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Abstract. A comparison between the electric quadrupole (E2) strength distributions in 40,48Ca with new
results from 52Cr is presented. The deduced E2 strength distributions and the exhaustion of the isoscalar
energy-weighted E2 sum rule are very different. Microscopic approaches fail to reproduce these differences.
A survey of the available data shows that the exhaustion of the energy-weighted isoscalar E2 sum rule in
doubly magic nuclei below the isoscalar giant quadrupole resonance is typically more than two times larger
than in semi-magic nuclei. On the other hand, the E2 strength in this energy region exhausts about 50%
of the total E2 strength, independent from shell closures.

PACS. 21.10.-k Properties of nuclei; nuclear energy levels – 21.60.-n Nuclear structure models and methods
– 25.20.Dc Photon absorption and scattering

1 Introduction

The occurrence of low-lying electric quadrupole (E2) ex-
citations is a key finding of the structure of atomic nuclei.
In the overwhelming majority of nuclei with even proton
and neutron number one finds a 2+

1 state as the first ex-
cited state which often —especially in non-magic nuclei—
exhibits collective features and can be interpreted as due
to a quadrupole vibration or a collective rotation of the
nucleus. A measure of the collectivity is given by the E2
strength for the excitation of the 2+

1 state from the ground
state (g. s.). A relation between these excitation strengths,
which typically exceed single-particle estimates, and the
excitation energies of the 2+

1 states was first established by
Grodzins [1]. From these quantities, one can derive defor-
mation parameters for the nuclei and lifetimes of the 2+

1

states as well as compare the measured values with nearly
model-independent estimates such as the energy-weighted
sum rule (EWSR). For an overview, see the latest com-
pilation by Raman, Nestor, and Tikkanen [2]. In magic
nuclei, one typically finds high excitation energies of the
2+
1 state and low values of B(E2; 0+

1 → 2+
1 ) as a conse-
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quence of large shell gaps, a fact that, to a lesser extent,
still holds for semi-magic nuclei.

At high excitation energies the E2 strength is dom-
inated by the isoscalar giant quadrupole resonance
(ISGQR) which arises from a coherent superposition of
many one-particle–one-hole excitations across two major
shells. Its excitation energy varies smoothly with the mass
number [3], and shell effects play only a role in the pro-
posed damping mechanisms [4]. The ISGQR is expected to
dominate, due to its high excitation energy, the EWSR for
isoscalar E2 excitations which we write following ref. [2]:

S(E2) =
∑

Ex,i ·Bi(E2) ↑

= 30

(

Z

A

)2
(h̄c)2

8πmpc2
Ae2 R2

0 (1)

= 71.34
Z2

A1/3
e2fm4 MeV.

Here, the charge and mass number of a nucleus are
given by Z and A, respectively, the nuclear radius R0 =
1.2A1/3 fm is related to the single-particle mean-square
radius by (3/5) · R2

0, and mp is the proton mass. Since
Grodzins’ rule [1] suggests that the product Ex(2

+
1 ) ·

B(E2; 0+
1 → 2+

1 ) is approximately constant (although this
does not hold too well for magic nuclei), one can say that
the excitation of the 2+

1 state roughly exhausts a constant
fraction of the isoscalar EWSR in nuclei of the same mass
region [2].
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Recent photon scattering experiments [5,6] have
detected significant E2 strength in the doubly magic
nuclei 40,48Ca well below the ISGQR. This strength is not
concentrated in the 2+

1 state, but distributed over several
states up to 10MeV. Therefore, the EWSR is exhausted
significantly by the low-lying E2 strength, as was already
discussed in ref. [6]. For 40Ca, the exhaustion of the sum
rule amounts to 25%, for 48Ca even to about 40%, i.e., a
large fraction of the total E2 strength resides below the
ISGQR.

In order to see if this finding is peculiar to the double
shell closure, we have performed a nuclear resonance flu-
orescence experiment on the semi-magic N = 28 nucleus
52Cr comparable to the work of Hartmann et al. [5,6]. In
a previous study of 52Cr [7], indications were found for a
couple of 2+ states around 6MeV excitation energy, and
the new experiment aimed at a validation of the 2+ assign-
ment of these states and a search for more E2 strength up
to about 10MeV with increased sensitivity. After present-
ing the setup, the results, and the detection threshold of
the photon scattering experiment, we discuss the results
of model calculations on the E2 strength distributions in
52Cr and 48Ca in sect. 4. Section 5 contains a systematic
analysis of E2 strength distributions for several magic and
semi-magic nuclei.

