb was studied in several papers. The Jülich

group ' " e) have studied the influence of the 2p-2h configurations on the distri-
bution of M2 strength within the finite Fetmi-systems theory . The calculations
in the RPA were performed also within the MSI model s

"
s "

9) and for 2°BPb with
effective separable spin-dipole forces t°) . It should be noted that in these calcu-
lations 9°Zr was considered as a doubly magic nucleus, i.e ., the superconducting
pairing forces in the proton system were not taken into account .

In this paper the M2 resonance is studied in'BNi, 9°Zr, t 2°Sn, taoCe and 2°BPb
within the quasiparticle-phonon model t t . tz) . The most detailed calculations have
been performed for 9°Zr and 'BNi . A comparison is made with the available ex-
perimental data and with calculations of other authors.
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2. Formulae and numerical details

The Hamiltonian in the quasiparticle-phonon nuclear model includes the average
field for protons and neutrons, the pairing interaction and the effective long-range
forces 1z). The effective long-range forces generate in a doubly even nucleus the
phonon excitations with different angular moments and parities . The phonons
with I~ = 1 - , 2 + , . . . 7- are generated by the separable multipole forces, and the
phonons with I~ = 1+, 2 - , 3+, . . . 6- by the spin-multipole forces . Both the iso-
scalar and isovector parts of the effective forces have been taken into account .
Thus the one-phonon states with I~ = 2 - have been calculated in the RPA using
separable spin-dipole forces,

~(KÔlz~+xliz~T1 " iz)ri ' rz~~iYiv(ei~Pi)~z - ' ~~zYiN(Bz~Pz)~z -.

Besides the calculation in the RPA, we have performed the calculations taking into
account the interaction of the one- and two-phonon states. Thewave function of the
2 - state was taken in the form

~v\2 M) _ {ERv(2 t)SG2Mi+ ~ pl~ti(2 v)LQx~P~üQi :Pxix~2 - M~I~~ "

	

(l)

In (1) the following notation is used : Qipi is the phonon creation operator with
angular momentum ~., projection p and number i, and ~0~ is the wave function of
the ground state of a doubly even nucleus (phonon vacuum QzNi f0~ = 0) . To fmd
the energies and the structure of states described by the wave function (1), one
should solve a very complicated system of nonlinear equations `z.'3) of large
dimension . As shown in ref. ' z), it is simplier to calculate theM2 transition strength
function b(M2, q) which is determined as follows :

d 1
b(M2, 4) _ ~ B(M2, OQ. . ~ 2,;) 2n (n- 7v)z +;d z .

The reduced probability B(M2 ; 0~,. -. 2y) of excitation of the 2~ state from the
ground one is calculated by the formula

Formula (3) for B(M2, 0 + -" 2Y) is obtained under the assumption that the terms
in the operator .,dl(M2) which do not change the number of quasiparticles (i .e.
N a+a) give a negligible contribution to the probability of excitation of the 2 -
states and therefore are not taken into account.
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The average field is described by the Saxon-Woods potential, the parameters of
which have been chosen according to ref.'s). The single-particle energies and the
radial part of the wave functions have been found by solving numerically the
Schrödinger equation by the method suggested in ref. "). As a result, the single-
particle spectra used in this paper differ from those obtained earlier 's) by the
semianalytic method of solving the Schrödinger equation 'e). The new spectra have
a larger density of single-particle levels, and what is more essential, the quasibound
state wave functions have the correct asymptotic behaviour. This made it possible
to take into account the quasibound states with a relatively small width. Theconstants
of the superconducting pairing interaction GH and GZ have been determined from
the experimental values of the pairing energies . The parameters ofthe single-particle
potential and the values of the constants GN, z are given in table 1 .

T~e~ 1

The parameters of the Saxon-Woods potential and the pairing interaction constants

The constants ofthe effective long-range forces have mainly been determined from
the experimental data . We also used the estimates of refs . '° " ") . The constants of
dipole forces have been chosen so as to describe correctly the E1 resonance energy
and satisfy the condition that the energy of the first 1 - state be zero in the RPA.
The latter condition allows one to exclude with good accuracy the influence of the
spurious state which is caused by the breaking of translational invariance ' 8) . The
constants of the separable quadrupole and octupole interactions have been chosen
so as to describe correctly the energies of the 2 ; and 3 ; states taking into account
the two-phonon admixtures " " ' 9). The ratio of the isoscalar and isovector constants
has been determined by the formula

Formula (4) coincides with the estimates suggested by Bohr and Mottelson ")
except for a numerical factor (see also ref. z°)) . The different numerical factor

