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Abstract

In this work we apply and extend the in-medium no-core shell model (IM-NCSM), which
is a combination of the multi-reference in-medium similarity renormalization group (IM-
SRG) and the no-core shell model (NCSM). The IM-NCSM contains the best features
of both methods, i.e., the exact diagonalization of the NCSM giving direct access to
ground-state and excited-state properties and the multi-reference state decoupling of
the IM-SRG accelerating the convergence of the NCSM diagonalization. Therefore, the
IM-NCSM is a very powerful method to investigate properties of open-shell medium-mass
nuclei in the sd-shell and beyond.

We have used the IM-NCSM to compute scalar and non-scalar observables for a large
range of even and odd isotopes in the oxygen, carbon and neon isotopic chains with
a new family of chiral interactions consisting of nucleon-nucleon (NN) interactions by
Entem, Machleidt and Nosyk and three-nucleon (3N) interactions by Hiither et al. This
includes a full estimation of many-body and interaction uncertainties. The latter are
estimated using a model based on Bayesian statistics. With these interactions we obtain
converged results for ground-state energies, spectra, charge radii, and electromagnetic
observables for even and odd isotopes of the aforementioned isotopic chains. In compar-
ison with experimental results the new family of interactions gives good results for all
scalar observables, even for the fully open-shell neon isotopes.

Since we systematically underestimate electric quadrupole transition strengths of oxygen
and neon isotopes we extended the IM-NCSM by a leading-order three-body correction
(LOTC) for the inclusion of induced three-body terms. This correction alone does not
solve the underlying problem of underestimated transition strengths, but it can be used
as a tool to obtain an error estimate when neglecting induced three-body contributions.
With the LOTC a corner stone for future research in the IM-NCSM is set.







Zusammenfassung

In dieser Arbeit haben wir das In-Medium No-Core Shell Model (IM-NCSM) als Kombi-
nation aus der Multi-Reference In-Medium Similarity Renormalization Group (IM-SRG)
und dem No-Core Shell Model (NCSM) angewendet und erweitert. Das IM-NCSM
enthilt die besten Aspekte beider Modelle, das heifit die exakte Diagonalisierung des
NCSM, welche einen direkten Zugang zu Eigenschaften von Grundzustinden und an-
geregten Zustdnden ermoglicht, und die Multi-Referenz Entkopplung der IM-SRG, die
das Konvergenzverhalten der NCSM Diagonalisierung beschleunigt. Daher ist das IM-
NCSM eine sehr méchtige Methode, um Eigenschaften von mittelschweren Kernen mit
offenen Schalen bis in die sd-Schale und dariiber hinaus zu untersuchen.

Wir haben das IM-NCSM mit einer neuen Familie chiraler Wechselwirkungen, die aus
Nukleon-Nukleon (NN) Wechselwirkungen von Entem, Machleidt und Nosyk und Drei-
Nukleon (3N) Wechselwirkungen von Hiither et al. besteht, verwendet, um skalare und
nicht-skalare Observablen fiir eine Reihe von geraden und ungeraden Isotopen in der
Sauerstoff-, Kohlenstoff- und Neon-Isotopenkette zu berechnen. Die Rechnungen enthal-
ten eine vollstdndige Bestimmung von Vielteilchen- und Wechselwirkungsunsicherheiten.
Letztere werden mit einem auf Bayes’scher Statistik beruhenden Modell abgeschéatzt.
Mit diesen Wechselwirkungen erhalten wir konvergierte Ergebnisse fiir Grundzustandsen-
ergien, Spektren, Ladungsradien sowie elektromagnetische Observablen fiir gerade und
ungerade Isotopen der vorgenannten Isotopenketten. Im Vergleich mit experimentellen
Ergebnissen liefert die neue Wechselwirkungsfamilie unter Verwendung des IM-NCSM
gute Ergebnisse fiir alle skalaren Observablen, auch fiir Neon-Isotope mit vollstdndig
offenen Schalen.

Da wir systematisch elektrische Quadrupol-Ubergangsstérken in Sauerstoff- und Neon-
Isotopen unterschétzen, haben wir das IM-NCSM um eine Dreiteilchen-Korrektur in
fithrender Ordnung (LOTC) erweitert. Diese Korrektur alleine 16st nicht das zugrun-
deliegende Problem unterschitzter Ubergangsstirken, kann jedoch als Werkzeug einge-
setzt werden, um eine Fehlerabschétzung fiir die Vernachléassigung induzierter Dreiteil-
chenbeitréige zu erhalten. Mit dem LOTC wurde ein Grundstein fiir weitere Forschungen
im IM-NCSM gelegt.
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1. Introduction

The main focus of theoretical nuclear structure physics is to explore the properties of
nuclei in the low-energy regime across the nuclear chart. The nucleus consists of protons
and neutrons, which can be described by the theory of the strong interaction, quantum
chromodynamics (QCD) [PS95|. Since quarks and gluons are the underlying degrees of
freedom of protons and neutrons, the interaction between nucleons is not fundamental.
The key problems in the description of a nucleus are the derivation of a Hamiltonian and
the solution of the many-body Schrédinger equation, which are both not trivial. The
description of a nuclear Hamiltonian from QCD directly is possible using lattice QCD
approaches [Bea+06; TAHO7; Ino+10] but not practicable due to the non-perturbative
nature in the low-energy regime as consequence of the so-called confinement. After
attempts to adapt QCD inspired quark models [Pan87; Har81a; Har81b; EFV00], which
are not fundamental, a breakthrough was reached by the introduction of a chiral effective
field theory (x-EFT) built on low-energy QCD, which is formulated in a perturbative
approach. Following the idea of Weinberg [Wei79|, the most general Lagrangian in
accordance with symmetries of QCD, especially the broken chiral symmetry, is written
down. In the low-energy regime pions as Goldstone bosons and nucleons are the relevant
degrees of freedom instead of quarks and gluons. The existence of these Goldstone
bosons indicates that the chiral symmetry is broken spontaneously. Furthermore, this
symmetry is also broken explicitely due to non-vanishing quark masses [ME11].

In chiral perturbation theory the effective Lagrangian is formulated including the dy-
namics between pions, interactions between pions and nucleons and interactions among
nucleons. Since the number of terms in the effective Lagrangian is infinite, a power
counting scheme is applied by analyzing the contributions in terms of powers of small
external momenta over the large scale (Q/Ay )", where @ is a generic momentum, A,
is the so-called symmetry breaking scale, and v is the chiral order. With this scheme,
the number of diagrams for every chiral order is finite [Wei90; ME11]. The first order
in this power counting scheme at v = 0 is the leading order (LO), followed by the next-
to-leading order (NLO, v = 2) and next-to-next-to-leading order (N2LO, v = 3) and so
on. The order v = 1 vanishes due to parity and time-reversal invariance [ME11]. Addi-
tionally, in the power counting scheme from N?LO on, three-nucleon (3N) forces occur

[Kol94; Epe+02|. These appear only in higher orders and are therefore suppressed com-




pared to NN forces, but it has been shown that 3N interactions are necessary to close the
discrepancy to experimental results [KE07]. An advantage of chiral perturbation theory
is that with each order new terms enter the theory making it systematically improvable.
The contributions of these interactions include low-energy constants (LECs), which can
be determined by fits to experimental data [Hiit+20].

For a long time chiral NN interactions at N3LO by Entem and Machleidt [EMO02| sup-
plemented with local 3N interactions [Nav07] at N?LO have been used, which systemati-
cally underestimate nuclear charge radii [Som+14; Bin+14; CBN15; Lap+16]. With this
behavior in mind, new interactions like the NNLOg,; interactions [Eks+ 15| have been de-
veloped, which corrects radii. Other available NN forces are semi-local coordinate space
(SCS) and momentum space (SMS) interactions [EKM15a; EKM15b| and non-local in-
teractions by Entem, Machleidt and Nosyk (EMN) [EMN17]. The advantage of these
interactions compared to the NNLOg,¢, for example, is the availability of several orders,
which opens the possibility to quantify interaction uncertainties. One approach to es-
timate chiral interaction uncertainties by Epelbaum, Krebs and Meifiner [EKM15a] has
been used successfully [EKM15b; Bin+16; Bin+18]. Another scheme based on Bayesian
statistics was developed by the BUQEYE collaboration [Fur+15; MWF17; Mel+19]. In
this work, the interactions of Entem, Machleidt and Nosyk are used together with non-
local 3N interactions at N2LO and N3LO [Epe-+02; Heb+15] by Epelbaum and Hebeler.
These interactions were recently optimized in our group to describe nuclear observables,
especially in the medium-mass regime more accurately [Hiit4-20]. Ongoing research on
new families of interactions is performed within the low energy nuclear physics interna-
tional collaboration (LENPIC) in order to construct consistent NN and 3N interactions
and exchange currents for the semi-local SMS and SCS interactions [Epe+19; Mar+21].
After the Hamiltonian is constructed we have to solve the many-body Schrédinger equa-
tion, which is not possible without approximations. Over the past decade different many-
body methods have been developed. First of all, we mention the free-space similarity
renormalization group (SRG) [BFP07; BFS10; RNF10; Rot-+14], which pre-diagonalizes
the Hamiltonian by a decoupling of low and high momenta in order to improve the
convergence behavior in ab initio calculations.

Regarding the solution of the nuclear Schrédinger equation, several methods have been
developed over the past years. Two prominent representatives of shell-model approaches
are the no-core shell model (NCSM) [Nav+07; Nav+09; BNV13| and the valence-space
shell model (VSSM) [Kuo66; Cau+05; Cor+14]. Both methods solve an eigenvalue
problem using a model space, which is constructed by a basis and the truncation of the
many-body Hilbert space. The advantage is that the eigenvalues of the Hamiltonian can
be computed directly making it possible to obtain ground- and excited-state observables.
The difference between the NCSM and VSSM is that all nucleons in the NCSM are




considered as active degrees of freedom, while in the VSSM a subset of the nucleons are
placed on fixed single-particle states, which is described as frozen core. The NCSM is
very successful and widely used in ab initio structure physics, but the basis dimension
and computing effort grow tremendously with the particle number of the considered
nucleus. This restriction was relaxed up to nuclei in the p- and lower sd-shell with the
introduction of an importance-truncated version of the NCSM, also called IT-NCSM
[RNO7; Rot09].

Other theory approaches are the self-consistent Green’s functions method [DB04; CBN13|
the coupled-cluster approach [Hag+07; Hag+08; Hag+14; Bin+14; Sig+15; Hag+16]
and the in-medium similarity renormalization group (IM-SRG) [TBS11; TBS12; Her+16;
Her16]. These methods are better suited for the desciption of medium-mass nuclei, since
their truncation patterns are conceptionally different, i.e., the scaling with respect to
the particle number is not as strong compared to the shell-model approaches. The dis-
advantage is that these methods in their basic formulation are restricted to ground-state
observables and closed-shell nuclei.

The IM-SRG was introduced by Tsukiyama et al. [TBS11| and uses the SRG approach
for a unitary transformation of the Hamiltonian in such a way that a reference state,
like a single Slater determinant, is decoupled from all particle-hole excitations. If the
reference state is a single Slater determinant we talk about the single-reference IM-SRG,
which is restricted to ground-state observables and the description of closed-shell nuclei
only is possible [TBS11]. For the description of open-shell nuclei the multi-reference
IM-SRG was proposed by Hergert et al. [Her+13a; Her+14| and used together with
Hartree-Fock-Bogoliubov reference states for the description of even oxygen, calcium and
nickel isotopes. In order to compute excited state observables using the IM-SRG, three
different approaches are possible. One is the equation-of-motion approach of the IM-
SRG [PMB17], the second is the valence-space IM-SRG [Str+16; Miy-+20| and the third
is the combination of the multi-reference IM-SRG with the NCSM giving the so-called
IM-NCSM, which has been proposed in [Geb+17]. The IM-NCSM can be described as a
hybrid method, which overcomes the shortcomings of both methods. In the IM-NCSM
a correlated multi-determinantal reference state is computed and used for a transfor-
mation of the Hamiltonian. The consequence is that in a post-NCSM diagonalization
the convergence accelerated. This framework has been successfully applied [Geb+17;
Gebl7; Vob20; Hiit-+20; DAI+420; Fro+22a]. The IM-NCSM has also been extended
with the so-called Magnus formulation [Magh4] making it possible to transform electro-
magnetic operators. Furthermore, the calculation of nuclei with odd mass numbers is
possible [Vob20|. Another extension affecting the IM-NCSM is the availability of differ-
ent single-particle bases like the Hartree-Fock or natural orbital basis [Tic+19; Hop+21].
Especially the latter significantly accelerates the convergence of the IM-NCSM.




In this work we employ the IM-NCSM framework using a new family of chiral interac-
tions [Hiit+20] for the exploration of properties of open- and closed-shell medium-mass
nuclei. For the first time we compute scalar and non-scalar observables in the IM-NCSM
framework with fully quantified many-body and interaction uncertainties. Furthermore,
we present an approach for the inclusion of induced three-body interactions in the IM-
NCSM.

The organization of this thesis is the following: In chapter 2 we explain the concepts
of the NCSM including the importance truncation and different single-particle bases.
Afterwards, we discuss the theory of normal-ordering and its importance for the IM-SRG
framework in chapter 3. Chapter 4 is about the theoretical foundations of the free-space
SRG. In chapter 5 we deal with the basics of the IM-SRG framework including the
Magnus formulation of the flow-equations. Furthermore, we show the equations used
for the solution of the IM-SRG in the so-called m-scheme, followed by the theory of
angular momentum coupling. After this we discuss the j-coupled equations of the IM-
SRG for scalar and non-scalar observables. We finish the chapter with a description of
the generators used in the IM-SRG framework. In chapter 6 we discuss the derivation of
a novel approximation for the inclusion of induced three-body contributions into the IM-
SRG framework. Chapter 7 shows the basics of the IM-NCSM including an approach
to access odd nuclei and the construction of the radius operator and electromagnetic
multipole operators. We finish this chapter with a description of the Hamiltonians we
use for the IM-NCSM calculations followed by a discussion of the uncertainty estimation.
In chapter 8 we present our results from IM-NCSM calculations of open- and closed-shell
nuclei in the oxygen, carbon, and neon isotopic chain. After this we show and discuss
the results obtained by the three-body correction for the IM-NCSM followed by a short

conclusion and outlook, which is presented in chapter 9.




2. The No-Core Shell Model

In this chapter we introduce the no-core shell model (NCSM) as an ab initio many-
body method. After the discussion of its basic ingredients and the use of symmetries,
we address the importance truncated NCSM as an extension of the standard NCSM.
Finally, different bases for the NCSM are introduced and compared to each other.

2.1. Basic Concepts and Symmetries

The ab initio NCSM is a universal method to solve the nuclear many-body problem for
light nuclei using realistical two- and two- plus three-body potentials [Nav+09; BNV13|.
Formally, in a basic assumption, a system of A point-like non-relativistic interacting
nucleons is considered. These nucleons are considered active meaning that no inert core
exists compared to standard shell-model calculations. The NCSM is used to solve the

stationary Schrodinger equation

}AI \%) =E, ‘¢n> ) (2'1)

where H is the Hamiltonian with the eigenvalue E, and the eigenstate |tn). In this
work, we use a Hamiltonian, which consists of an intrinsic kinetic energy Tinm a nucleon-

nucleon (NN) interaction Vxn and a three-nucleon (3N) interaction Vay

L. N2 A A
. . 1« (Pi—P;)
2 3
H=Tu+ Va4V = 1 E . # + g ' VN ij + | g V3N ijks (2.2)
1<j 1<J i<j<k

where p, is the single-particle momentum, A is the number of nucleons and m is the
nucleon mass.