2 Nuclear resonance fluorescence on 52Cr

2.1 Experiment

The experiment was carried out at the low-energy brems-
strahlung setup [8] of the superconducting Darmstadt
electron linear accelerator S-DALINAC [9] using two high-
purity germanium gamma-ray detectors with an efficiency
of 100% relative to a 3′′×3′′ NaI(Tl) detector at 1.33MeV.
The two detectors were placed at 90◦ and 130◦ relative to
the photon beam direction, close to extremal values of the
angular distributions of the quadrupole excitations. Both
detectors were actively shielded by surrounding them with
BGO scintillators. The (γ, γ′) reaction was studied at two
endpoint energies of the bremsstrahlung, 8.0(1)MeV and
9.9(1)MeV, with average electron beam currents of 42µA
and 45µA, respectively. For the experiment with 9.9MeV
endpoint energy, a 996.4(5)mg enriched (99.8%) 52Cr tar-
get was used, sandwiched between natural boron disks
with a total mass of 1004.1(5)mg; data were taken for
62 hours. The 8MeV endpoint energy experiment made
use of a natural 52Cr target (52Cr abundance 83.8%) with
a mass of 2954(1)mg combined with the above-mentioned
boron disks; the data acquisition time was 23 hours.

2.2 Results

Figure 1(a) shows the spectrum between 4 and 10MeV
taken with the detector placed at 90◦ with respect to
the incident beam from the measurement with 9.9MeV
endpoint energy. At this angle, a local maximum of the
angular distribution occurs for transitions from the g. s.

Fig. 1. (a) Nuclear resonance fluorescence spectrum of the
52Cr target at an endpoint energy of 9.9(1)MeV measured with
the germanium detector placed at 90◦ with respect to the inci-
dent beam for the energy interval between 4 and 10MeV. (b)
Angular-distribution ratio W (90◦)/W (130◦) for transitions in
52Cr (squares) and in 11B (triangles) used for the photon flux
determination. The latter are expected to be nearly isotropic,
while dipole excitations in 52Cr have ratios around 0.7 (dotted
line) and quadrupole excitations should have a ratio of about
2.2 (dotted line).

into a 2+ level and back to the 0+ g. s. The angular-
distribution ratio between the 90◦ detector and the 130◦

detector serves for the identification of the angular mo-
mentum of the excited state; it is plotted for all transi-
tions into the g. s. in fig. 1(b). The transitions from 11B
are nearly isotropic, as expected. From fig. 1(b) it is evi-
dent that, above 4MeV, no E2 excitations from the g. s.
have been observed, in contrast to the tentative assign-
ments in ref. [7].

The well-known transitions from 11B [10] served for
a combined efficiency and photon flux calibration aided
by simulations of the photon flux and detector efficiency
with the code GEANT3 [11] using the empirical correc-
tions suggested in ref. [12]. The strengths of the excita-
tion of the 2+ states at 1434 keV, 2965 keV, and 3162 keV
could not be determined from the present experiment as
they were either not observed or strongly fed by the decay
of higher-lying states. We have taken these B(E2) values
from the literature [13]. The E2 strength of the 3772 keV
state was found to be 71(8) e2fm4, in good agreement with
the previous measurement of ref. [7] which reported 76(11)
e2fm4. Table 1 lists the measured E2 excitations in 52Cr
with their strengths. For most of the transitions observed
in ref. [7] no information about the angular momentum
of the excited states is available. The present experiment
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Table 1. Excitation energies and strengths of 2+ states in
52Cr.