A r~, (fm) 1'0 (MeV) rc (fm =) x (fm- ') GNz

59 N = 31 1 .31 46 .2 0 .413 1 .613 0.280
Z = 27 1 .24 53 .7 0 .308 ! .587 0.302

91 N = 53 1 .29 44 .7 0 .413 1 .613 O.168
Z = 39 1 .24 56 .9 0 .338 1 .587 0.194

121 N = 71 1 .28 43 .2 0 .413 1 .613 0.122
Z = 51 1 .24 59 .9 0 .346 1 .587 0.136

141 N = 83 1 .27 46.0 0.413 1 .613 0 .1 l6
Z = 59 1 .24 57 .7 0 .349 1 .587 0.122

209 N = 127 I .26 44.83 0.376 ~ 1 .587 0.074
Z = 83 1 .24 60.3 0.371 1 .587 0.080
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obtained for the oscillator single-particle potential l') overestimates the energies
of the isovector E2 resonance in calculations with a Saxon-Woods poténtial. As is
shown in refs . ia .a i~ the correct position of the isovector E2 resonance is obtained
in this case at qcz~ _ -(1 .4-1 .5). The constants of the multipole forces with
~, > 3 are taken to be less by a factor of 1 .2-1 .5 than those of ref. l ') . The collective
states with low energy and I > 3 do not appear at these values of the constants.
For the separable spin-multipole forces, the values of the constants are as follows :

28 x4n
xô) = 0~

	

Kiu~ _ _ A~rZ~z MeV ~ fm-aa.

The dependence on A and ~ in these formula results from the qualitative considera-
tions, and the numerical factor in the expression for K;xc,~ is chosen from the ex-
perimental energy ofthe M1 resonance in spherical nuclei sz) ; it is close to the results
of ref. 1°) . Indeed, the constants (5) are not very accurate, but their change by a
factor of 1 .~2 does not essentially change the final results. The dependence of the
results on the constants xô'z> and x;'z~ is discussed for the 2- states in sect . 3. We
have used the following values : gaff = 0.8 g;"`, gi = 0.0, gv = 1 .0 for the effective
gyromagnetic factors. The constants thus chosen (including gs, grfactors) have
been used also for the calculation of the El and M1 resonances ; good agreement
with experiment has been obtained' s " Za). The parameter d used for the calculation
of the strength function b(M2, q) is taken to be equal to 0.1 MeV.

3. The M2 resonance in 9°Zr

First we shall discuss the results for 9°Zr. The distribution of the M2 strength
calculated in the RPA for different values of the constants xô z' and x;' 2~ is given in
figs . la-ld. At the values of xi' Z~ z -(30~0~1~/A <r2~ the main M2 strength is
concentrated in two regions : E, = 8-12 MeV (~B(M2)j = 2900 ~2 ~ fmZ where
~N is the nuclear magneton) and Ex ~. 18-20 MeV comprising a state with the
maximal value of B(M2)j z 16001800 ~ ~ fm2. This state is strongly collectivized.
Thechange of the isoscalar constant ~oz~ does not influence the distribution . Increas-
~g I~ô Z'I results ~ the concentration of M2 strength in individual states only,
i.e ., in a decrease in the number of the 2 - levels with a considerable value ofB(M2)j.
The spin-dipole effectivé n-p forces are so weak at Kô z~ = 0.9 K;12 ~ that the
one-phonon states consist either of neutron or proton two-quasiparticle compo-
vents only . With decreasing IK;'2~1 the aforesaid regions of strong M2 transitions
approach each other and theM2 strength concentrates at E, x 10 MeV. The strongest
2- state becomes less collective and its energy and value of B(M2) decrease. It
should be noted that all the 2 - states with large values of B(M2) correspond to the
transitions over one shell.



Fig. l . Magnetic quadrupole resonance in 9°Zr. Calculations in the RPA: (a) x~'i' = 0, h;"' _
-37x4a/A~r)~ MeV " fm-=. (b) Kb'2' = 0, ~;'~' _ -14x4n/A(r)= MeV " fm -=. (c) ho'~' = 0,
K;'=' _ -28x4n/A(r)= MeV " fm -2 . (d) hô's' = 0.9h~'~', ~i'a' _ -28x48/A~r)~ MeV " fm-= .
(e) Calculation within the MSI model .3). The gyromagnetic factors are free . (f) Calculation within the

theory of finite Fermi systems e). The gyromagnetic factors are free .