The eigenstates are expanded in an orthonormal basis of A-body states |¢;),

(o) = Zcﬁ’” 164) (2.3)
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rewritten as a matrix eigenvalue problem, which is solved numerically

where ¢! denotes the expansion coeflicient. The Schrédinger equation can then be

S (sl H i) e = Bacl". (2.4)

2

The basis states |¢;) are antisymmetrized A-body product states known as Slater deter-

minants

A
|6i) = |p1p2. .. pa) = VALA (H |Pi>> ; (2.5)
i=1

where A is the antisymmetrizer and |pi) are single-particle states. These Slater determi-
nants form a basis B4 of the antisymmetric A-body Hilbert space. Each single-particle

state can be written as

lp) = [n(ls)jm tmy) , (2.6)

where n is the radial quantum number, [ denotes the orbital angular momentum, s is the
spin, j is the total /s-coupled angular momentum, m; refers to the projection of j, ¢ is
the isospin and m; its projection. For sake of simplicity, we ommit the spin s and isospin
t quantum numbers, which are both % for nucleons. Since we are not able to handle an
infinite A-body model space, truncations for the many-body space are introduced, e.g.
with respect to the principal quantum number e = 2n + [, where the harmonic oscillator
single-particle energy is given by € = (e + %) hQ.

In the NCSM, the model space is truncated by an upper limit on the excitation energy
of each many-body basis state, Nyaxh§2. For the explanation of this truncation scheme
we define the energy of a Slater determinant e(|¢;)) as the sum of all single-particle
energies. Further, we define the basis determinant |¢o) as the configuration with the
lowest principal quantum number e(|¢g)). If we now define the number of excitation
quanta as N = %, where E* = e(|¢1)) — e(|¢o)) is the unperturbed excitation energy of

a Slater determinant |¢;), the Ny truncated model space can be written as

MPmax = span ({|¢) : N(1¢1)) < Ninax}) - (2.7)

The Nyayx truncation scheme of the NCSM is illustrated in Fig. 2.1 with '2C as example.




Fig. 2.1.: Schematical illustration of the truncation scheme in the NCSM that is used for an Nmax-
truncated model space. On the left side, the configuration of *2C is shown, where the 1s
and 1p shell are filled up by 6 protons and 6 neutrons. On the right side, an example for a
Slater determinant with N=4 harmonic oscillator excitation quanta is shown belonging to a
model-space with Npax > 4.

The model-space dimension can be further reduced by taking symmetries of the Hamil-
tonian like rotational invariance and parity conservation into account. The consequence
of the rotational invariance is that the eigenstates of the Hamiltonian are degenerate

with respect to the projection quantum number M, which is additive and given by

A
My =" "my,. (2.8)
=1

We can restrict the model space to a specific value of M, where the smallest allowed
value is Mj = 0 for even and My = % for odd particle numbers. Furthermore, the parity
conversation leads to another reduction of the model-space size since we restrict it to
positive or negative parity basis states only. The parity II of a Slater determinant can

be written as

m=JJ-D" (2.9)

Using this parity we usually restrict the model space to basis states of natural parity,
which is predicted for the ground state by the naive shell model. Since eigenstates
with even and odd number of excitation quanta contain opposite parities the truncation
parameter Npy.x has to be increased in steps of two.

Another symmetry of the Hamiltonian is translational invariance, which can be used
for the harmonic oscillator (HO) basis in the NCSM. This basis gives the possibility to
separate intrinsic and center-of-mass degrees of freedom. We are able to factorize the

eigenstates into an intrinsic part |iiy) and a center-of-mass part [tem)




|9) = [Yint) ® |[tPem) - (2.10)

From the translational invariance of the Hamiltonian it follows that the intrinsic proper-
ties of the system are not affected by the center-of-mass part of the Hamiltonian. This
allows to subdivide the Hamiltonian into an intrinsic I:Iint and a center-of-mass part ﬁcm

[Nav+09|. The center-of-mass Hamiltonian is given by

Hom=—— + "R — ShQ, (2.11)

where m is the nucleon mass and R and P are the center-of-mass coordinate and mo-
mentum.

The energy spectrum contains center-of-mass excitations. To cancel these out, we follow
the method of [RGP09]. The total Hamiltonian can be written as

H = Hipg + A, (2.12)

where ) is a positive constant controlling the strength of the center-of-mass part. This
is necessary to shift eigenstates with an excited center-of-mass part to higher energies
to remove these contributions from the lower-energy part of the spectrum.

In practical NCSM calculations we are interested in the computation of different ob-
servables like ground-state and excited-state energies. These are computed as function
of Npmax, where we aim for convergence. With increasing values of Np.x, the model-
space size also increases factorial depending on the particle number A and the number
of excitation quanta Npax. Since we are only interested in the lowest-lying eigenstates,
we are using a Lanczos-type algorithm [Lan50] for the diagonalization reducing the
computational effort and making calculations for large model spaces up to 10 possible
[MVS09]. But since these large model-space sizes are reached even for light nuclei, the
NCSM is limited to nuclei with mass numbers A < 16 [Bin+18|.

Due to the direct access to the eigenstates of the total Hamiltonian we are able to
compute ground-state energies and low-lying excited energies. Furthermore, the NCSM
can access other observables like charge radii and electromagnetic transition strengths

and moments.




2.2. Importance Truncation

The importance-truncated NCSM (IT-NCSM) [Rot09] is a possibility to overcome the
model-space limitations of the NCSM. It introduces an importance measure for a selec-
tion of the physically most important basis states for a description of specific eigenstates
according to the properties of the Hamiltonian. Only these basis states are selected to
construct a new model-space with a much lower dimension. Therefore, we can use the
IT-NCSM to obtain results with a larger Nyax value and also to access heavier nuclei.

The importance-truncation is constructed by using the multi-configurational many-body
perturbation theory (MCPT) [RSS03; Sur+04]. The starting point is the full NCSM
model space M, which is spanned by a basis set {|¢,)}. We need to construct a refe-
rence model space M,qf with [¢,f) as a zeroth-order approximation for the eigenstate of
interest. MCPT is then used to compute leading-order corrections to the reference state
|thref), where we need to split the full Hamiltonian H into an unperturbed part Hy and
a perturbed part W. With the reference state |thref) as starting point, the unperturbed

Hamiltonian can be written as

I;[O = €Eref |wref> <¢ref| + Z €v |¢l/> <¢V| ) (213)

VéMrcf

where €pet = (Vret] H |ref) is the expectation value of the full Hamiltonian and e, are
the unperturbed energies coming from the Mgller-Plesset formulation of MCPT with
€, = €rof + A €,. The perturbation W is defined as W = H — I;TO and the zeroth-order
contribution to the perturbation series is the reference state itself. The perturbation

comes into the first-order correction, which can be written as

|¢(1)> _ § : <¢1/| W|¢ref> |¢ > _ 2 : <¢V|ﬁ|¢ref> |¢ > (2 14)
- v/ — v/ .
€y — €ref €y — Eref
V¢Mref Vngef
where Kk, = _ (oulHltrer) is the so-called importance measure. Only basis states with an

€y —Eref
importance measure |ky,| > Kmin are included in the importance-truncated model space.

Since we are interested in a Npa.x sequence to show the convergence behavior of the
model-space size we combine the sequential increase of Nyax with the importance trun-
cation. Let us start with a full NCSM calculation in a Np.x = 2 model-space. From
this eigenstate we can construct the importance-truncated Ny, = 4 space and solve the
NCSM again to obtain a new reference state. This can be used to obtain the importance-

truncated Npyax = 6 reference space and so on. From a computational point of view the




most challenging part of the IT-NCSM is the construction of the importance-truncated
model-space. The diagonalization on the other hand is much cheaper compared to the
full NCSM calculation due to the fact that the importance-truncated space is much
smaller. In this work we use an importance measure Kmin, which is of the order 1074,

For taking the effect of ki, into account we compute a sequence of increasing Kmin
values. Afterwards, to obtain the full NCSM result we perform an a posteriori extrapo-
lation to the limit of ki, — 0 for each value of Ny, with an uncertainty estimation for
the desired observables. The extrapolation is performed by using a polynomial fit for a

sequence of observables for different values of Kmin.

2.3. The NCSM in Different Single-Particle Bases

As we have seen, the original formulation of the NCSM uses the harmonic oscillator
single-particle basis. A disadvantage of the harmonic oscillator basis is the assymptotic
behavior of the harmonic oscillator wavefunctions, which can result in a slow Npax
convergence. Furthermore, the observables depend on the oscillator frequency Af2. For
obtaining converged results, a computationally demanding frequency analysis has to be
performed for each nucleus of interest. To avoid this procedure, two alternative single-
particle bases will be presented in this section. These are the Hartree-Fock basis and
the natural orbital basis, where especially the latter one accelerates the convergence of
the (IT)-NCSM [Tic+19].

The Hartree-Fock Basis. In nuclear structure physics and quantum chemistry, the
Hartree-Fock approximation is a standard tool and therefore we will not cover it by
extend here but details of the Hartree-Fock method and its construction can be found
in [RS80; Suh07].

The Hartree-Fock approximation is a variational calculation for the ground state of a
nucleus. We use one single Slater determinant |¢), where the single-particle states are
the variational degrees of freedom. The starting point is the mean-field approximation,
i.e., each nucleon is moving in an external field created by the other A — 1 nucleons.
Using this approximation, the energy of |¢) is minimzed by solving non-linear Hartree-
Fock equations iteratively until self-consistency is reached. This means that the single-
particle states of |¢) do not change anymore during the next iterations. When reaching
convergence, the eigenstates and energies of the self consistent mean-field are obtained.
The Hartree-Fock optimized single particle basis is widely used in methods, where pro-
perties of medium-mass nuclei are computed, like the single-reference IM-SRG [Her+16|
or coupled-cluster theory [Hag+14; Hag+16].

10



The Natural Orbital Basis. Another useful basis for the NCSM are natural orbitals,
which are the eigenvectors of a one-body density matrix.

The great advantage of this basis is that the dependency on hf2 is removed and the
Nmax convergence behavior is improved. While there are many ways to construct the
one-body density matrix Tichai et al. have found that a second-order corrected one-body
density matrix can be efficiently derived using Hartree-Fock many-body perturbation
theory [Tic+19]. This method is computational much easier to apply compared to the
calculation of a fully correlated ground state from the NCSM, where a large model-
space is needed. Another advantage is that the occupied and the unoccupied single-
particle states contribute to the correlated ground state and the one-body density matrix.
Therefore, all single-particle states are optimized during the calculation.

More details on natural orbitals like their construction and a comparison of different
NCSM calculations using the HO and Hartree-Fock basis can be found in [Tic+19]. The
outstanding properties of the natural orbital basis allow us to use the IM-NCSM more
efficiently, which is a reason why we use this basis mostly for our calculations within this
work. More about that can be found in the results chapter 8, where we investigate the
behavior of the Hartree-Fock and natural orbital basis in comparison to each other.
Note that in other single-particle bases the factorization of the intrinsic and center-of-
mass contributions is not correct anymore and only recovered for the exact solution of
the NCSM using an infinite value of Nyax. Due to this problem we have to choose the
strength of the center-of-mass part A large enough to shift the center-of-mass eigenstates
upwards but as small as possible that its action on the intrinsic eigenstates is minimal.
Using NCSM calculations it has been found out that the optimal value for A ranges
between 0.2 and 1.0 [Vob20].
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3. Normal Ordering and the Wick Theorem

In this chapter, we will discuss normal ordering with respect to different A-body states.
Normal ordering with respect to a non-trivial reference state offers the possibility to ap-
proximately take operators beyond the two-body rank into account. To perform normal
ordering, an A-body reference state is needed. In this work we will present normal or-
dering with respect to three types of reference states. The physical vacuum |0), a single
Slater determinant |®) (single-reference) and a linear combination of Slater determinants
|¥) (multi-reference). Further, normal ordering with respect to the vacuum is a special
case of the single-reference case, which is in turn a special case of the multi-reference
case. This work mainly focusses on the multi-reference case and we follow formalism of
Kutzelnigg and Mukherjee [KM97].

3.1. Normal Ordering With Respect to the Vacuum

We will start with the following definition [SB09; Wic50|:

Definition 3.1: Normal Ordering with Respect to the Vacuum

A product of fermionic operators is in normal order with respect to the vacuum |0)
f

if all creation operators a, are to the left of all annihilation operators a,.

First, we introduce an abbreviation for the creation operator af := a,ﬂ, where the an-
nihilation operator is denoted as a,. Further, let us define a normal-ordering operator
{1211 Ag...ﬁn}|0>, which brings a product of creation and annihilation operators into a nor-
mal ordered form with respect to the vacuum with a phase factor due to the permutation
of the operators. Now, we show how the normal-ordering operator acts on a product of
fermionic operators {fll AQAH} Note that the index refers to the reference state. Each
of the fermionic operators represents a creation operator a” or an annihilation operator

Qq

{AlAQ...An}|0> = Sgn(?r)fi,r(l)/lﬂ@)...AAW(n), (315)

where sgn(7) denotes the sign of the permutation mwe(1,2,...,n), which is needed to bring

the operator product into normal order. The normal-ordering operator additionally has

13




the following properties:

1. Linearity:
{A1As. Ay(uB + C)Aiy1.. An Yy = p{ A1 As. . AiBA; 1. Ay
T (A A AiC A An}g
2. Mapping of the identity operator onto itself in the antisymmetric Fock space
3. Antisymmetry under transposition of two different operators:

~

{AIAQAzAgAnhO) = _{AIA2A_]AZAH}|O>

Another property of operators normal ordered with respect to the vacuum is that their

vacuum expectation value vanishes

(0] {A1Ay... Ay} |0) = 0. (3.16)

In order to transform a product, which is not in normal order into a normal-ordered

product of fermionic operators we can use the following anticommutator relations:

{&p7 &q} = 557 {dpv dq} = 07 {dpv dq} =0 (317)

Since this procedure can be very time consuming, we will employ Wick’s theorem, which

will be presented in the next section.
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3.2. Normal Ordering With Respect to a Single-Reference
State

In this section we describe how to use the normal-ordering technique with respect to
a single Slater determinant in a particle-hole formalism. Let |®) be an A-body single-

determinantal reference state

A
D) = Ha 0). (3.18)

First of all we want to define the basis and notation of the particle-hole formalism.

Definition 3.2: Basis and Notation of the Particle-Hole Formalism

An orthonormal basis {a? |0) : p = 1,2, ...} of the one-body Hilbert space is formed
by occupied hole states &' and unoccupied particle states ab, which fulfill when
acting on the reference state |®)

a'|®) =0 with i=1,2,.., A (3.19)

and

ay|®) =0 with b> A. (3.20)

The indices i, j, k, ... are hole and b, ¢, d, ... are particle indices. Furthermore, a* and

ap are quasiparticle annihilators and a; and a® are quasiparticle creators.

Now we can reformulate the definition of normal ordering with respect to a single-

reference state |®).

Definition 3.3: Normal Ordering with Respect to a Single-Reference State

A product of operators is in normal order with respect to a single-reference state

|®), if all quasiparticle creators are to the left of all quasiparticle annihilators.

Like in the section before we can now introduce a normal-ordering operator {Al flg...fln}m
with respect to a single-reference state |®), which fulfills the same three properties as in
the vacuum case. This is a special case of an empty single-reference state. One important
property of operators in single-reference normal order (SR-NO) is that their expectation

value with respect to |®) vanishes
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(B {A1As...Ap} gy | @) = 0. (3.21)

We can now formulate Wick’s theorem with respect to a given single-reference state
[Wic5h0].