Ex B(E2) ↑ Ref.
(keV) (e2fm4)

1434 660(30) [2]
2965 0.3(2) [13]
3162 12.4(23) [13]
3772 71(8) this work

Sum 744(41)

assigns dipole character to all of them above the 3772 keV
state. A complete analysis of the dipole excitations mea-
sured will be given elsewhere [14]. Especially the states at
6137 keV and 6494 keV, to which formerly Jπ = 2+ was
attributed [7,13], have turned out to be due to background
and due to a dipole excitation, respectively. The 2+ assign-
ment of the latter state was based on a previously mea-
sured angular distribution in proton scattering [15]. The
summed E2 strength in 52Cr up to 9.9MeV is 744(41)
e2fm4 which is nearly twice as much as in 48Ca. How-
ever, the exhaustion of the isoscalar EWSR amounts to
11.6(8)% only, compared to more than 40% in 48Ca.

3 Detection threshold and level densities

One may wonder whether the striking difference between
the exhaustions of the EWSR in 48Ca and its isotone 52Cr
could be explained by the experimental conditions. At en-
ergies between 7 and 9MeV, the present experiment would
detect all E2 excitations with B(E2) ↑≥∼ 5 e2fm4 (de-
pending on excitation energy) under the assumption that
the excited state decays into the g. s. only. However, a
higher level density —as is expected in a semi-magic nu-
cleus compared with the doubly magic case— would i) dis-
tribute the complete strength to more states and ii) might
cause significant decay branches into a larger number of
low-lying states.

Microscopic model predictions [16,17] indeed expect
the level density of 2+ states in 52Cr to be about a factor
of 3 to 5 higher than in 48Ca, namely about 30 states per
MeV at 8MeV excitation energy (for 48Ca, 9MeV−1 are
predicted, much more than observed experimentally). The
microscopic model predicts somewhat higher level densi-
ties compared to phenomenological analyses such as the
constant-temperature model [18] or a back-shifted Fermi-
gas model [18,19], but the general trend is comparable.
(For a comparison, we have used the latest compilation
of von Egidy and Bucurescu [20] for the nuclei 40Ca and
50Ti as no data for 48Ca and 52Cr are given. Here, the level
density in the semi-magic nucleus is larger by a factor of
3 to 5, too.) Higher level densities can have a tremendous
impact on the strength distribution. An example might be
the fragmentation of the spin-M1 strength in the N = 28
isotones studied in electron scattering [21]. This behav-
ior is well described by recent theoretical approaches [22,
23] that may provide guidance in rating the importance
of the level-density effect on the fragmentation of the E2
strength.

Weak unobserved decay branches into low-lying states
could additionally raise the effective detection threshold
because in nuclear resonance fluorescence the measured
cross-section is proportional to Γ 2

0 /Γ with Γ0 and Γ be-
ing the partial decay width into the g. s. and the total
decay width, respectively. Comparing the extracted cross-
sections for dipole excitations in 52Cr from the photon
scattering reaction [14,24,25] with the transition strength
from an electron scattering experiment [21] measuring Γ0,
one indeed finds evidence for branching ratios decreasing
from unity to values around 30%. Therefore, one cannot
exclude that some strength might have escaped detection
for E2 transitions, as well. Only four to five states located
around 8MeV with branching ratios into the g. s. of ap-
proximately 30% and a cross-section compatible with the
detection threshold could therefore possibly carry enough
strength to double the exhaustion of the E2 EWSR in
52Cr at low energies. However, as we will discuss in the
following two sections, this is neither expected from mi-
croscopic models nor from systematics.

4 Theoretical analysis

4.1 52Cr

In the following, we try to shed light on the experimental
findings looking at microscopic model calculations. The
detected E2 strength distribution in 52Cr, which is de-
picted in the top panel (a) of fig. 2 together with the
experimental detection threshold between 5 and 9MeV
for states with 100% decay branch into the g. s., is ac-
counted for by fp-shell (0h̄ω) shell model calculations. Us-
ing the FPD6 interaction [26] as an example with the code
OXBASH [27] regarding excitations from the 0f7/2 orbital
into 1p3/2, 0f5/2, and 1p1/2, one finds a strong transition

to the 2+
1 state. Transitions to a few excited states around

8MeV are also predicted with cross-sections slightly above
the experimental detection limits (if these states would
decay to the g. s. almost exclusively). This is shown in
fig. 2(b). However, the excitation near 3.8MeV is not re-
produced by the calculation. The expected exhaustion of
the E2 sum rule for the 0h̄ω model space amounts to 16%,
slightly higher than the experimental value of 11.6(8)%.
The summed strength from the model is about 25% less
than the experimental value. Thus from this shell model
approach no significant unobserved strength is expected.
We note that at energies above about 7MeV the influence
of 2h̄ω excitations might start to play a role which is not
included in our model calculations.