Table 2 shows the experimental and theoretical data of various authors on the
total M2 transition probability in 9°Zr in the interval dEx = 8-10 MeV :

These data show that with the constants (5) the theoretical results in the RPA are
in good agrcement with experiment . The change of the constants xô z' and x;' z'
within reasonable limits results in the change of Bz{M2) by a factor of 1 .5=2.0.
Our results for B~(M2) are close to the results of calculations within the theory of
finite Fermi systems with free values of the gyromagnetic factors 8). But the general
picture of the distribution of M2 strength in the excitation energy region 0-25 MeV
is more close to the calculations by the MSI model 3) (fig. le). The comparison of



MAGNETIC QUADRUPOLE RESONANCE

	

45l

N

H

r
Ç

û

d

â

_%

u

0

W
d
w

NZ
N
1
O
N

41aa
W
ô

b

w --u ô.~ m
w ~

	

û
ôW N

Ô~.

N

Y

N IC

kN
O

eV N
=o
k Y

v i~

X X

(;N

._û

z

~N

a
a
a

O

ô
00

N v01v o0

O
N

8

8.~. n

8

â ô
N



452

	

V. Yu. PONOMAREV et al.

figs . 1 b and 1e shows that the results obtained in ref. 3) are very close to ours at
x112 ~ -10 x4a/A <r)2 MeV ~ fm-Z . Here we can separate two regions which
concentrate strong M2 transitions, the maximum of B(M2) being at an energy of
E= x 10 MeV. The distribution of the M2 strength calculated within the theory of
finite Fermi systems in the RPA is of quite a different form (fig . lf) . The strong
M2 transitions appear in a wide energy region from 8 to 20 MeV, and the maximum
of B(M2) is at an energy of E_ = 15 MeV. As shown in ref. e) the main features of
the distribution are slightly sensitive to the parameters of the residual forces (see
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Fig. 2 . The M2 resonance in 9°Zr taking into account the one- aad two-phonon states : (a) .KÔ`2i = 0,
Ki`~i , -28 x 4R/A(r)e MeV " fm-2 . (b) Kô`z~ = 0, Ki`s> _ -14 x 4a/A(r)= MeV " fm-~ . (c) ~û ~~ ~ 0 .9
Ki`s~, Ki`s~ _ -28x4Rld<r) s MeV " fm-' . (d) Calculation within the theory of Finite Fermi systems

taking into account the mixing of lp-lh and 2p-2h configurations s).



fig . 36 of ref. s)) . The dil~erence between the predictions of this paper and ref. e) .
is caused mainly by different single-particle schemes. The single-particle neutron
and proton schemes for 9°Zr given in ref. e) differ from our schemes by a much
lesser density of hole levels and a smaller distance between the unfilled and neigh-
bouring major shells. We have performed the calculation of the M2 resonance in
9°Zr using the single-particle schemes of ref. s) and our effective forces . The result
is rather close to that in figs . lf. This means that the concrete form of the effective
forces is of no importance .
The interaction of the one- and two-phonon states changes strongly the distri-

bution of the M2 strength, especially at high excitation energies . The strength
function b(M2, q) calculated at dißerent values of the constants xolZl and rcu zl
is shown in figs. 2~2c. In these calculations the one-phonon part ofthewave function
(1) included 14 one-phonon 2 - states with the largest values ofB(M2) in the excitation
energy interval 0-25 MeV. These 14 states exhaust 90 ~ of the total M2 strength
in this interval . The two-phonon part of the wave function included more than
800 states for which the matrix element of the interaction with the one-phonon
states was not less than 3 % of its maximal value. The lower group of strong M2
transitions is slightly affected by the two-phonon admixtures . It almost conserves
its position, the width of location and the total strength of the M2 transitions.
The By{M2) value changes slightly too. From table 2 one can see that the BE(M2)
values calculated both in the RPA and taking into account the interaction of the
one- and two-phonon states are in satisfactory agreement with experimental data .
Strong changes occur in the collective state at Ei x 18 MeV. Its interaction with
the two-phonon states causes an almost complete spreading of the high-lying branch
of the M2 resonance. Table 3 gives the M2 strength distribution in the spectrum of
9°Zr obtained both in the RPA and taking into account the interaction of one- and
two-phonon states (the constants x~o21 and x;121 correspond to eq . (5)) . It is seen

M2 strength distribution in 9°Zs aad'aNi calculated in RPA and taking into account the interaction of
one- and two-phonon states
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TeatB 3