Theorem 3.1: Wick’'s Theorem

An arbitrary product of fermion operators is equal to the corresponding normal-

ordered product plus all possible contractions.

contractions

A contraction between two operators A; and Ag, which is a complex number can be writ-
—

ten as A; A,. Now, let us use Wick’s theorem to compute the product of two operators
Al and AQ

—
A1 Ay = {AlAQ}‘(I)> + A1 Ao, (323)
where we used the convention {fllflg}‘@ for a product in SR-NO. Using Eq. (3.21), we
obtain
/\'_I/\ A~ ~
A1Ag = (P| A1 A2 |D) . (3.24)

Now we can define a contraction between a creator and an annihilator as hole contraction

. p -

Wiy = (@], |2) =7, (3.25)
which is the one-particle density matrix element 7% with respect to the reference state.
The particle contraction is, therefore, a contraction between an annihilator and a creator

—

i = (0], |®) = L, (3.26)

corresponding to an one-hole density matrix element 4. Further, it is worth mentioning
that a contraction between either two creators or two annihilators vanishes. For the

single-reference case the one-particle and one-hole densities can be written as

VP = §Pn,, (3.27)
A8 =08 (1 —ny) = 6hny, (3.28)
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where the particle occupation number n,, is introduced and defined as

0 1, if p is occupied in |®) (3.29)
0, else.
Taking a closer look into non-vanishing contractions, the contributions of a contraction
only do not vanish if both indices are hole indices or if both indices are particle indices.
Since we only use products of the same number of creation and annihilation operators,
which are particle number conserving, we introduce the following short-hand notation
for operators

Ap _ Apa AP ADAT A A Aprt _ aparata A
ay = aPag, ahg = aPa’asaq, aby, = a’a"a"ayasa,. (3.30)

Usually, these operators are normal ordered with respect to the vacuum so we transform

them into operators in SR-NO using theorem 3.1. We obtain for the one-body operator

&g:{%h®4ﬁg. (3.31)

Applying Wick’s theorem for a two-body operator leads to

gy = {d§§}|¢> g {0539y + 7 {d{;}‘@ — % {dq}\@

(3.32)
=Yg 185 e) + 757 — g
Finally, we obtain for a three-body operator
@ZQZ = {d§§Z}|¢) + qu {dgfL}@) - 7; {dgft}@) - ’73 {&’S’Zh@ - {dztu}@)
+ s {d%h@ - 'Yz; {dEZ}@) - {@22}@ — Y {&ZE}@) + PVZ {d§§}|¢> (3.33)
+hs {di}@ +yh {aL} gy + e {d§}|¢> - {d§}|q>> — s {&;}@)
— e {ai by — Eu {00} 6y — i {00 ey — You {8} ey + 255
where
vhs = 157s — ¥Eg (3.34)
and
Vo = VEAeAl + VG + AEVeE — VPvae — VEVEVE — YEvAL (3.35)
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3.3. Normal Ordering With Respect to a Multi-Reference State

In this section we will introduce the generalized Wick theorem for normal ordering with
respect to a multi-reference state. This is necessary because normal ordering with respect
to a single-reference state is limited to closed-shell nuclei [KM97|. A multi-reference state
is a linear combination of Slater determinants. For this section we say that H,, is a finite
subspace of the A-body Hilbert space ‘H and |®;) is a complete orthonormal basis set of
Hy,. Further, |¥) € H,, is a normalized A-body state with complex coefficients ¢; and

Slater determinants |®;)

T) =) | ®i), (3.36)
i=1

with respect to which we want to perform normal ordering.
Since a particle-hole scheme is not defined for multi-reference states |¥), we have to

define normal order in terms of a Wick theorem.

Definition 3.4: Normal Ordering with Respect to a Multi-Reference State

A product of operators {A;Ay...A,} is normal ordered with respect to |¥) if the

expectation value of this product of operators with respect to |¥) vanishes.
(U {A1Ay.. A} W) = 0. (3.37)

If |¥) consits of only a single Slater determinant, the definition of normal ordering

with respect to |¥) has to reduce to the definition of normal ordering with respect

to a single-reference state.

Now we can introduce a normal-ordering operator {/11/12...21”}@) with respect to a
multi-reference state |¥). The difference to the single-reference case is that it does
not order the creation operators to the left of all annihilation operators, but linearity,
antisymmetry, and mapping of the identity operator 1 onto itself are still fulfilled. Like
for the single-reference case we can formulate a Wick theorem for a product of normal-

ordered operators with respect to a multi-reference state.
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Theorem 3.2: Multi-Reference Wick Theorem

A product of n operators fll, flg, ey A, can be written as a normal ordered product

and all possible normal-ordered contractions with respect to |¥)

AlAQ...An = {1411421411}\\1/) + Z {AlAgAnh\p) (3.38)

contractions

Concerning contractions, we now do not obtain only single contractions but also con-

tractions between more than two operators, namely the k-body density matrices v[k].

Their matrix elements are given by

PP — (| gP1-Ph ) (3.39)

Vql...qk q1---9k

For a single contraction we can adopt the definition of a hole contraction

Wi, = (U] @Pag V) =P (3.40)

and further the definition of a particle contraction

GgaP = (V| agaP |W) = —7E, (3.41)

where a contraction is now denoted with an overline for distinction with respect to the
single-reference normal ordering.

Furthermore, a multiple contraction is usually a correlation up to the k-body rank, which
is denoted as irreducible k-body density matrix A¥, where 2 < k < A. They are given

as

aParastg = vgs — A(Vgs) =t Ags (3.42)
APAT Ay asig = Vhe, — A(VEAEL + Nosi) =1 Mo, (3.43)

where A is an index antisymmetrizer, which restores the antisymmetry of an indexed

object
A(Evs) = 98vs — g (3.44)
ANETAL) = NEAP — AR — Nobal — NPl yr 4 APy — APy — APl
= Ave + AT (3.45)
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ACEVIVL) = VoVt + YEvent + vEvevh — YEEE — Vv — vEvt- (3.46)

Now we can use the normal-ordering operator {Alflg...ﬁnh\m on the one-, two-, three-
and n-body operators, which are normal ordered in the vacuum to obtain them in multi-
reference normal order (MR-NO). These operators are antisymmetric with respect to an
exchange of the upper and lower indices. We can use theorem 3.2 to obtain a n-body

operator in vacuum normal order in terms of operators in MR-NO yielding

{ag}oy = {al}jw) + 4 (3.47)

{aP o) = {aB}oy + A(VE{aS Hwy) + 50 (3.48)

{abrt Yoy = {abet by + A(P{aL Ywy) + A(vEE{al Yey) + 72mt (3.49)
n—1

{abt-Pry gy = (@bl Py gy + > A(E P ag 0 Y ey) + kb (3.50)
=1

Now we can formulate the generalized Wick theorem to compute a product of two

reference-state normal-ordered operators in terms of these normal-ordered operators.

Theorem 3.3: Generalized Wick Theorem

A product of two normal-ordered operators can be written as a sum of normal-

ordered operators and all possible normal-ordered contractions

{abr -ty {ag o bwy = {ahbrelim gy + E {aby el hwy  (3.51)
extern;ﬂ
contractions

It is important to note that each term determined with the generalized Wick Theorem
carries a phase factor that can be determined by the number of permutations needed to
bring the indices back into the original order.

For an illustration of theorem 3.3 let us compute the product of a normal-ordered two-

and one-body operator, which is given by

(@b} wy{agwy = + {abswy +Vlali ey +ve{abn ey — vi{ags ey — valdhsd e
+ (Tove +20) {ab ey — (Vo + M) {ag} ey
+ (T + M) {8ty — (T7i + M) {8 )
— Noglah by — Nog{an }wy — Mio{ag ey — Abu{as} v

+ g A + TN — YiAG — YuAGe T Mg (3.52)
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In this work we will use the generalized Wick theorem to evaluate commutators of
normal-ordered products. This is shown in chapter 6, where we derive a leading-order

three-body correction to the multi-reference in-medium similarity renormalization group.
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4. The Similarity Renormalization Group

The similarity renormalization group (SRG) transformation [BFP07; BFS10; Rot+14] is
a method to transform the initial Hamiltonian. Using the similarity transformed Hamil-
tonian in subsequent many-body methods like the NCSM, the convergence behavior is
improved. Due to the fact that low- and high-energy momenta of NN and 3N poten-
tials are strongly coupled, we want to decouple the high-momentum from low-momentum
physics using the free-space SRG approach. Basically, a unitary transformation is applied
in such a way that the off-diagonal matrix elements of the Hamiltonian are suppressed.
Since we do not want to change the eigenvalues of the operator we can use a unitary
transformation to reformulate the many-body problem using a unitary operator U ()
depending on the SRG flow parameter «.

The unitary transformation is given by

H(a)=U()H(0)U(a), (4.53)

where H (o) is the SRG-evolved Hamiltonian. The derivative of this Hamiltonian with

respect to a is

dH (o) _ dUt(a) 4

A A ~ . dU(«)
o S H(0)U(a) + UT(a)H(0) .

= (4.54)

Using the unitarity of the transformation operator U(a), i.e., Uf(a)U(a) = 1, we can

differentiate this expression with respect to o and obtain

dUT (o) _ fi(w)

da da

U (). (4.55)

Therefore, we can rewrite Eq. (4.54) to obtain
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dlééa) _ gt (a)dlzi'éa) Ut (@) H ()T () + T (@) H ()T ()T (a) d(izfxa)
_ _UT(a)dZS‘)ﬁI(a) + H(a)U (a)dUdia)
A N A A o (4.56)
_ (UT(a)di}ny >> (o) — H(a) (U*<a>dZi )>
B . dU(a) -
= [-U'(a) do (a)] ;

where the last term of Eq. (4.56) is the commutator between two operators A and B,
which is defined as [/i, B} — AB — BA. The generator of the transformation can then
be defined as

. N C)
— [t 4
(a) = ~Uf(@) =" (457)
The operator flow equation is given by
dH(a) [, . 2
= i) H(@)] (4.58)

with the initial condition H(0) = H needed to compute the SRG-transformed Hamil-
tonian |[Her+16]. The generator of this transformation is anti-Hermitian, meaning
fif(a) = —f(a). There are many ways to choose the generator, where the most generic
choice is the Wegner generator [Weg94; Weg00|, which is typically chosen as the com-
mutator of a Hermitian operator and the SRG-evolved Hamiltonian H(«). For the

decoupling of low- and high-momentum states we choose the generator of the SRG as
follows [BFPO7]

Aa) = (2u)° [Tint,ﬁ (a)} (4.59)

with the reduced nucleon mass p and the intrinsic kinetic energy Tint =T - Tcm. This
generator choice pre-diagonalizes the Hamiltonian [BFPO7|. For this choice of the ge-
nerator, it should be denoted that the dimension of the flow parameter is fm*. The
generator is not nucleus or basis dependend making its usage very flexible.

Using the SRG framework and regarding Eq. (4.58) we obtain induced many-body
interactions up to an A-particle rank. If the generator is an a-body and the Hamiltonian
a b-body operator the evolution of the right-hand side of Eq. (4.58) produces induced
interactions up to a + b — 1-particle rank. Since we are not able to compute the unitary

transformation in an A-body space we need to truncate these operators, which is usually
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done at the three-body level. This truncation violates the unitarity of the transformation.
Knowing this, we need to study the impact of those higher-body interactions by exploring
the dependence of the Hamiltonian on c.

If we are transforming the Hamiltonian, we also have to transform the operators of other
observables, like the radius or electromagnetic E2 operator, consistently.

This can be done similarly to the transformation of the Hamiltonian by performing a uni-
tary transformation O(a) = Ut (a)OU (a) of the observable. The unitary transformation

can be written as a first-order differential equation

d

——0(a) = [ﬁ(a), O(a)] . (4.60)

When using the in-medium SRG framework, which we will introduce in the next chap-
ter 5, the generator 7(«) depends on the SRG-evolved Hamiltonian. Therefore, we have
to evolve the differential equation for observables simultaneously with the equation for
the Hamiltonian. More information about the free-space SRG can be found in [Rot+14;
BFPO07; BFS10; Heb21|, where also the consistent evolution of three-body interactions

is covered.
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5. The In-Medium SRG

In this chapter, we are going to discuss the in-medium SRG (IM-SRG) [Her+16] as a
generalization of the SRG, which was discussed in chapter 4. First of all we explain the
concept, followed by representation changes of the Hamiltonian between vacuum and
reference-state normal order. Afterwards we address the IM-SRG(2) and the so-called
Magnus expansion. We are formulating the IM-SRG flow equations in the m-scheme
and introduce angular momentum coupling in order to construct the coupled equations
for scalar and non-scalar cases. Finally, we introduce the different generators of the
IM-SRG. Note that we are following the formalism of [Vob20].

5.1. Motivation and Concept

The concept of the SRG can be used in order to drive the Hamiltonian towards a block-
diagonal structure and suppress its off-diagonal part H°d, We can subdivide the Hamil-

tonian

H=HY+ A%, (5.61)

where the off-diagonal part is chosen in such a way that the structure of the Hamilto-
nian becomes block-diagonal with respect to a particle-hole many-body basis B like the
Hartree-Fock or natural orbital basis. When we further sudivide the basis into Z and 7,
where B = Z U J, the off-diagonal part is chosen such that Z and J are coupled with

each other, which can be written as

HOY =" " (i| H |j) |i) (j| + h.c. (5.62)

i€l jeJ

The suppression of H°d Jeads to a block-diagonal structure of H where the span of Z is
an invariant subspace of the Hamiltonian, which is shown in Fig. 5.1. The advantage is
that we only have to solve the eigenvalue problem in this subspace spanned by Z instead

of the model space spanned by B.
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Fig. 5.1.: Schematic representation of the IM-SRG where the left drawing is the initial and the right
one the final Hamiltonian. Herein, the initial Hamiltonian couples the matrix elements of
7 and J, which are after the unitary transformation U decoupled in such a way that the
off-diagonal elements of the Hamiltonian are suppressed.

In order to achieve this behavior, we have to transform the initial Hamiltonian H(s)

using a continuous unitary transformation similar as in chapter 4

H(s) = U'(s)H(0)U(s), (5.63)

where the initial Hamiltonian is H (0) = H and s is a continuous flow parameter. The
unitary transformation can be reformulated as a first-order differential equation, also

known as flow equation

L (s) = [is), A1) (5.64)

where 7)(s) is the anti-Hermitian generator of that unitary transformation. For other

observables O(s), the differential equation can be written in a similar way

diié(s) - [ﬁ(s),O(s)] . (5.65)

As mentioned in the last chapter, the observables have to be evolved simultaneously
together with the Hamiltonian. There is a method to avoid that, which will be explained
later in this work.

Furthermore, the operators are normal ordered, using the Wick theorem introduced in
chapter 3, at a certain many-body level k meaning that the corresponding operators can

be written as

28



aPpi, (5.66)

ql QZ Q1 qi

k
)(s) =Y _Ol(s), Oll(s
=1

pl -Di
q1...9;
where O[i](s) is an arbitrary operator at i-body level normal-ordered with respect to a
certain reference state. Note that we did not attach a reference state in the notation of
{ab} P} due to the fact that the reference state can be arbitrary. As an example we

take the flow equation for the Hamiltonian and use (5.66) yielding

k k
;th _ Z;Z;hm@%gm@), (5.67)

where (H)[z] is the projector on the z-body space. With this equation we see that
the matrix elements of different particle ranks are non-trivially coupled to each other.
When evaluating the right-hand side of that equation we obtain induced many-body
interactions up to the A-body particle rank. Furthermore, Eq. (5.67) is a system of
first-order differential equations, which can be solved numerically. We can conclude
that the IM-SRG is exact except for dropped normal-ordered interactions beyond the
k-particle rank [Vob20].