A similarly good account of the experimental data is
found from a calculation within the quasiparticle-phonon
nuclear model (QPM [28]) as is shown in fig. 2(c). This
calculation includes the coupling to two-particle–two-hole
configurations and includes transitions over several ma-
jor shells. Again, one expects a limited number of states
whose strength is of the order of the detection threshold
(dashed curve). The total strength up to 10MeV in the
QPM calculation amounts to 745 e2fm4 in good agreement
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Fig. 2. Comparison of the E2 strength distributions in the
semi-magic N = 28 nucleus 52Cr (a) as extracted from the
present experiment, (b) as predicted by a 0h̄ω shell model
calculation using the OXBASH code with the FPD6 interac-
tion [26], and (c) as predicted by a quasiparticle-phonon model
calculation including the coupling to two-particle–two-hole
configurations. Dashed curves indicate the detection threshold
for E2 excitations.

with the experimental data. While, as in the shell model
calculation, the E2 strength around 4MeV is not accu-
rately reproduced, the energy-weighted sum in the QPM
exhausts about 15% of the EWSR and thus is only little
larger than the value found experimentally.

4.2 48Ca

The theoretical description of the E2 strength distribu-
tion in 48Ca —on which we shall focus in the following—
is more challenging. The experimental result of Hartmann
et al. [5,6] is shown in panel (a) of fig. 3. A continuum-RPA
approach by Kamerdzhiev and co-workers is capable of de-
scribing the observed electric dipole strength distribution
up to 10MeV [29], however, no significant E2 strength
between 4 and 10MeV is predicted [30,31]. We calculated
the E2 strength distribution within the QPM, again with
two-particle–two-hole configurations and including transi-
tions over several major shells. The results are displayed in
fig. 3(b) for energies up to 10MeV and show the low-lying
E2 strength to be concentrated in the transition to the

Fig. 3. Comparison of the E2 strength distributions in the
doubly magic N = 28 nucleus 48Ca (a) as extracted from
the experiment [5,6] and (b) as predicted by a quasiparticle-
phonon model calculation including the coupling to two-
particle–two-hole configurations.

2+
1 state. The total calculated E2 strength up to 10MeV

is less than in the experiment, and only three additional
states are predicted below 10MeV, two of which are ex-
cited with negligible strength. To estimate the role of pos-
sible pairing effects in 48Ca we have performed an addi-
tional calculation in which the monopole pairing strength
has been artificially increased to the level that the BCS
calculation reproduces the measured occupation probabil-
ities [32]. Although the number of 2+ states below 10MeV
is sufficiently large, no significant variation of the strength
distribution is found.

An investigation of the E2 strength distribution within
the shell model would be highly desirable for 48Ca, but
only limited calculations are possible at present. Recently,
an sd-f7/2p3/2 cross-shell interaction has been developed
for the description of isotope shifts in the calcium iso-
topes [33]. Using this interaction with the shell model code
ANTOINE [34] one finds the E2 strength concentrated at
low energies [35], in contrast to experiment, which empha-
sizes the need for a universal interaction in a full sd-fp
model space. Research efforts towards this goal are under-
way [36]. In order to reliably determine the E2 strength at
energies beyond a few MeV, a full 2h̄ω model space should
be considered.

Langanke and co-workers [37] predict for the neutron-
rich nucleus 68Ni a behavior similar to the E2 strength dis-
tribution in 40,48Ca. Here, an accumulation of E2 strength
is expected around 5MeV, about 2.5MeV above the 2+

1

state. The microscopic analyses presented in ref. [37] sug-
gest that this strength distribution arises from the fact
that the neutron sub-shell closure is associated with a
parity change between the fp and g orbitals. A similar
argument had been given by Grawe et al. [38], also for
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Table 2. Compilation of summed E2 strengths, of the energy-weighted sums, and of the exhaustion of the energy-weighted
isoscalar E2 sum rule up to a maximum energy of Emax for various magic and semi-magic nuclei. The exhaustion of the non–
energy-weighted total E2 strength is based on the assumption that the remaining isoscalar E2 strength resides in the isoscalar
giant quadrupole resonance located [3] at a centroid energy of 64.7MeV · A−1/3. The values for the 2+

1 states have been taken
from the compilation of [2], and for the other 2+ states the ENSDF data base at the NNDC [13] has been used. The reference
column lists additional photon scattering data.