Nuclei dE (MeV) Ofi 6-8 8-10 10-12 12-14 14-16 16-18 18-20 20-25

90~.
~2)1~" ' ~2) 90 1090 930 640 430 130 1800ea RPA

J
~2,n)dn

ea (~+ri ' fm2)
100 54 1100 1300 400 440 790 410 300

seNi ~g(M2)1GiH ' ~2) 440 930 220 220 240 1200°a RPA

~ b(M2, ~~+1
J " AS ~YN.. ~_) 590 530 300 250 370 300 110 450
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Fig. 3. The strength distribution of the one-phonon state with E, = 18 MeV. For the constants see
fig . 1c) .

that theM2 strength corresponding to the strong 2- state at E_ = 18 MeV is spread
in an interval of about 10 MeV. Fig. 3 shows the strength function describing the
fragmentation of this state only (without allowing for the influence of other ono-
phonon 2- states). Fig. 3 clearly demonstrates the appearance of the width of an
"infinitely narrow" resonance due to the interaction with more complex configura-
tions. The reason for the strong fragmentation of the high-lying branch of the M2
resonance is the high collectivity of this state, resulting in a strong coupling with
the two-phonon states, and in a large density of the two-phonon states at the excita-
tion energies Ex = 18 MeV. To what extent this result is stable to changes in the
constants of the effective spin-dipole forces, can be seen from figs . 2a, 2b and 2c .
The absence of the strong concentration of the M2 strength at large excitation ener-
gies is a common feature of these pictures . At xtial ~ -10x4n/A <r~z MeV ~ fm-~
the collective state with E_ = 18 MeV is absent already in the 1tPA ; at larger values
of ~xi2~ it spreads over the two-phonon states . The distributions of the M2 strength
shown in figs . 2~2c are much closer to each other than those calculated in the ItPA .
So, the essential concentration of the M2 strength is in the interval E~ = 8-12 MeV
which comprises 45 ~ of the total value of B(M2) in the interval 4-25 MeV.
The influence ofthe interaction with complex configurations on theM2 resonance

in 9°Zr has been studied also in the theory of finite Fermi systems e) . The results of
the corresponding calculations are given in fig . 2d (see also fig . 36 ref. s)) . As seen
from figs . 1f and 2d, the interaction of 1p-1 h and 2p-2h configurations results in
a noticeable fragmentation of the M2 strength, but the main features of the distri-
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bution are not changed. Table 2 shows also that the value of B~,{M2) in these calcu-
lations is slightly changed as well as in our calculations .

It has already been mentioned that the set ofparameters used in our paper allows
one to describe satisfactorily the available experimental data on the M1 resonance
in spherical nuclei z3). Fig. 4 shows the M1 resonance in 9°Zr calculated both in the

B IM~I ~

bIM1,~1 }I;~MQV

4. The M2 resonance in "Ni

soZr

ExMaV

bl

Fig. 4. The M1 resonance in 9°Zr : (a) Calculation in the RPA. (b) The strength function b(M1, q) taking
into account the interaction of the one- and two-phonon states . The constants : x° = 0, xl = -28 x 4rz/A

MeV.

RPA (fig. 4a) and taking into account the interaction of the one- and two-phonon
states (fig. 4b). The two-phonon admixtures do not influence strongly the M1
resonance, and therefore the main strength of theM1 transitions is concentrated in
a narrow region around E_ = 8 MeV. The M1 and M2 resonace in 9°Zr are
overlapped, and the total phôtoabsorption cross section for the M1 resonance is
larger by the order of two than for the M2 resonance.

The distribution of the M2 strength in °'Ni calculated in the RPA has the
same specific features as in 9°Zr (fig. Sa). In SeNi the regions of the strong M2



Fig. 5 . The M2 resonance in s°Ni : (a) Calculation in the RPA. (b) The strength function b(M2, q) taking
into account the interaction of the one- and two-phonon states . The constants : xo"' = 0, x~'Z' _

-28 x 4n/A(r)e MeV ~ fm-= .