5.2. Normal-Ordered Hamiltonian

5.2.1. Vacuum- and Reference-State Normal Ordering

The Hamiltonian H(s), as defined in Eq. (2.2), which is used as starting point in the
IM-SRG contains contributions up to the three-body rank

H =Ty + VI 4 VB (5.68)

where Ty = T — Thm is the intrinsic kinetic energy, V2 is the two-body interaction,

and VB is the three-body interaction. The kinetic energy can be written as

- 1« (b — )’
T = =3 L (5.69)

where p; is the momentum operator for the i-th particle, A is the nucleon number and

29



m is the nucleon mass.
All operators in the IM-SRG framework are normal ordered with respect to a certain
reference state |1ycf). We can start with an operator normal ordered with respect to the

vacuum containing operators up to the three-body rank

A - 1 r { ~pr r T
O‘0> = OO + Z Og {ag}|0) + Z Z Ogs {ags}|0> 36 Z O;gsz gsfl}‘o (5'70)
pq prgs prigsu

Applying the Wick theorem (chapter 3) to this equation we obtain normal-ordered op-

erators with respect to a reference state |tyef)

A . 1
Old) OO * Z Op {ap}w}ref T ;;qs O pr}‘wref % p?gq;u Og;tt ggz}lwref ’

(5.71)

From now on we will refer to (5.70) as vacuum representation and to (5.71) as reference-
state representation of O. Using theorem 3.2 and equations (3.47) to (3.49), the reference-

state matrix elements in terms of vacuum matrix elements can be written as

=00+ Z Ogg + Z Ogsvgs + Z Ol Voo (5.72)
prqs prtqsu
prqs
12
O3 + Z 0392, (5.74)
0138 = 043, (5.75)

where the numerical indices are fixed, i.e., these are no summation indices.
The reference-state matrix elements can be transformed into vacuum matrix elements,

which are given as

Op = O ~ Z Oq%] Z Oqs Vos — 475'Y§) (5.76)
prqs
T Z OBt (yPrt — 184P4T% + 3642717L)
prtqsu
1
O3 =0y~ ZOQ«M -7 Z Oqby (Vo5 — 4487) (5.77)
qus
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033 = Z 0525%, (5.78)
038 = 013, (5.79)

The derivation of these relations can be found in [Geb17].

These equations are written in the m-scheme, meaning that they depend on angular-
momentum projection quantum numbers. We perform normal ordering only with respect
to reference states with a total angular momentum of zero leading to scalar density ma-
trices. Performing normal ordering with respect to reference states with a non-vanishing
total angular momentum leads to non-scalar density matrices increasing the complexity
of the IM-SRG framework tremendously.

5.2.2. Normal-Ordered Two-Body Approximation

The normal-ordered two-body approximation (NO2B) is widely used in the IM-SRG
framework due to the fact that the inclusion of operators beyond the two-body level is
computationally and conceptually expensive but possible, as will be shown later in this
work. The starting point for the NO2B is the three-body operator normal ordered with

respect to the vacuum

S 1 r r
OO} = +% Z Ogsz Zsft}m (5.80)

prtgsu

Transforming this operator into the reference-state representation, we obtain

) . 1
Olipep) OO+ZOP {80} 1y T 7 ZOW % i + 35 2= Ot {055},

prqs prtqsu
(5.81)
The tree-body part of (5.81) is omitted in the NO2B approximation leading to
. - N 1 -
Onozs = Oo + Z O g 3 22 OB AT (5.82)
prgs
1 .
36 Z ggi g;"ltj, + Z Z Og';iﬁ)/qs {a }‘¢ref + Z Og;tﬂq { “ }Iwref
prtqsu pritgsu prtqsu

Note that other many-body methods like the NCSM use vacuum matrix elements as

input where ONOQB has the form
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Oxozm = 0o+ 3 O3 {a} + 5 S O {azh, (5.59)

pq prqs
and the matrix elements can be obtained using the relations (5.76) to (5.79), where
OnosB is a zero- plus one- plus two-body operator taking three-body matrix elements
in terms of lower particle ranks into account. It has been shown in [Bin+13; Rot+12a;
GCR16] that the neglection of the full three-body matrix elements has an effect of 1 -2 %

on ground-state and excited-state energies.

5.3. The IM-SRG(2)

In the IM-SRG(2) framework, the operators are truncated at the NO2B level, where the

Hamiltonian H(s) and the generator 7j(s) are written as

H(s) = B(s) + 3 f7(s) {ab} + i S {agh, - (5.84)

prgs

. . 1 .
ils) = S als) (g} + 3 S () {ay (5.85)
pq pras

where we have used the common variables f for the one-body and I" for the two-body
matrix elements of the Hamiltonian. Let us start with the Hamiltonian as defined in
(2.2), where VBl is now approximated using the NO2B approximation, which can be

written as

7 A 1 T ~DpT
Vo = V(s) + Y V({8 g + 7 D Vi (S} (5.86)
rq prgs

Using this approximation, the initial Hamiltonian at a flow parameter s = 0 can be

written as

H(0) = Tine + V2 + Vxoop. (5.87)
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Inserting (5.84) and (5.85) into the flow equation for H(s), we obtain

S A(s) = [is), B ()] (5.89)
= [i(), AV (s)| + [ (s), P (s)]
+ [2(s), B0 (s)] + [32(s), 2 (s)] (5.80)

Evaluating the right-hand side of this equation using the generalized Wick theorem, we
get a system of coupled first-order differential equations for the matrix elements of the
Hamiltonian and the generator, where the evaluation and final expressions are shown in

section 5.6.

5.4. The IM-SRG With the Magnus Expansion

Until now the IM-SRG framework was discussed using a coupled set of flow equations for
the Hamiltonian and other observables of interest. The disadvantage that comes with
this approach is that eventually (5.64) and (5.65) have to be solved simultaneously. The
number of coupled ordinary differential equations (ODEs) is doubled and especially for
other observables the time scale for the evolution can differ compared to the evolution
of the Hamiltonian.

We can overcome these limitations by using the so-called Magnus expansion [Magh4],
which was first applied to the IM-SRG framework by Morris et al. [MPB15]. The

starting point is the differential equation for the unitary operator itself

—U(s) = —i(s)U(s). (5.90)

For U (s) the Magnus expansion states that there exists a parametrization

U(s) = ), (5.91)

where Q(s) is the so-called anti-Hermitian Magnus operator. The Magnus operator
satisfies the differential equation |Bla+09]

i B—f [ )L, (5.92)

k=0
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where By refers to the Bernoulli numbers. Here, [Q(s), ﬁ(s)} i is a short-hand notation

for nested commutators, which can be written recursively as follows

(Qs)is)| = ) (20| [eals)] =i (5.99)

k k—1 0

In order to construct an arbitrary operator O(s) we need the Magnus operator and
O(0). This can be done using the unitary transformation U(s) resulting in the Baker-

Campbell-Hausdorff (BCH) series for the transformation of any operator of desire

O(s) = U1(s)0(0)T (s) = e+ 2D O(0 Z%[ﬂ 00)] . (5.94)
k=0

From now on, we refer to this kind of evolution as Magnus evolution. Compared to
the direct evolution of the ODE, which is an integration by infinitesimal steps, these
transformations are combined in the Magnus operator Q(s), giving us access to the
unitary transformations. Another advantage is that we do not have to solve two ODEs
simultaneously. Instead, we need to solve (5.92) one time and use the BCH series to
obtain the desired operator like the Hamiltonian, radius or electromagnetic multipole
operators. Note that the derivation of (5.92) and more details on the construction of
Q(s) can be found in [Bla+09] and [Vob20].

5.5. Magnus(2)

Following the IM-SRG(2), the Magnus operator )(s) is also truncated using the NO2B

approximation. The equation for the Magnus operator is

ZQP ap}+ ZQ {arr}. (5.95)

prqs

Also the equations for 7- 4 ()(s) and O(s) are truncated at the NO2B level, which we refer

to as the Magnus(2) expansion

i B—f [ )}k, (5.96)

k=0
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i;[ﬂ 00)] . (5.97)
=0

Since the Magnus flow-equation and the BCH series are infinite we also have to truncate
them. First of all, we solve the nested commutators iteratively, meaning that we store
the result of the k-th order and put it into the commutator of the order k£ 4+ 1, making

the calculation numerically very efficient. The k-th term of (5.92) can be written as

% s).(s)], = % [9(s) [Q(S),ﬁ(S)]k_J . (5.98)

k

The derivative of the Magnus operator is then truncated at a certain order x

A By [~
Y(s) = 7 [Qs)ils)] (5.99)
k=0
where the following criterion has to be fulfilled
Q/ o Q/
192 (s) 1 (5)] <e:=1x10"2 with By #0 (5.100)

1% ()1

in order to obtain convergence at order x, where

1) = \/m - D)+ S (5.101)

ijkl

is the so-called two-norm. Equation (5.100) states that if the difference of €¥'(s) in orders
x and x — 1 is small compared to Qo (s) at order x, the Magnus series is converged.

It has been shown that the value for € is good for practical applications and that the
series converges for values of k£ between 2 and 4. Furthermore, for large values of k the

series can diverge [Vob20]. Therefore, another convergence criterion, which has to be
fulfilled is

k<1 forall k with 1 <k <uz, (5.102)
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with = beeing the convergence order according to the first convergence criterion (5.100).
If this criterion is not fulfilled, the series is considered as divergent and the current
integration step is restarted using a smaller stepsize.

Considering the BCH series, the z-th element can be written as

Oxs) =S = [9(5)7 ok(s)} : (5.103)
k—

o

The convergence criterion for this series is

sl = 10x(s)]]

nom = Tz A, oy < 6K 1, (5.104)
122 k=0 Ox(s)l]

where € = 1 x 1072 has been found to be the optimal threshold. This criterion states
that the norm of the desired observable O(s) at order z has to be small compared to the
norm of the sum of O at all previous orders. More on the convergence of the Magnus
operator and the BCH series can be found in [Vob20.

5.6. Multi-Reference IM-SRG Commutator Equations

In this section we show the commutator equations of the multi-reference IM-SRG in the
m-scheme. Since we are using the Magnus-type flow equation and the BCH series, we
will show the equations in terms of (5.94), where Q(s) is the Magnus operator and O(s)
is an arbitrary operator, which can also be the generator 7(s).

First, we formulate the m-scheme equations of the IM-SRG in a compact way by using
symmetry properties. These can be obtained by application of the generalized Wick
theorem and a transformation into spherical natural orbitals. Afterwards, we review the
theory of angular momentum coupling and show the coupled commutator equations for

scalar and non-scalar operators.

5.6.1. Spherical Natural Orbitals and m-Scheme Equations

A very important aspect of the commutator equations is that they are formulated in the
so-called spherical natural orbital basis, which is the eigenbasis of the one-body density

matrix y[]. The diagonalization of 4! gives
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vE — npdl, (5.105)
Y =68 — 4k — (1 —mny)dl = nydl, (5.106)
where n,, are the eigenvalues of ~1), the so-called fractional occupation numbers with a
range of 0 < n, <1 and n, =1 — ny,.
We are formulating the Magnus commutator equations in terms of natural orbitals be-
cause the computational effort is reduced due to a collaps of summation indices. Fur-
thermore, we are going to partition the single-particle basis into three different spaces:
the core space C, the active space A and the virtual space V. For this partitioning we
make use of the value of n,. Assume a reference state |¢,ef) given as a superposition of

Slater determinants |¢;)

|ref) = zc |6:) - (5.107)

The definition of the three subspaces is shown in the following table:

State Type Occupation Number Slater Determinant Second Quantization
pecC n, =1 p € |¢;) for all i aP [thref) = 0
peA 0<ny,<l1 p € |¢p;) for at least one i

peV n, =0 p ¢ |¢p;) for all i p |Prer) =0

Thus, a core state C corresponds to a single-particle state that is occupied in all Slater
determinants of the reference state. An active state A is a single-particle state that is
occupied in at least one but not all Slater determinants of the reference state. A virtual
state V is a single-particle state that is unoccupied in all Slater determinants of the
reference state.

This partitioning is very useful because for some natural orbital single-particle combi-
nations the occupation numbers and irreducible two-body densities vanish. More infor-
mation about the classification of the single particle basis can be found in [Gebl7].

Now we are ready to evaluate a commutator of the form

O(s) = [Q(s), 0(0)} , (5.108)

where each operator is normal ordered with respect to |1yef) and truncated at the NO2B

level, which can be written as
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0= OO+ZOP ah}, ot Ondal . (5.109)

prgs

For evaluating the commutator, let us split it up into the different particle ranks

A~

0= [Q o} [Q[O} + O L 0P ol L ol 4 0[21}
- [Qm,@m] n {9[11’0[2}] n {9[2]’0[1}} i {Q[Q]’O[ﬂ} , (5.110)

where the bracket denotes the particle rank of the operator, i.e., ol = OY. These com-
mutators can be evaluated using the generalized Wick theorem (see chapter 3) leading
to terms, which contain one-body, irreducible two-body and three-body densities.

As an example let us evaluate the commutator between 02 and O and denote the

resulting operator as O

1 ~DTr ~
72 e dagy > on{al} (5.111)
tu

prgs

7 Z ool ({ar} {at} — {at} {arn}). (5.112)

prtqsu

Note, that we ommit the index |t¢yef) With respect to which the operators are normal
ordered to simplify the readability. For evaluating the commutator of normal-ordered

products, we use the generalized Wick theorem where we obtain

Z Qa0 (O + ) (@i} + (e + 9 {agn} — (v +38) {ags} — (v + ) {alls

prtqsu
e =157 185} — (ot = 77 {45} + (gt — 2970 (a8} = (g = 9g7) (k)
(3 1) M A+ (B DA — (98 + ARG — (v )N -
(5.113)

Now we can employ the relations

Vg G =04, A — VTG =505 — 50y (5-114)

and obtain
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= 13 ol (oL fany + ot {agn} - of {aig} — o {at,

prigsu
(8% — veon) {ah} — (000% —~koh) {ag}
(53 — Vo) {agt — ( oV — Yg0u) (a8}
+5;Aﬁ’; + SEAPT — GEATL — ST ALY (5.115)

By evaluating the Kronecker deltas and renaming the summation indices we obtain

A~ 1
0 =1 (R0} + 95 0L~ 007 - ortop) {alz} (5116)
pritqs
+ ) (0L — QrLoy)y; {ab} (5.117)
prigs
1 r T T
+ 5 D (Q0; = QLoD (5.118)
prtgs
—Oo+20p i+ ZO (5.119)
prqs

If we compare each particle rank of our result with O, we obtain the following expressions

for the two-, one- and zero-body part of O:

Osi = ZQtQOt + Q3704 — Q0! — 0307, (5.120)
05 = Z(@é:oz — QL0 (5.121)
rts
< 1
Oo =5 > (2705 — QgODN, (5.122)
prigs

where we used O to denote the matrix elements on the left-hand side. The final step is the
single-particle basis transformation into spherical natural orbitals, where the right-hand

side of the one-body part simplifies to

= Q5 OL(n, — ny). (5.123)

Until now we did not exploit any symmetries of the operators and also did not use the

symmetry under Hermitian conjugation. For this we define symmetrizers
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(5.124)

[(1— Pio — P3g+ P1aP3yg) (1 £ Pi3Pay)]
(5.125)

]
oo\»—‘

1
1B =5 (14 P12),
where Pjo is an index permutation symbol, which interchanges the attached indices
Note that the + sign in the last terms indicates the behavior of the matrix element

(1>

under complex conjugation. Using these symmetrizers we obtain
(5.126)

51 & 1r At
O; =EiB E Q51 Op(nr

rt

<12 A& Z t2 A1
t

nt)7
(5.127)

)

(

Repeating this procedure for all remaining terms of (5.110), we obtain
031 = + Zan 249 o5} (5.128)
— S Z 40105 (5.129)
+ B Z Q2054 —ny) (5.130)
+ Zop Z 4950070 (ny, — ng) (5.131)
Pq
O)=+2Z5p Z 0,05 (5.132)
+ & Z (ngg; — ng) (5.133)
2 1
+E8 0{;9;2> (np — 1q) (5.134)
+ =18 Z leOq (nplgNy + Tpngniy) (5.135)
pqr
+E1p Z Q” OBV NS (5.136)
'rtvsw
+ 818 ) (-2 05N (5.137)
rtvsw
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+EB Y QEOL A (5.138)

rtvsw
~Zip Yy QOB (5.139)
rtvsw
Op =+ QLO%n, — ny) (5.140)
pq
1
+ 4 Z (Qé”;Ogi - QgiOgg) NpNy Mg (5.141)
prqs
1 T\ P 3
+ 1Y OENE+O (A®1). (5.142)
prqs

These equations usually are referred to be the m-scheme equations because they depend
on projection quantum numbers. In the zero-body part we also obtain terms involving
irreducible three-body densities A[*), which can be neglected due to their small contribu-
tions to the ground-state energy, which is a few keV, as shown in [Geb17|. Furthermore,
we obtain the single-reference IM-SRG equations by setting all irreducible two-body
densities A2 to zero indicating that the single-reference equations are a subset of the
multi-reference equations. More about the derivation of the m-scheme equations and

the derivation of the symmetrized equations can be found in [Geb17; Vob20].