Nuclide Emax

∑

Bi

∑

Ex,iBi

∑

E
x,iBi

S(E2)

∑

Bi

N(E2)
Ref.

(MeV) (e2fm4) (MeV e2fm4) (%) (%)
16O 12.0 61(10) 510(100) 28.2(56) 54(14)
40Ca 9.9 332(60) 2096(340) 25.1(41) 50(14) [5,6]
44Ca 9.9 473(20) 547(23) 6.8(3) 53(4) [29]
48Ca 9.9 407(32) 3186(238) 40.6(30) 61(8) [5,6]
52Cr 9.9 744(41) 1273(92) 11.6(8) 57(5) this work
88Sr 6.7 1114(95) 2491(277) 10.8(12) 44(5) [39]

116Sn 10.0 2233(79) 3120(133) 8.5(4) 47(3) [40,41]
124Sn 10.0 1962(85) 2873(186) 8.0(5) 44(3) [40,41]
138Ba 6.7 3287(245) 6127(565) 14.2(13) 53(6) [42,43]
140Ce 7.0 3291(90) 5723(188) 12.4(4) 50(2) [42,44]
206Pb 6.7 3383(235) 10642(907) 13.1(11) 35(3) [45]
208Pb 6.7 3838(412) 17404(1913) 21.5(24) 40(6) [45,46]

the case of 68Ni. At the Z = 20, N = 28 shell closure
the situation is similar due to the parity change between
the sd and fp proton orbitals, whereas for 52Cr the rele-
vant orbitals of both protons and neutrons are of the same
parity. However, a recently published photon scattering
experiment on 44Ca did not observe E2 strength above
4MeV, either [29]. Thus, the picture seems to break down
for semi-magic nuclei where either protons or neutrons are
in an open shell.

5 Systematics of the E2 strengths in magic

and semi-magic nuclei

5.1 Energy-weighted sum rule

It might be instructive to study if a large exhaustion of
the isoscalar E2 EWSR below the ISGQR occurs in other
semi-magic or magic nuclei, as well. Table 2 summarizes
the extracted properties, namely the summed E2 strength
up to the maximum energy where data are available, the
energy-weighted sums up to that energy, and the EWSR
exhaustion according to eq. (1). The data for the 2+

1 state
have generally been taken from ref. [2], for the higher-lying
states, information from the data base ENSDF [13] as
well as from photon scattering experiments have been in-
cluded. While no distinct pattern is found for the summed
B(E2) values (expressed in Weisskopf units and displayed
in fig. 4(a)), the four doubly magic nuclei 16O, 40,48Ca, and
208Pb exhaust more than 20% of the isoscalar EWSR, on
the average two times more than the other nuclei consid-
ered. This is visualized in fig. 4(b). The exhaustion of the
E2 EWSR at energies below the ISGQR therefore might
serve as a signature for a double shell closure.

The exhaustion of the E2 EWSR has been extracted
from α scattering experiments at intermediate ener-

gies [47], as well. One finds, e.g., for 16O an exhaustion
of 25% for energies up to 14MeV [48], in good accord
with the NNDC data listed in table 2. The work by van
der Borg, Harakeh, and van der Woude [49] reports an
exhaustion of the E2 EWSR of 18(5)% for 40Ca for ener-
gies up to 12MeV which is less than measured in photon
scattering because one strong excitation at 6.91MeV is
not observed in (α, α′). Furthermore, recent results indi-
cate that about 70%–100% of the EWSR are exhausted at
energies above 10MeV in medium-mass [50,51] and heavy
nuclei [52,53] and independent of the shell structure of the
investigated nuclei [51,53]. While background subtraction
and data analysis may be disputed, the data show that
there is not too much strength missing that could be lo-
cated at low excitation energies. This sets a natural limit
to possibly unobserved low-lying E2 strength.