transitions lie at somewhat larger excitation energies : E_ = 9.12.5 MeV
(~B(M2)j = 1570 ~N ~ fm 2 ) and E_ = 20 MeV (~B(M2)j x 1200 ~N . fm2) .
The interaction of the one- and two-phonon states changes this distribution con-
siderably (fig. Sb). First, as in 9°Zr, the high-lying collective state strongly spreads.
It is fragmented even more since at the excitation energy of 122 MeV in seNi
there is a group of two-phonon states to which it is coupled very strongly . Second,
the group of the M2 transitions lying at an energy of 9.12.5 in the RPA lowers
greatly and its mean energy is around 7 MeV. The data on the distribution of the
M2 strength obtained both in the RPA and taking into account the interaction of
the one- and two-phonon states are given in table 3 . A considerable concentration
of M2 strength at an energy of Ei ~ 7 MeV forces us to apply the results of the
(e, e') experiments 6 ) . As already mentioned in the introduction, a group of states
eras observed at an energy of 6-8 MeV in saNi, which could not be established to
consist either of the 1 + or 2 - states . The theoretically calculated M1 transitions at
this energy a3) are not in agreement with the experimental B(M1)j (see fig. 6),
though for the group of 1 + states at 10-11 MeV calculations are in good agreement
with experiment. According to the estimates of ref. 6 ), if the states at 6-8 MeV have
Ix = 2- then ~(M2)j ~ 500 ~N ~ frn2 . The total value ofB(M2)j in this interval in
our calculation is 700 pN ~ fmZ ; this is in agreement with experiment . Thus, our
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Fig. 6 . The M1 resonance in °°Ni : (a) Calculation in the RPA. (b) The strength function b(Ml, n) taking
into account the interaction of the one- and two-phonon states . The constants: xo = 0, xi = -28 x 4n/A

MeV.

results testify to the assumption that a group of states observed in seNi at 6-8 MeV
[ref. 6)] consists mainly of 2- states . It should be emphasized that this result is a
consequence of the interaction of one- and two-phonon states .

5. The M2 resonnnoe io the nuclei with A > 100
In this section we shall briefly discuss the predictions of the quasiparticle-phonon

nuclear model for the M2 resonance in heavier nuclei. The distribution of the M2
strength in the interval Ei = 0-20 MeV in t2°Sn, to°Ce and z°8Pb is given in fig. 7.
The calculation has been performed in the RPAwith the values of the constants (5) .
Though the main features of these distributions are almost the same as in 9°Zr and
seNi, certain dif%rences should be mentioned. The nuclei with A > 100 have one
region of strong M2 transitions with width of about 10 MeV bounded by the states
with the largest value of B(M2) instead of two regions in 9°Zr and SaNi. The mean
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Fig . 7 . The M2 resonance in `zoSn,'soCe and zospb. Calculation in the 1ZPA. The constants : Kô`zi = 0,

energy of the region is lowered with increasing A. The results of calculations for
9°Zr and SBNi give evidence for the strong fragmentation of states at the energies
E_ > 15 MeV.

Indced, the calculation of the strength function b(M2, ~) in is°Sn shows that in
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Fig . 8 . The strength function b(M2, q) in `z°Sn calculated taking into aceount the interaction of the ono-
and two-phonon states. The constants : Ko'z' = 0, Ki'=~ _ -28 x 4a/A<r)z MeV ~ fm-z .
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this nucleus the M2 strength at the energies E_ > 15 MeV is distributed in a wide
interval dE=; its considerable concentration is observed only at E_ 7-10 MeV
(fig . 8) . Note that due to computational difficulties, b(M2, n) in 12°Sn has been calcu-
lated with a very limited set of two-phonon states. Nevertheless, we think that this
limitation only weakens the fragmentation of the one-phonon states .
Thus, our calculations show that a noticeable concentration of theM2 strength is

observed in all spherical nuclei with 60 < A < 210 at the energies E= x 112 MeV.
The quasiparticle-phonon model describes satisfactorily the total strength of the
M2 transitions in this energy region . This is confirmed once more by the comparison
of the experimental data and our results for 2°BPb (see table 2 which shows the data
obtained by other authors too). Another important feature of our calculation is the
absence of regions with a strong concentration of the M2 strength at E_ > 12 MeV.

6. Conclusion

Based on the results of this paper we can make two conclusions. First, this paper
together with refs.' 3 " zs ) shows that within the quasiparticle-phonon model with
a unique set of parameters, one can describe satisfactorily a large portion of the
experimental data on the E.i, M1 and M2 resonances and radiative widths of the
neutron resonances in spherical doubly even nuclei . We would like to note that at
thé same time the quasiparticle-phonon model describes well the low-lying nuclear
excitations . On the other hand, our calculations show that all spherical nuclei
concentrate an essential part of the total M2 strength at the excitation energies
from C~10 MeV. At higher excitation energies the regions with such a strong con-
centration of the M2 strength are absent . Note, that the regions of existence of the
M1 and M2 resonances overlap, thus making it difficult to identify them .

The authors are grateful to V.V . Voronov, L. A. Malov and R. A. Eramzhyan
for their continued interest in this paper and discussions.
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