5.7. Angular Momentum Theory

At the moment, the m-scheme equations still depend on projection quantum numbers.
In order to remove this dependence and reduce the computational effort for solving the
flow equations, we need to perform angular momentum coupling. Therefore, we are
going to discuss angular momentum theory and the Wigner-Eckart theorem, which is
important for the coupling of non-scalar tensor operators. More information beyond our
discussions can be found in [KMV88; Suh07].

5.7.1. Angular Momentum Coupling

The quantity 3 is an angular momentum operator if its components J,, ﬁ'y and J, satisfy

the following relations

Jt=Jr and []zvj]} = ih> i (5.143)
k

where £ = x,y,z and ¢ is the antisymmetric three-dimensional Levi-Civita tensor.

41



The angular momentum operator also fulfills the following eigenvalue relations

A2, . L. .
3 lim) = j(j + 1)A? |m) (5.144)
jzljm) = mh|jm) (5.145)

where —j < m < j. Furthermore, the angular momentum is related to the rotation
group with the components as generators.

With these basic properties we are ready to start with angular momentum coupling.
When combining two commuting angular momentum operators 5'1 and _}'2 the sum
5 = 5 1+ 32 is again an angular momentum operator, where the angular momenta could
be an orbital and spin angular momentum of a particle for example. We call the com-
plete set of states {|jimij2me)} uncoupled basis with respect to the following mutually
commuting angular momentum operators { _71,51 2 Jg, 522} The coupled basis i IS then the
complete set of states {|(jij2).J M)} with respect to the operators {J,,79,J ,jz} The
transformation between the coupled and uncoupled basis is unitary and can be written

as

|(jrg2) M) = > |jimagama) (jrmagamal (jij2) J M) (5.146)
mimse
=3 (91 /2 )|j1m1j2m2>, (5.147)
my my| M
mimsa

where the overlap of the uncoupled and coupled basis states is the so-called Clebsch-
Gordan coefficient defining a linear unitary transformation. The coupled angular mo-

menta have to fulfill the triangular condition, which is

1 —Jol < J < i+ jo (5.148)

Further, the Clebsch-Gordan coefficients fulfill the orthogonality relations

J J1 J2
M mi1 my
J J1 Jo
M mj ml,

The inverse coupling relation in order to transform from the coupled to the uncoupled

J1 J2
Z <m1 meo

mima2

J1 J2
Z(ml mo

JM

!/
]\‘]4, ) = 67,64, (5.149)

M my msy

J ) g (5.150)
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basis is

. . J1 g2 |J
Jimijamsg) =
‘ > JEJ\; ( mi mo M

) |(j1j2) I M) . (5.151)

Another useful more symmetric coupling coefficient is the so-called 35 symbol, which

can be obtained from the Clebsch-Gordan coefficients

J1 Ja J n—joM -1 [ J1 J2| J
= (=177 5.152
<m1m2M> (=1) (mlmg—M>’ ( )

JoJge|d M i (g1 J2 J
= (=1)y27n=M"jJ 5.153
<m1m2M> (=1) (mlmg—M>’ ( )

where we defined the so-called hat factor as

J:=2J + 1. (5.154)

In comparison to Clebsch-Gordan coefficients, 35 symbols exhibit additional symmetry

properties like the exchange of two angular momenta producing a phase factor only

J2 1 J htiarg [ J1 J2
= (—1)71+ 5.155
<m2m1M> ( ) (mlmgM ( )

and the inversion of projection quantum numbers

a g2 J Htiardg [ J1 J2
= (=1)/tTI2 . 5.156
(—ml —ma —M) (=1) (ml mo M ( )

Another useful relation for 35 symbols is

g -
(;Lll 1;22 0) = (=1t g, (5.157)

When coupling three angular momenta, these angular momenta can be coupled in three
different ways depending on the coupling order. The 65 symbol arises as a transformation

between two basis sets, which can be written in terms of 35 symbols
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J1 J2 J3 Ji—My+Jo—MatJs—Ms [ J1 J2 J3
— —1)/1—Mi+Jo—Ma+J3— M3

My My Msmimams mi mz ms3
i Jo J3 Ji Je o s Ji Jo g3 (5.158)
—my —My M3 My mo —Ms3 — M7 My ms3 : :

The symmetries of the 65 symbol are invariance under the exchange of two columns and
by the exchange of the upper and lower arguments in two columns.

When coupling four angular momenta the so-called 95 symbol arises, which can be

written as
o J o o

JL Iz B 1 Je Ji2 Js Ja Jsa

J3 Ja J3a p = Z Y e s M

Jig Jog J mimamzmg MioMsg M3 Moy M L2 A2 3 114 234
Jiz Joa J Ji Js J13 Jo Ja Joa Jig Jza J
M3 Moy M my m3 M3 mo my Moy Mo M34 M |-

(5.159)

The basic symmetries of the 95 are the invariance under interchange of its columns and
rows. Further, an exchange of two columns or two rows changes the symbol by a phase
(—1)*, where X is the sum of all values of J within the 95 symbol.

Another useful relation is the so-called Pandya transformation [Suh07], which is defined

as

~(12)J g2 J (14)J
J

)

where the inverse relation has exactly the same form and Ogéé)j is a short-hand notation

for

Olsa)y = (14;.7]0[32;.7) . (5.161)

The Pandya transformation is a cross-coupling between the single-particle states in bra

and ket. For non-scalar operators the Pandya transformation is defined as [Vob20]
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. Juje J
ALy (12)J T35 LT L T~ (14)T
(O )(34)j:—ZJJ’JJ’ ja ja J’ (_1)J2+J4+ + (O )(32)‘]‘ (5.162)
JJ JJ L

5.7.2. The Wigner-Eckart Theorem

The Wigner-Eckart Theorem [Eck30; Wig31| simplifies calculations of matrix elements
of operators. We start with observables written in terms of spherical tensor operators
by exploiting their transformation properties. We are able to define a reduced matrix
element, which does not depend on projection quantum numbers anymore and contains
all physical information, which is carried by the wave function of the nucleus. Let us
define a matrix element (v; JM|T ]\IZ,L /s J'M'), where T ]\L/IL is a component of a spherical
tensor operator T'F of rank L, J is the angular momentum and M its projection. With

that we can state the Wigner-Eckart Theorem.

Theorem 5.1: Wigner-Eckart Theorem

A matrix element of a spherical tensor operator can be written as a product of a
geometric factor containing the projection quantum numbers M, M, and M’ and a

matrix element not containing them.

. ~L ropagN (1M J LJ/ . ~L r.oq/
(s M| Ty, [¢75 T M) = (—1) (MMLM,>W,JIIT w50,  (5.163)

where (1p; J||T%||«; J') is the so-called reduced matrix element.

The Wigner-Eckart theorem states that it is possible to extract a factor which contains
all J quantum numbers but no projection quantum numbers. Another useful relation in

connection with the Wigner-Eckart theorem is

-~ J L J .

. L /2 /A J—M . L /TR

W JTH Ty = Y (-1) (_MML M,) (; IM| Ty, |5 M) . (5.164)
MM’ My,

We can deduce from the properties of 37 symbols that the triangular condition and the

projection quantum number conservation have to be fulfilled, which can be written as

o |J—L|<J' < J+L, and
(Vs JM| Ty, [¢'; J'M") = 0 unless Mo A — 0 . (5.165)
L =
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Another important relation is the behavior of the reduced matrix element under complex

conjugation

(s TNEH[6 ') = (=17~ (@ || TH | T)" (5.166)

The Wigner-Eckart theorem for scalar operators is a special case since L and M, vanish

the equation can be simplified to

(b M| TG | ' M) = J s T 045 J')67,00 - (5.167)

From this we can see that the coupled matrix elements of scalar operators are only non-
zero if its total angular momentum and their projections have the same value in bra and
ket. Furthermore, we can replace the reduced and the coupled matrix elements with
each other due to the independence of the matrix element on the specific value of the

protection. More on spherical tensor operators can be found in [Vob20)].

5.7.3. Vacuum- and Reference-State Normal Ordering for Spherical
Equations

Now where we discussed angular momentum coupling and non-scalar operators we can
show the equations for vacuum- and reference-state normal ordering for non-scalar spher-
ical equations. When the operator O is a spherical tensor operator with tensor rank
L, equations (5.72) to (5.75) and (5.76) to (5.79) are angular-momentum coupled and
written in terms of reduced matrix elements, i.e., they do not depend on the projection
quantum numbers anymore. The non-scalar reference-state matrix elements in terms of

vacuum matrix elements are

9 P ~ ~ )L
(OL)q = (012 +> " jang (OV) (00 (5.168)
q
S\ @7y r)d
<O >(qs)Jl o (O )(qs)J’ ) (5.169)

The vacuum matrix elements in terms of reference-state matrix elements can be written

as

(0" = (OL)Z =3 Jana (0) EPT)L (5.170)

q9)0
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Ly _ (AP
(O )(qs)J’ - (O )(qs)J/ (5171)

Instructions for the derivation of these equations can be found in [Vob20].

5.8. J-Coupled Scalar Commutator Equations in Natural
Orbitals

Since the J-coupled flow equations and their derivation can be found in [Gebl17]|, we will
only give an overview about the final equations in natural orbitals. Also, the symmetriz-
ers need to be coupled resulting in the so-called spherical symmetrizers. These can be
written as [Vob20]

= = 5 (1+ (1) Pry) (5.172)

~ 1 L _ / /

E9p = 3 (1 + (—1)31+]2+J+1P12> (1 + (—1)3taatd +1P34> <1 + (-1)7+ P13P24PJJ'>-
(5.173)

With these we can summarize the scalar J-coupled commutator equations of the multi-

reference IM-SRG(2)

=(12)J
O 34)J =+ 249 O 34)J (5.174)
— S 2401 34)J (5.175)
= Z QEZ pq)J =y = 1) (5.176)
J g1 d2 | 5(13)7 5pa) T

+Ep Z Z 4" { 70 } Qquij/OgZ;J' (np —ng) , (5.177)

pq J'
2 2{p ZQIO” (5.178)
+ Efpii Z Z J? (Q”O ) (np —ng) (5.179)

+ 2l Z Z 72 (05005)7) (mp = 4) (5.180)
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“1]3]1 N Z Z Ry 50 qT)J(”pﬁqﬁr + Tipngny) (5.181)

par
=J 52 rv)J \ (sw)J
+ERIT Y Z P Y (5.182)
rtvsw J
2 A 1t)J vw)J 5 (sr)J
+Zipit Z Z 29,07 (2t)J Aow) (5.183)
rtusw J
2, _9 r2—21r)J1 A (tv)J2 \ (sw)J:
+ 2B D Y TR 5 T Ol Ny (5.184)
rtvsw Jy Jo
—2 P32 (N1 (su)
N _'IB']l Z Z Jl J2 5] Q sw)jQO(t2)J1l)\(v7‘)J2 (5185)
rtvsw Jy Ja
Op =+ Z QPOY (ny, — ng) (5.186)
2 pT (gs)J (gs)J ~(pr)J _
T ZZJ ( qS)JO r)J Q(pr)JO(qs)J) NpNyNgNs (5'187)
prqs J
+ o Z > oA+ 0 (AR (5.188)
prqs J

Note that until now an index p was a m-scheme collective index |p) = |nljm;t). From
now on we will refer to p as a spherical collective single-particle index |p) = |nljt) in
a j-coupled basis. More on the implementation of these commutator equations can be
found in [Geb17|, where they are reformulated in such a way that the matrix elements
can be written in matrices. The advantage is that the commutator equations can then

be written in terms of matrix products to improve the computational efficiency.

5.9. J-Coupled Non-Scalar Commutator Equations in Natural
Orbitals

For non-scalar operators, the J-coupling procedure is more complicated due to the fact
that also the tensor rank L is involved resulting in more 6j symbols and a more com-
plicated coupling pattern. The derivation of these is based on a diagrammatic approach
following [KMV88| and can be found in [Vob20|. We only give an overview of the J-
coupled non-scalar commutator equations. The equations are written in terms of reduced

matrix elements. These can be written as

(12)7 0 p2)J A1
<O )(34 Jo =+ Z 4(2%) 34)J’ J1 (5.189)
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L 0\ (p2)J LtJ 41450 ) J1 J J2
_“2BZ4J (07), (2°) (g (D77 jQ{J/ij

0 13)J1 (PQ)Jz
=2B Z 4 Q pq Jl (24)]’ (np - nq) )

QOlmjcﬂﬁ”§<1—np—n@

(09)) = +2 2 3 (09 (011

p

~ 1\ (12)L
+E{p (QO)Z (OL) (pg)0 (np —1q)
Pq

2, = 2)L
+ 2y (oL)g (Q°) (207 (= 1g)

EHEY T e

pgr JJ'

(—1)r L {Jj jj,j[; } (npigity + ipngny)
e ST () (ays (O%) e Ay
o { 17}
JtJ2 1
+2ts 3 3 J7 (@) 107 (0M) e (30y

2 (2L | ALy ()T /0y (50)T"
+ ‘:'{ (QO) (tr)L (OL) (sw)J’ ()\0) (vr)J’

rtvsw

FJ (1)t L+ { L ji jr }

o J' T
—Zi Y ) (-1

2]r+]v+]t+J —1J259’ (QO)EZU);]J (OL)Ezf))oL
rtvsw J

Op =+ Z (Qo)s (OO)Z 3 (np — ng)

1 (pr)J (g5)7 (as)J (pr)J o
320 2 (@) (0") oy = (@) (07 )7 ) momaigd

} (5.190)

(5.191)

(5.192)

(5.193)
(5.194)

(5.195)

(5.196)

(5.197)

(5.198)

(5.199)

0y (sw)J
(vr)J ?

(5.200)

(5.201)

(5.202)
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1 ; ’
52D, (OL)E;ZS% (A%E’;sij 55 (5.203)

prqs J

where (OL) is a matrix element of a non-scalar tensor operator O with the tensor rank
L and scalar matrix elements are denoted as (OO). Due to the fact that the matrix
elements of OF are not diagonal in the total angular momentum, the computational cost
is increasing significantly. Consequently, only the Magnus evolution is implemented for

non-scalar operators since a direct evolution is computationally too demanding.