5.2 Non–energy-weighted sum rule

It is now interesting to see if this strong exhaustion of
the EWSR in doubly magic nuclei at energies well be-
low the ISGQR also implies that the non–energy-weighted
E2 strength dominantly resides at low energies in these
nuclei. In order to get an estimate for the non–energy-
weighted total E2 strength, where no model-independent
sum rule is available, we assume that the theoretical
EWSR (eq. (1)) is fully exhausted. Taking the centroid en-
ergy Ex,ISGQR of the ISGQR as extracted from experimen-
tal systematics [3], one can deduce a non–energy-weighted
isoscalar E2 sum rule

N(E2)=

Emax
∑

Bi(E2)↑+
S(E2)−

Emax
∑

Ex,iBi(E2)↑

Ex,ISGQR

. (2)

The result is depicted in fig. 4(c): the low-lying strength
exhausts about 40–50% of the total isoscalar E2 strength
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Fig. 4. Systematics of the summed properties of low-lying
E2 excitations in various nuclei, cf. table 2. (a) Summed E2
strength located at low energies in Weisskopf units. (b) Exhaus-
tion of the isoscalar E2 energy-weighted sum rule (EWSR).
In the four doubly magic nuclei, 16O, 40,48Ca, and 208Pb, the
low-lying states carry more than 20% of the EWSR (dotted
line). (c) Exhaustion of a non–energy-weighted sum rule as ob-
tained from the low-energy data and the centroid of the giant
quadrupole resonance [3] according to eq. (2).

in all considered nuclei, independent of the individual
semi- or doubly magic structure. Numerical values are
given in table 2. We note, by the way, that assuming sig-
nificant unobserved E2 strength at energies below the IS-
GQR in the semi-magic nuclei would consequently lead to
a higher level of exhaustion of the non–energy-weighted
E2 strength at low energies in these nuclei. Estimates like
the ones discussed in sect. 3 show that more than 75% of
the total strength would then reside below 10MeV, leav-
ing little strength for the ISGQR.

6 Conclusion

In summary, we have performed a photon scattering ex-
periment on the semi-magic 52Cr nucleus, following the
observation of a large exhaustion of the isoscalar E2
EWSR at low energies in the doubly magic N = 28 iso-
tone 48Ca. While the summed E2 strength in 52Cr is larger
than in 48Ca, the exhaustion of the E2 EWSR below the

ISGQR is much smaller since the E2 strength is concen-
trated in the transition to the 2+

1 state. The existence of
unobserved strength cannot be strictly excluded, but it ap-
pears unlikely from systematic arguments and model cal-
culations. For the doubly magic 48Ca nucleus, microscopic
approaches are not capable of reproducing the experimen-
tal findings. For a shell model description sophisticated
cross-shell interactions in a large valence space including
basically the entire sd-fp shells are not yet available so
that present predictions are naturally of limited reliability.

A systematic survey over a wide mass range shows
that a large fraction (> 20%) of the isoscalar E2 EWSR
is exhausted in doubly magic nuclei, typically two times
larger than in nuclei with at least one open shell. Thus,
the exhaustion of the E2 EWSR at low energies may serve
as an experimental measure of the magicity of a nucleus.
The exhaustion of the non–energy-weighted isoscalar E2
strength, however, is constant and hardly depends on the
nuclear structure.

More theoretical and experimental efforts are needed
to understand these results. Studying open-shell nuclei
might be an instructive continuation of our study on
closed-shell nuclei, especially as in some open-shell nu-
clei there is evidence for significant low-lying E2 strength
above the first quadrupole excitation. The α-scattering
work by van der Borg, Harakeh, and van der Woude [49],
e.g., reports EWSR depletions of above 20% for 24,26Mg
below 14MeV. The scattering of α-particles in compari-
son to photon scattering is also of particular interest for
studying the isospin character of the excitations detected
in photon scattering. For the electric pygmy dipole reso-
nance, a recent (α, α′γ) study by a Darmstadt-Groningen
Collaboration has found a surprisingly abrupt change in
the measured α-scattering cross-sections [54] in 140Ce.
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