5.10. Generators of the IM-SRG

The aim of the IM-SRG is to suppress a specific off-diagonal part of the Hamiltonian
in such a way that we obtain a decoupling pattern. In this work, the off-diagonal
part is defined as the part, which couples a reference state |¢ef) to its particle-hole
excitations, where the final Hamiltonian of the IM-SRG evolution is given by H (o).
For suppressing the off-diagonal part of the Hamiltonian, there exist different generator
types 7(s). There are many ways to come from the initial Hamiltonian H(0) to the
final Hamiltonian. These paths are called decoupling pattern and depend on the choice
of the generator. The generators differ in their decoupling behavior and control the
numerical stability and efficiency during the IM-SRG evolution. The generator type and
decoupling pattern are independent of each other, making the IM-SRG very flexible in
terms of targeting different states and open-shell nuclei.

In this work we will use two different types of generators, namely the White [Whi02]
and the imaginary-time [Car+15| generator. Further, we will also give an overview of
the Wegner [Weg94| generator, which is the most simple choice for the IM-SRG.

5.10.1. The Wegner Generator

The Wegner generator was first proposed by Wegner [Weg94| and is defined as the
commutator of the diagonal part of the Hamiltonian H d(s) and the off-diagonal part of
the Hamiltonian H°d(s)

i(s) = |H(s), fI“(s)] : (5.204)

A fixed point of the flow is reached if H °d(s) vanishes. However, the Wegner generator
is leading to stiff ODEs due to the fact that we obtain cubic terms in the Hamiltonian
[Her+16].

Analyzing the asymptotic behavior of the off-diagonal part of the Hamiltonian, we obtain
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(i) HoY(s) |3) ~ (i) H*Y(s0) |j) e B BN 5m0) g > 50, (5.205)

where sp has to be large enough. From this behavior we can see that the Wegner ge-
nerator yields real renormalization group transformations, i.e., matrix elements between
states with large energy differences decay at smaller flow parameters s compared to
states with small energy differences. This shows that the decoupling path can be longer
compared to other generators [Her+16].

The off-diagonal part of the Hamiltonian can be written as

HY(s) =Y (fohp{an} + ) (rodyr {arr}, (5.206)

pq prgs

where the off-diagonal matrix elements (f°4)7 and (I'°4)55 can be written as

(de)p = wref| q {ap} eref p A Q] (5207)
(FOd)gg = wref’ H {aqs} W)ref> [(p”r’) « (qS)], (5208)

where (f°4)F decouples one-particle one-hole (1plh) and (T'°4)h% decouples two-particle
two-hole (2p2h) states from the reference state. Note that [p <> ¢] indicates that the
indices p and ¢ are exchanged and [(pr) <> (¢s)] indicates that the indices pr and g¢s are

permuted.

5.10.2. The White- and Imaginary-Time Generators

In this work we are mostly using the White and imaginary-time generators. The White
generator was first proposed by White and used in the context of canonical transforma-
tion theory in quantum chemistry [Whi02; TBS11|. The imaginary-time generator on
the other hand is frequently used in Quantum Monte Carlo methods [Car+15|. Com-
pared to the Wegner generator, these generators show an improved decoupling behavior
and result in less stiff ODEs.

We start with the general form of the generator in second quantization

an ap}+ Zn apr , (5.209)

prqs

where its matrix elements in case of the White and imaginary-time generators are given
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as

= F(AD (N = [p > dl, (5.210)
s = F(AL)TE — [(pr) < (g9)] (5.211)
with
L for White
F(A):={*~ : (5.212)

sgn(A)  for imaginary-time

where Al and ALs are the so-called Epstein-Nesbet energies, which are the difference
between the expectation values of the Hamiltonian with respect to the reference state

and its excitations

Alq) = <¢ref’ {&g}T ﬁ {dg} ’wref> - <wref’ f{ ‘wref>
= —2n2lP0 + ang P — fpn2 f2 + E(fipng — 1) + O (Am) , (5.213)
Agg = <wref’ {dZZ}T E[ {ng} ‘wref> - <¢ref’ ﬁ |¢ref>

1 1
_ apar) (5 = s s TP qs _ = DS _ = Pq
= (1 + 75 7-8) <npnrnqn5 <2npnrfpr + 2nqn8FqS npnsfps npanpq

1
+pNyrNgNis (ﬁpf;,’ — ang) + §E(ﬁpﬁ,«nqns -1H)+0 ()\[2]>> . (5.214)
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5.10.3. Decoupling Patterns

Using the Wegner, imaginary-time or White generators, the reference state |1.cf) can be

decoupled from all 1plh and 2p2h excitations, i.e., the following set of many-body states

Eipin = {{@0} [rer) } o Eopon = {{a0%} [trer) } - (5.215)

The decoupling condition for the 1plh excitations is

' 2 ~ —_
0= D1(1,2) = (thret] H{a} [threr) = mamafa + Y f2A
pq

n % Z (ﬂl)\ggrzljg _ nQFf,?A;?) L0 ()\[3}) ) (5.216)

prq

Further, the decoupling condition for 2p2h excitations can be written as

! . -
0= Do(1,2,3,4) := (| H{a33} [¥rer) = R1fanznal'sy

+ (1 — P3g)ng Z Fodps — (1= Prg)ing Z fONE]
) P

1 1 34412
+ S %: TPINET + M %: | B Yo

— (1= Ppo)(1 — Pyy)ngin »_ ThAE 4+ 0., (5.217)
pq

where all higher contributions to the irreducible density matrices beyond the two-body
rank and also quadratic terms of the two-body irreducible density matrices are neglected.
From the emergence of these terms we can conclude that the reference state is coupled
to its excitations in a non-trivial way [Vob20].

This strict decoupling pattern has been relaxed in such a way that the reference state
|thref) does not get decoupled from all excitations. Instead, |iref) gets decoupled from
the basis states lying in the reference model space. Formally, only the particle-hole
excitations, where the sum of the single-particle energies e of the annihilated and created

particles is not equal, are decoupled.

Elpin = {ah} [ver) le(p) # e(a) } (5.218)
Expan = {{afe} [¥rer) le(pr) + e(p2) # e(@) + e(g2) } (5.219)
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and the new decoupling conditions are now

. D1(p1,p2) if e(p1) # e(p2),
0= Di(p1,p2) = : (5.220)
0 else

- Do(p1, p2, p3, pa) if e(p1) + e(p2) # e(p3) + e(pa),
0= Da(p1,p2,p3,p1) = . . (5.221)

else

More on these optimizations like the illustration that the slightly relaxed decoupling
scheme is sufficient can be found in [Vob20].

Finally, we have different choices for the generators. In this work when not stated
otherwise we use the White generator with the modified decoupling scheme since its

decoupling is faster compared to the imaginary-time generator [Her+16].
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6. Derivation of a Leading-Order
Three-Body Correction

In this chapter we are going to derive a so-called leading-order three-body correction
(LOTC) to the multi-reference IM-SRG. Until now, the formalism includes interaction
contributions up to the two-body rank only, i.e., it uses the NO2B approximation. As was
found in [Par+17] and [Vob20|, non-scalar observables like B(E2) transition strengths
and electric quadrupole moments () cannot be described accurately using the NO2B
approximation only. Two examples are the oxygen and neon isotopic chains, where the
B(E2) transition strenghts are systematically underestimated compared to experimental
results. In [Vob20] it was shown that induced two-body terms of the electric quadrupole
operator show a much larger contribution to the transition strength compared to the
one-body terms, which partially do not contribute or show approximately half of the
contribution. Therefore, the question of induced three-body contributions arises. But
since a complete evaluation of the IM-SRG(3) is computationally expensive in terms of
CPU time and memory, we have developed a leading-order three-body correction for the
BCH series in the observable transformation.

This chapter is split in four sections. In the first section we present the strategy and
Ansatz for the LOTC. In the second section we derive the three-body commutator equa-
tions for the multi-reference IM-SRG, where we use the generalized Wick theorem for
the evaluation of commutators. Afterwards we normal-order all three-body observable
terms. In the second section we will focus on the implementation of the LOTC and op-
timizations using intermediate tensors. The last section will describe a custom program
in Python we used for the symbolic derivation of the three-body commutators. We did
this programmatically because the derivation by hand is very time consuming and error

prone.

6.1. Strategy for the LOTC

Before starting with the evaluation of the induced three-body commutators, we present
the strategy and ingredients needed for the LOTC. We use the Magnus formulation
of the IM-SRG(2) to construct the Magnus operator €)(s) and to compute the desired
observable O(s) using the NO2B approximation. The Magnus operator is then used for
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the three-body correction in the evaluation of the BCH series. This ansatz is comfortable
because the flow equation does not change and we only need to pick the leading-order

part, where three-body terms are induced in the evaluation of the BCH series.

6.2. Three-Body Commutators and the LOTC

6.2.1. Derivation of the Three-Body Commutators

For the derivation of the three-body contributions to the IM-SRG(2) we need the BCH

series in the Magnus formalism given by
1
=> = [Q ),0(0 ]k (6.222)
k=0

beyond the NO2B approximation by taking induced three-body contributions into ac-
count, which has never been done before for the multi-reference IM-SRG.

Each of the operators is normal ordered with respect to a multi-determinantal reference
state |W,e) and O(s) is truncated at the NO3B level, which can be written as

Q(s) = +Q21—ZQP ap}+4ZQP’“ ap (6.223)

prgs

O( ) = ol L ol 1 0[2] + O[ I
1
= Op + Zop{ap} + - ZO Gt + 55 D O daiiu} (6.224)

prqs pritgsu

Note that we truncated Q(s) at NO2B since we do not solve the IM-SRG(3) flow-
equation, i.e., the three-body part of the Magnus operator QB is not available.

Splitting up the commutator evaluation with respect to the particle ranks, we obtain

O(s) = [Q(S), 0(0)] _ [Q[ll + 0200 4 ol 4 o @[3]}
— [Q[l] Om] {9[1170[2}] I {QP]’O[H} 4 {Q[QLO[?]}
+ [QU],OW] n [Q@],O[?ﬂ] . (6.225)
We will only evaluate the commutators beyond the two-body rank because the other

expressions are part of the IM-SRG(2) formulation already. We will derive the commu-
tators [Q[I], O[Z]} and [Q[Q], 0[3]} using the generalized Wick theorem.
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In addition, we need the three body part of [QM,OA[Q]} , which is given by

. . 1

2 2 _ r ytv v Nt r Ntv rv t ~prt

[Q[ 1.0l ]}SB - §§ : <§ QO 4+ QrOr — QP ol — Qq80£v> art},  (6.226)
prt v
qsu

where [Q[QLO[Q]} - denotes the three-body part of the commutator.

As an example, let us evaluate the first term of the commutator [Q[l], 0[3]}, which is

given by
[9[1}70[31}3]3 = % > orons, [{ab} {at, }] (6.227)
s
! riv S ATty ~rty ~
=35 > %on, (g} {as,} - {asi} {af}) (6.228)
s
! qrvv HTtv ~rtv ~7 [ ~ptv
= 35 2= 0% (% {agu )+ {aga} — b {age) — 7 {atu
prtv
gsuw

34 a7y {amL,} — vy {arn} + At ek,

—Yq {dﬁﬁu} -5 {d;g‘;}} + b {%?{U} — 50 {&g?& ) .

(6.229)
Now we can use the relation 45 + % = 6, and obtain
A1 A 1 A A ) )
(11,08 = 55 D 0 (=2 {ai} + 8 {aqge } - 0 {aiiu} + o (ol
prtv
gsuw
—oy {aki, } — 05 {aliu}) - (6.230)

The next step is to relabel the summation indices of the matrix elements of the tensors in
order to obtain a form, which is compliant with (6.224). For the first term for example,

we need to relabel p by v and s by w. Doing this for all terms, we arrive at

A 1
Q[l] 0[3}:| _ = OP Qv _ or qptv Ot Qprv
[ ’ 3B 361;} ( w*“gsu w qsu+ wSfgsu
gsuw
—opet +ovapt — ovorrt )y oy, {abtt } . (6.231)
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Finally, we can evaluate the Kronecker delta to eliminate the summation index w and

obtain

R R 1
QU oBll = — <§ +OPQIY _ OrQOPtv 4 Ot Py
9 vSqsu v-gsu Ve Yqsu
{ ]313 36 p—

v

gsu
—Oy bt 4+ OL0b — 059@5) {arii}. (6.232)

For the two-, one- and zero-body-part of [Q[l], OA[?’]} we obtain

qsu v qsu v qsu suv quv u - qsv

s A 1
[Q[”, 0[31] =+3¢ <Z QEOI — QTOPE 4+ QLOPTY — QUORT 4+ QUOPTL Q”Of"”>
prt

v
qsu

1
X (Tt o) o)
pr tv
qs

1 v T s v s ~
+5 2 | D (W05 — 2080 AL | {ah)
p

rtv
q su

1
+ 15 2, (WO, — Q08 AL
prtv
qsu

(6.233)

Since the result of [Q[Q}, OAB]} is quite lengthy, we will sort it by many-body ranks like

[9[2170[31} - [Qm’om}

i [9[2]7@[3]}

4 [Q[2}’0A[3]}3B 4 [Q[z},(j[:ﬂLB

4 [@[2} 7 @[31} . (6.234)

4B

1B

o8

Qa

~prt

qsu



The result for the four-body part is

R A 1
2] Al3] _ = v tr _ (Otv rT _ OpY Hrtx
[Q , O :|4B =+ 79 Etv ( E meOgsu meogsu Qg)moqsu
pr x
qsuw

sSux

+ QO — Q05 + 9%05;2) {ageun} - (6.235)

Next, we get to the three-body part, where we obtain

3B ﬁ

qsu

[QD}’ 0[31} _ 1 (Z (QBrotr 4+ it OFrr 4+ QU OrTt
prt

vT

— QUL — QUEORTL — QELOMEY (1 ny — 1)

UL su -~ qux qsu

1
+ o2 (W05 + Q0% + 05 + Qg 0%

36 quv
+ Q0P + QLrOb 4+ QL OB + Qle Ok
OEOP ) (1 —m) famy. 6.236)

For the two-body part, we obtain the following set of equations

GERCINEEESY <§ | (FUFORL + QLONT — QRO — QX ORL)
pr
qs

tvx

(Rnyng + NiMyny) ) {&ZQ}

1
+> (> (16 (0%, + 2,058 — QG0 — QUR,045)
pr

tvx
qs uw
4 } (prOrtv 4 Pz Ortv _ th Orva} _ vaOrtx
8 qu -~ swx sw ™ qux qx ™~ suw sz~ quw
T Nptv rrptv _ Orvptr _ Ort Hpve
+ quOsum + ququm Qqacosuw stoquw
vx Nprt v Nprt _ Opr Htve _ Otv Hpre
+ Qqs Ouwx + Qquqsx waOqsu waoqsu)
+ 1 (QU;B Oprt + vaOprt — Qpv Ortz _ Qrt Opv:c) )\tv {Apr}
4 qu ™~ sux su -~ qux wx ™~ qsu wx ™~ qsu uw aqs .
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(6.237)

The one-body part is then given by
N N 1 _ A
[9[2]7 0[3}] _— +Z zp: (Z Q}fngZ; (Rpymyng — nvnmnrnt)> {af]’}
q

o3| (3 oo - oy + | (o - aors)
p
q

1 .
+ (5 (omogs - oizor) + 90%L ) (0 — ) ) x| o)

1
+> 2 <12 (0% + Qg 0%, — Qg 05, — Ui, 04%)

p rtvx

q suw

1

- pt TUT vr Nprt _ Otv Hprr _ ovrHprt rtv ~D
+ 4 (Qwa:Oqsu + Quwoqsx waOqsu QquOswx) )‘suw {aq} .

(6.238)

Finally, we obtain the equations for the zero-body part, which are given by

[OFLOB] == S (QBLO5F + QU OBL) (umana + mimna)) N
prtvx

qs

1 1 1
+ Y (15RO - 5 RMOR + SO
prtvx
gsuw

1 1 1
— 7QT:cOptv _ Z (Qﬁ]vzorta: + Qg;Ortx ) _39;}505{:&) )\g;’)\fﬁu

U sSwr SU suw
6

Y (5 (508 — OO (1 -y - )

prtvx
qsu
1 rT tv rt
+ ZQSUOZM (ng — nv)> Ao (6.239)

In the following we will neglect all terms with a irreducible three-body density A[,

as mentioned in section 5.6, and all terms containing a multiplication of two irreducible
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two-body densities A@. We have renamed the indices of O¥%, to 0123, since these indices

are fixed by Eq. (6.224). Now, alphabetic indices are considered as summation indices

and numeric indices are fixed and should not be relabled. The final equations of the

commutator evaluation for the three-body part are given by

123 12 1 12 20 13
Ou6 =+ 5 Z 05056 + QB0 — Q03 — QR 0g7)
1,23 2 13 312 123 123 123
+ Z Q,0356 — Q0456 + 2, 0456 — 4Oz, + 5046, — 25045,
v
6vx qux

1
+ 5 > (U0 + QBFOLT: + 0%F — 20588 — Q048
v

— QEORE) (1—ny, —ny)

Svx

1v 23 1z 23 1z 23 20 13 20 13
+ Z (Q5:0%8, + Quy Oz65 + Qe O3, + Q15 0356, + 62045,
+ Q35056; + Q32055 + QR O5E; + QO (1 — na) .
For the two-body part we obtain
34 = Z QUO%E@ = ny)

3vx

(6.240)

(6.241)

(6.242)

(6.243)

(6.244)

vx 12t 2t Hlvx 1t H2vx vr 12t = = =
+ B E (87 Oipr + Q550357 — 9,055 — Q4 ) (Renong + nifyiig)

tvx

1
+ 2 (W05, + QL0 — QL 05, — QL0550 ALY

3uw
tvm
lx 2tv 2tv 1t H2vx 1lv H2tx
+5 E Q3 4wx OSux - Q3xO4uw Q4 O3uw
tvx

+ Q3w01t’u + 9421 Oltv o QggOltr o QZ;OIUI) )\;eugv

dux 3wz duw Suw

1 VT uw

tvx

1
+5 > (ULOML — 2080 A

tvx
12t vx )12t lv H2tx 2t lvx uw
+ § 4uz + Q4 O3wx - waO34u - waO34u) Atv .
tvx
uw

(6.245)

(6.246)

(6.247)

(6.248)

(6.249)

(6.250)
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The one-body part is given by

1
=+ 2 (0L, + QL0 — 203, — Q0L XY (6.251)
rtv
+ 7 Z QL Ogrt (RrMgmyng — MyRgnymy) (6.252)
rtv:c
1
+ g 2 (W05 — Q05) (1= ny — na) XY (6.253)
rtvx
-3 Z (LO5LT + Q5O ) (1= my — ma) At (6.254)
rtvx
+5 Z (05 — QL0 (ne — ) Ast (6.255)
rtvac
Z QO (ne —no) A3 (6.256)
rtvx

Su

Finally, we obtain for the zero-body part

Op = — Z i ((WLOLEE + Qe OPTL) (Renyng 4 nefiyiiz)) Al (6.257)
prqt;):c

Note that we ommited the four-body part because we only want to consider three-body
terms as a maximal particle rank. In order to obtain a clearer form of the commutator
results, we can use one- and two-body symmetrizers. The one-body symmetrizer exploits
the Hermitian symmetry and the two-body symmetrizer uses the antisymmetry for an
exchange between two particles additionally.
As an example, let us take the second two-body term (6.245) and express it in terms of

the two-body symmetrizer, which is given by

[1]>

9B = = (1 = Pig — P34 + P12 P34) (1 & P13 Po4) . (6.258)

oo\»a

The strategy is to pick one summand of

v 1
12 _ v 12t 2t n1lvx 1t H2vx v 12t — = =
Osi 1 = 5 E (5 + Q50387 — Q503487 — Q7 O30%) (Renyng + neiyiig)

dux
tvx

(6.259)
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where OV?{Z ;7 stands for the second term of the two-body equations. We let égB act on
the first summand of Eq. (6.245) and obtain

s 1 ; o
Eon’ O34 11 = 3 (1= Py — P3y+ PiaPss) (1 PisPay) > Q5701 (Aenyng + nyiy i)
tvx
1 _ o
= 1D (BFOLT, — QT 057, — QLOFF + QLOKT) (Aynng + iz

tvx

(6.260)

where ! ng ;7 denotes the first summand of the second two-body term. We recognize
that the application of Zyp fully reproduces (6.245). The last step is the comparison
of the obtained prefactor, which is i with the prefactor of the second term, which is %

Doing this, we obtain

O3 11 =2 Zop Y BFORL (Runyna + nefyiy) . (6.261)

tvx

Following this procedure for every term, the symmetrized results for the two-body terms

are

O3} = ~2BZQ”0§35 ny) (6.262)
+ Z9n 229 2L (gnyng + nefiyTiy) (6.263)
tvx
+Zm > QRO A (6.264)
tvruw
+Em 4 Y Q05 A (6.265)
tvruw
+Zm > QO N (6.266)
tvruw
+Zm Y ULOAL (6.267)
tvruw
FEp 4 Y ORORA (6:265)
tvruw

Regarding the one-body terms and using the one-body symmetrizer

1

g == (1+Pp), (6.269)
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we obtain

O =+215 5 3 (L0KY ~ 0NN (6.270)
rtvsu
+ =18 % Z foO%Z; (R nyNg — NpNyTipTy) (6.271)
rt'u:n
+Ep - Z QL O (1 = ny — ng) ASY (6.272)
rtv:csu
P2 g Y0 QORI (1 -y — ) A (6.273)
rtvrsu
+Zim Y QL0 (ny —ny) A3 (6.274)
+E1p tZ Q55 Ot (ng — ) Ay (6.275)
rtvrsu

For the zero-body term there is no symmetrizer available, therefore it belongs unchanged

v 1
Ov=—7 > (WO +QUFONL) (Munons + miiuiiz) X, (6.276)

qux
prtvxqs

6.2.2. LOTC Approximation

The LOTC approximation can be described as follows: We compute a three-body cor-
rection to the desired observable O, where we express every three-body operator OBl in
terms of two-body operators. Therefore, we pick the first term of O}22 (see Eq. (6.240))
and replace every three-body operator by this term, i.e., we normal order the three-body
terms on the fly. Furthermore, when regarding the BCH series (6.222), the leading-order

part can be written as

O(s)10 = % [s), [2(s).0(0)] | (6.277)

Since we only want to compute a correction for the zero-, one- and two-body part of the
IM-SRG(2), we can write Eq. (6.277) in terms of induced many-body parts

o o001, ]+ o, o001,

0B

(6.278)
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Let us take the first two-body term (6.262)

O3/ =+ Y QY033 (ny — o) (6.279)

tv

and replace the three-body tensor O3 by (6.240). We obtain

5 9.
O3 = +5Zm ) O (05, + Q{07 — Q0% — QF0L%) (e —mw). (6.280)

tvx

Note that the replacement of O3 results in an additional summation index x entering

the equation. We can split up Ororc by many-body parts

Ovotc = OE(])TC + OAE(])TC + OAI[JO(])TC (6.281)

and obtain

. 9 .
O3 rore =+ 5 228 ) O (05, + Q07 — Q708 — QF0y;) (n —ny) (6.282)

tvx
+9 2 30 037 (U205 + 002 - 005 - %0%)
tvrz
(Rgnyng + nyfiyiig) (6.283)

9 .
+5 Sam Y, O (V205 + Q0L — QEOT, — OR0E) ALY (6.284)
tvrzuw
+18Zp Y | Q3% (4,05 + Q3,05 — QIO — QF,020) MY (6.285)

tvrzuw

9 .
+5 Zm ) W (ULOE + QL0% - W20, — OR050) My (6.286)
tvrzuw
9 .
F5 5 YD 0 (AP0 + 050% - af0% — 050X N (6287)
tvrzuw
+18 50 Y Q45 (U0 + QL0 — Q20 — Q00 A, (6.288)
tvzzuw
y 9 . ,
Olrorc=+7 Eip Y. O (OS5 + QLOL — QLOL - QIO X (6.289)
rtvrsu
9 .
— < S Y O (QUL05 +QYOl, — O30k - QRO XY (6.290)
rtursu
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+= Zis > W (ULOF + Q305 — Q510 — 570! )

OO\@

rtvrz
(RpTgnyNg — MpNgTiy Ty ) (6.291)
% élB Z Qrt leO Z 4 Q%zovx Q%UOIZ Qggoiﬂé)
rtvrzsu
(1 —ny —ng) A (6.292)
9 ~
Z Zip Z er Qtv mz Q Ov:p Q O:):z Qgiotua;)
rtvrzsu
(1 —ny —ng) Ay (6.293)
9 .
+5 S Y, Q7 (L0 + Q500 — Q505 — QF,007) (ne — ny) Xy
rtvrzsu
(6.294)
9 ~
+5 Zip > Qm(L0Y: + 03208 — Lo — OF,010) (ne — ny) A,
rtvrzsu
(6.295)
X 9 pt rV T2z rz VT TV T2 vz e
OO,LOTC = g Z [va (Qszoqt + QqsOtz - quost - Qqs Otz)
privrzqs
+ Qo (ULOg; + QR 0L. — QP10 — R OP) | (Rgnyng + nuipiiy) Ay
(6.296)

These are the equations used in the LOTC approximation. In this approximation we left
out that the commutators [Q[l} [Q[Q},OA[Q]” and [Q[Z} [Q[Q},OA[Q]” also produce induced
three-body terms. These are not included because we compute a correction to the NO2B
approximation, which includes operators up to the two-body rank only. Furthermore,
the BCH series also includes the commutator [Q[Z} OA[Q]} , which is also neglected in
the LOTC approximation. Another point is that we confpute the LOTC equations in
the m-scheme due to that fact that the angular momentum coupling of these equations
result in complicated expressions including 95 and 125 symbols. These are more error

prone to implement compared to the m-scheme equations.

6.3. Implementation of the Two-Body Equations

Since we will compute the LOTC in the m-scheme, we are forced to define the two-body
equations of the LOTC in terms of intermediate tensors in order to save computing time.
This is necessary because in the implementation we use nested for-loops to loop over all

external indices 1,2, 3, ... and summation indices p, ¢, 7, ..., which is very time consuming
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and not feasible for every two-body term. Note that the first two-body term is the only
term we can compute without using intermediate tensors. The intermediate tensors are
constructed using tensor contraction as it has been done in [Sig+15].

For the sake of completeness, let us consider the first two-body term of the LOTC given
by

O3i Lote,r = +5 Som ZQ” (Q20% + Q4502 — Q205 — Q350.L) (ny — ny) .
tvx

(6.297)

Regarding the first summand of Ouéz LoTC.I» We see that (2} and O have two common
upper and lower indices v and ¢ indicating that these tensors can be used for the definition
of an intermediate one-body tensor x4, with arbitrary indices p and ¢, which can be

written as

Z QO (ny —ny). (6.298)

For the other three summands of the first two-body term we observe that the other

intermediate tensors are the same and we can write the two-body part as

. 9 .
O%E,LOTC,J = +§ —2B Z (X§ 4:r + XxQ Zgéi - Xiggi) . (6.299)
X

Regarding computing time, the first two-body term of the LOTC needs seven nested
for-loops for the implementation resulting in a polynomial scaling of O(N7). For the
implementation of (6.299), only five nested for-loops are necessary leading to a scaling
of O(N?).

The second two-body term can also be expressed in terms of intermediate tensors where
we need two intermediates for each term due to the multiplicative nature of the occupa-

tion numbers. We start with the second two-body term, given by

034 Lotc,;r = +9 2 Eom Z (208 + Q07 — Q207 - 0F0,))

tvzz

(Rgnyng + NiNypng) . (6.300)

Performing the tensor contractions for the first summand of the second two-body term,
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the result is

1412 _ = vx M2t =
Osivtore,ir = +9 Z2B E — (7O iun,

tvrz

~ 12
=+9 Y (U2x%in
vz

For the other terms we obtain

312 _ = 12 vz
Osivtorc,rr =+ 9 Eom E : (Qp2x3i
vz
12 —vz 1z —v2
+ (QUZX34 + Q4UX3Z
with
ro._ PT ATt —
Xps = — g Qi Ogplieny
tx
- t =
Xp = — E Qi Ob iy,
tvx

where the computing time is again reduced

summation indices ¢ and x.

12 vx Nzt — 12 -
Qony + Qs O4$ntnxﬁvznv)

).

2 vz =

+ QIZX347’L1,

v

(6.301)

12
4z

2z, vl

1z v2
40 X3z

+Q4’UXSZ_Q Xg_Q )nv

)

—z 2z —vl
X3 — QipX3:

- Q2 Ny

z

(6.302)

—pr . _
ng L NNy

pT it
- § :th Os:p
tx

==Y 00

tvx

nt’ﬁx,

from O(N®) to O(N®) by eliminating the

The third two-body term (6.284) consists of four tensors due to the irreducible two-body

density. Therefore, we can perform the tensor contraction using Q2, A2 and 02 to

obtain a two-body intermediate. The third two-body term is now given as

9
2

12 | zu
uz X34

(11>

212 _
O3irorcrir =+

By (Q

with

+Q

12
4z

2z . ul

1z, u2
4uX3z

4uX3z — Q

)

) (6.303)

pro._ __ E tv NPT yrw
qu T Qq$05w)‘tv
tvzw
p._ _ tv NPT \UwW
Xq - E Qq;vouw tv
tvzuw
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reducing the computation time by four orders of magnitude from O(N') to O(NF).

Now, let us consider the fourth two-body term (6.285), where we obtain

O3irorcav =+ 18 Zam Y Q3 (s + @3y — ¥y — ©31) (6.304)

Tu

with

Xgo =+ ) QL0

tvzw

O =+ Y OO

tvzw
pr . E tp NzU \rw
‘Ilqs =+ quOsw)‘tv
tvzw
pro.__ tz Npvyrw
9qs =+ § quosz >‘tv )
tvzw

where the computing time is reduced from O(N1?) to O(N°). Having a closer look at
the fifth two-body term (6.286), we can also reduce its computing time by four orders

of magnitudes, which gives

[\R V)

OifLorey =+ 5 S ) O (xon + 050 — V35 — ©32) (6.305)
VT

with

pr . __ pr Mzt yuw
qu T E :szqu st

tzuw
pro.__ Dz NOHTt yuw
q)qs T E Qquqz)‘st
tzuw
pro._ pr Ntz \uw
\Iqu T E QuzOsw)‘ts
tzuw
™ .__ rz Npt yuw
@qs T E Quwoqz)‘st )
tzuw

reducing the computing time from O(N'Y) to O(NF).
The sixth two-body term (6.287) can be expressed by the definition of a one-body inter-

mediate resulting in
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9 -

O3iLorc,yr = +5 S Z Q25 + QxS — 2xG - 03ix) (6.306)
with
Xg = Z va qu v;U'
tvruw
The last two-body term (6.288) can be written as
O3irore,vir = +18 Zap Z (X3 + Qupxgy — Q22 - QfxaY) (6.307)
zZUu
with
ng = Z qu Osm Ut
tvzw
XI(; = Z va Ouz vt :
tvzwu
Finally, let us summarize all the equations
y 9 .
Osfrorc =+ 5 So8 Z (X392 + X328 — X552 — x2037)
+9 Eop Z ((02x57 + QUixs? — Qx5 — Q32xsE) o
2 1z —v2 2z —vl
+ (Qzljzxgi + QXS — QUING — QTEXGEL) )
9 .
+ 3 o (QgXﬁ + QXS — Qu2xE — Qg )
ZU
2 6.308
+18 Zpp » Q37 — o - e ( )
ru
9 2 2 2 2
+ § HQB Z Xxv (I);:v - \Ijalcv - @xij)
9
5 ZoB Z Qg)@ %ixi Q32X4 Q%in)
+18 Esp Z (25 + Qixay — QX3 — QxaY) -
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6.4. Programmatical Derivation of Commutators for the
IM-SRG Framework

The programmatical derivation of the IM-SRG commutator equations is done with a
custom program in Python using the SymPy library [Meu+17]. In this section we will

describe the function of the program. It basically consists of three steps:

1. Evaluation of products between two normal-ordered operators by computing all
possible one- and two-body contractions according to the generalized Wick theo-

rem.
2. Evaluation of the desired commutator.

3. Relabeling of summation indices to simplify the output and combining equal terms.

As an example, let us define the following operators with its prefactors

Qi Z Qp{ar}, (6.309)

OBl .= Z ortv fartv v, (6.310)

S’LL’LU suw
rtvsuw
These operators are needed by the program to compute a commutator, for example let

us consider the following commutator

= [Q[”,OP’]} - ¥ %QPO”” [{ary, {al}] . (6.311)

suw Asyw
pritvgsuw

The program is written in an object oriented style. An object ’General Wick Theorem’
is defined, where the bra and ket indices of two operators as well as the one- and two-
body densities are initialized. A ’General Wick Theorem’ object is just a set of indices,
which the code operates on. For example, let us define lists of upper and lower indices

for the two tensors Qp and ngj{u

up = [0], (6.312)
I = [0], (6.313)
uy = [0,1,2], (6.314)
Iy =10,1,2]. (6.315)
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Furthermore, the indices p, g, , ... have to be defined as dummy symbols in separate lists
like

us1 = [p), (6.316)
ls1 = [q], (6.317)
usg = [r,t,v], (6.318)
lso = [s,u,w], (6.319)

in order to map the indices with the numbers, i.e., u; = us;.

In the first step, all possible one- and two-body contractions according to the generalized
Wick theorem (see theorem 3.3) are computed by executing a method, which computes
all contractions, i.e. a product of normal-ordered operators is computed. From this we
obtain the one-particle density matrix elements 4[!l, the one-hole density matrix elements
5 and the irreducible two-body densities A2/, First, all possible single contractions are
determined using the methods 'get all gammas’ and 'get all gammabars’, where all
A1 and 51 are added to a set. Afterwards, the method 'get all lambda2s’ is executed

to obtain all irreducible two-body densities. For example, we obtain two sets

A= = Yrarte 1, (6.320)
A= {=pakis ), (6.321)

where for each set a dictionary is constructed containing the phase, the 1!, the 51, the
irreducible two-body densities A2 and the remaining indices u1, ug, l1, and ls. For the

first set v, the dictionary looks like

{phase : =1, : (0,00}, 4™ - {3, A2V g < [Jug  [0,1,2], 00 2 [0], 12 : [1, 2]}
(6.322)

For each possible single and double contraction, a new dictionary is created and a list
with the results is expanded. This process is done recursively, meaning that if each
single- and double-contraction is determined, the next set of contractions is computed
using the results list again. Note that the sets are hashed to avoid duplicates. During the
computation of contractions, the lists of upper and lower indices are modified in such a
way that the index used for the one- and two-body contractions are deleted. Regarding
(6.322), there is no possibility to compute another ’7[1] but a ’—7[1} or A2 can be computed.

As an example we will compute a 51 and obtain for the dictionary
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{phase : +1,7M : {(0,0)}, 5™ : {(0,0)}, N2 s 3wy < [l s [1,2],00 2 [], 12 ¢ [1, 2]},
(6.323)

which is equivalent to 7575&3{0. This procedure continues until uq, us, I1 and ly are

empty or until only indices of one operator are left. For the considered commutator we
obtain four-, three-, two-, one- and zero-body terms. Note that for the given dictionary
no more contraction is possible because only contractions between two normal-ordered
operators are determined. Note that the program is also able to compute terms including
irreducible three-body densities Bl and it can be simply expanded to compute normal-
ordered products of two three-body operators.

The next step is the evaluation of normal-ordered products between two operators us-
ing the method ’eval product’, where the contractions are put together and converted
into antisymmetric tensor objects. In the end, we obtain a list of all terms created by
the evaluation of a normal-ordered product like {a}}{a’%,} sorted by the many-body

suw
rank. Note that the evaluation of the normal ordered product also has to be done for
farte, Hab}.

The last step is the commutator evaluation using the function ’get commutator’, which
needs the results of the gereralized Wick theorem, antisymmetric tensors and the sum-
mation indices as input. The commutator is then evaluated according to [{ah}, {a5',}].
The relabeling is finally done as shown in the derivation of three-body commutators (see
section 6.2). For this process, the substitution function of SymPy was rewritten in order
to restrict the exchange of indices. In this function an upper index is only allowed to be
exchanged by an upper index and vice versa. The result is a simplified equation for the

desired commutator.
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7. The In-Medium No-Core Shell Model

In chapter 5, we saw that the multi-reference IM-SRG decouples a multi-determinantal
reference state |1f) from its particle-hole excitations by suppressing the off-diagonal
elements of the Hamiltonian. This is done by solving the Magnus type flow-equations
and BCH series numerically. The IM-SRG evolved Hamiltonian can then be used in a
subsequent NCSM calculation, where the convergence with respect to Npax is massively
improved. Since the multi-reference version of the IM-SRG framework is used, the
reference state is calculated using the NCSM. Therefore, the in-medium no-core shell
model (IM-NCSM) [Geb+17] is a combination of the multi-reference IM-SRG and the
NCSM. The IM-NCSM overcomes the limits of both methods. The disadvantage of the
IM-SRG in its basic formulation is that the calculation of only ground-state observa-
bles is possible. The NCSM instead is limited by the growing model-space size with
increasing number of nucleons. Since the IM-SRG can be seen as a pre-diagonalization
of the Hamilton matrix, the post-diagonalization with the NCSM is computationally
less demanding. This makes the method suitable for the computation of observables for
medium-mass nuclei ranging from the p- to the upper sd-shell.

In this chapter, we describe the different steps of an IM-NCSM calculation followed by
the so-called particle-attached particle-removed framework for the calculation of odd
nuclei. Afterwards, we discuss the radius operator and electromagnetic observables.
Finally, we describe the Hamiltonians we use for the IM-NCSM framework followed by

a discussion of the uncertainty estimation.

7.1. The IM-NCSM Scheme

The whole IM-NCSM scheme cosists of four steps.

Natural Orbital Basis. The first step of the IM-NCSM is a transformation of the single-
particle basis. A first approximation for the ground state is a single Slater determinant,
which is computed with an initial Hartree-Fock calculation. This is the starting point
for the one-body density matrix 4! from many-body perturbation theory. The natural

orbitals are then the eigenstates of 1.
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Reference State and NO2B Transformation. The next step is a NCSM calculation
using a small model space, typically N = 0 or 2, for constructing the reference state
|thref). The one- and two-body density matrices, ~1 and ~2 are then computed using
the reference state |iref). Afterwards, the three-body forces are approximated using the
multi-reference NO2B approximation. Especially for heavier nuclei in the sd-shell like
30Ne we are not able to compute a reference state using N = 2 since the model space

is too large. But we can avoid this problem using the I'T-NCSM for the reference state

construction.

In-Medium SRG Calculation. Afterwards, the reference state |[¢ef) and the density
matrices v} and ~[2 are used for the multi-reference IM-SRG calculation, where the
density matrices are essential for describing the desired open-shell nucleus. The aim of
the IM-SRG is to decouple the reference state from its excitations. We are using the
Magnus formalism, where we first solve the ODE for the Magnus operator Q(s) and then

transform the observable O(s) using the BCH series.

NCSM Post-Diagonalization. The last step is the calculation of observables using the
IM-SRG transformed Hamiltonian H(s) and the transformed operators O(s) as input for
the NCSM calculation. The post-diagonalization is performed at Npyax > NI giving

converged results for the ground state and low-lying excited states, which have a similar

structure compared to the reference state.

7.2. Particle Attachment and Removal

The particle-attached particle-removed scheme [Vob20] is a method for computing prop-
erties of odd nuclei. The eigenstates of nuclei with odd mass numbers, like *C, have
a half-integer total angular momentum. This is no problem when using the m-scheme
version of the multi-reference IM-SRG. But since for large model-space sizes this is very
costly, we have to use the j-coupled formalism of the multi-reference IM-SRG. In this
version, odd-mass nuclei are not applicable due to the fact that their density matrices
are not scalar anymore. This results in non-conserved spherical tensor ranks, which is
both analytically and computationally demanding.

In the particle-attached particle-removed approach, we define the odd-A target nucleus
and an even-A parent nucleus in the vicinity of the target nucleus. The construction of
the reference state and the IM-SRG evolution are carried out for the even parent nucleus
and the post-diagonalization for the odd target nucleus.

The advantage of this method is that not only the eigenstate of the parent nucleus is
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decoupled from its excitations but also the eigenstates of the target nucleus get decou-
pled, since they are similar to the reference state of the parent nucleus. This results in
an accelerated Ny,x convergence.

If the number of protons or number of neutrons of the target nucleus is larger than the
numbers of the parent nucleus we define a particle attachment and in the opposite case
we have a particle removal scheme.

Special attention is needed for operators with an explicit dependence on the particle

number, like the intrinsic kinetic energy operator

A 1 (Pi — Pj)?

Ting = 7.324
int Atarget o om ( )

Note that the kinetic energy operator is the only part of the Hamiltonian that includes

information about the odd-mass target nucleus.

7.3. Observables in the IM-NCSM

The IM-NCSM enables the computation of a lot of observables known in the world of
nuclear structure physics like mean-square radii 7,5 or electric quadrupole operators
M ]@ In this section, we discuss the formulation of the scalar radius operators and

non-scalar electromagnetic operators.

7.3.1. Radius Operator

The translationally invariant mean-square radius operator can be defined as

N RO
rmszA;(m—R) , (7.325)

where 7; is the coordinate operator of the i-th particle and R is the center-of-mass

coordinate operator, which can be written as

A
. 1 .
R= - }_1: . (7.326)

After some simplification steps and using the two-body relative coordinate operator

f’ij =7; — ’IA“j we obtain
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A
1
Pms = ﬁ g ’f‘ZQJ (7.327)
1<j

We can rewrite 7,¢ into second quantization giving

. 1 . .
P = 3 O (] 7% 0s) a7 (7.328)
prqs

Now, we define the point-proton and point-neutron mean-square radii, which can be

written as

Foms = > > (- &) 1, (7.329)

where ﬂf is the proton projector. For the point-neutron mean-square radius we only

need to use f[?, the neutron projector

Tnms =

2l -

A 2
3 (r ~ R) I, (7.330)
i=1

If we now express 7pms and Fums in terms of 7;; we obtain

A
1 - TP AP AT "
Foms = - > i <2H‘§H§-’ + [IPI1D 4+ 1T Hg?) — P, (7.331)
1<J
A
A 1 - nTn 0T PN N
Fams = 1 D7 (2H,~ I + TTI° + H?Hj) — P (7.332)
1<J

All these radius operators are related through

. A Z .
Tnms = Nrms - Nrpms- (7333)
Using these operators and the eigenstates of the Hamiltonian we can define the corre-

sponding root-mean-square radii
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Rems = v/ (Wil s |95), (7.334)

RPTmS = <¢l‘ fpms |¢1>7 (7335)
R

nrms — V/ <Q;Z)z‘ 72nms |¢1>’ (7336)

where |1;) is the eigenstate of the Hamiltonian. Finally, the charge radius, which is exper-

imentally measured, can be computed from the point-proton rms radius using [FMS97]

3 N
Rh =R+ (rg - 2 ) - ?rﬁ, (7.337)
where rg = 0.770 fm? and 72 = -0.1161 fm? are the charge radii of the proton and neutron
[Ber+12].

7.3.2. Electromagnetic Observables

In this section we introduce electromagnetic multipole operators leading to electromag-
netic multipole moments and transition strengths. These observables are well suited for
testing the underlying nuclear models due to their sensitivity to changes in the wave-
function [Suh07].

Electromagnetic transitions are described as an interaction of the nucleus with an exter-
nal electromagnetic field consisting of an electric field E and a magnetic field B, where
the interaction between the nucleus and the field is expressed by the four-vector potential
(¢, A). Here, ¢ is the scalar potential, which couples to the nuclear charge density p, and
A is the vector potential coupling to the nuclear current density 3. The field is quantized
in terms of photons and interacts weakly, i.e., it can be described pertubatively, where
the external field is expanded in terms of multipoles. The transition probabilities can

be described by the golden rule of time-dependent perturbation theory

(M) _ 2 A+l B\ . v . 2
Tfi = eoihm % ‘ <¢f7 Jfo‘ Ma)\u Wu JiMi> ‘ ) (7'338)
where FE, is the transition energy and M, Au 1s the operator of the multipole radiation
field o Au. Here, o is the type of transition, which is E for electric and M for magnetic
and Ap are the multipole components of the field. Due to the fact that magnetic substates
cannot be experimentally observed seperately, we need to average over initial substates

M; and sum over all final substates M; and all projections p to obtain the transition

79



probability

oA 1 oA
T}i - 2J; +1 > T;i ¥ (7.339)
’ M;Myp
_ 2 A+1 B\ ‘
T h N+ D)2 (hc> B(oA; i — ). (7.340)

Here, B(oA;1); — 1y) is the reduced transition probability, which can be written as

B(oX;; — ) = | (s Tl | Mo [0 Ji) |2 (7.341)

1
Note that the reduced matrix element emerges by averaging (7.338) over the initial
substates and a summation over all final substates and values of u. The components of

the electric and magnetic multipole operators can be written as

A
M, = &Y (Sh), (7.342)
i=1
HUN 4 2 (i)
Amagzi e iA‘ (z)A ) ‘ A,)‘ A
M)\,u he ; |:)\ + 1gl lz + s S'L:| Vz |:TZ Y)\”(Ql):| s (7343)

where é; is the electric charge, iz and §; are the orbital and spin angular momenta of

the nucleon . gl(i) and ggi) are the gyromagnetic factors for the orbital and spin, where

gl(i) = 1 for protons and 0 for neutrons. The spin gyromagnetic factor ggi) is 5.586 for
the proton and -3.826 for the neutron. Further, my is the proton mass and py is the
nuclear magneton with a value of 0.10515 ¢ e fm [Suh07].

In general, electromagnetic transitions can be classified regarding their multipole order
and the structure of electric and magnetic multipole operators. Regarding parity, we

obtain the following selection rule

(—D)A for EX
Ty = , (7.344)
(=DM for MA

where 7; and 7y are the parities for the initial and final state, respectively. Furthermore,
the transition probability is lower with increasing multipolarity. Another important
selection rule is the angular momentum rule, where for a transition between two states

with angular momentum J; and Jy the triangular condition Jy — A < J; < J¢ + A has to
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be fulfilled.
Other important observables are the electric and the magnetic multipole moments with

the general form

M(oX) = (b3 JM | Myxo |t TM ) (7.345)
J AJ R
= <—JOJ> <1/}7 ‘]HMU)\0||w7J> (7346)

Finally, we can define the electric quadrupole moment () and the magnetic dipole moment

p by insertion of the 35 symbol as

_ [167 _ J16m J(2J —1) _ - .
CQ - TM(EQ) - 5\/(J + 1)(2J + 1)(2J + 3) <wa J‘ ’M6212’ Wa J> (7347)

po 4w 4 J ' . '
¢ \/?M(Ml) - \/Z\/(J-i- Dar 1) 3 Mmag [ [9:.7) (7.348)

where the conditions for non-vanishing E2 and M1 moments are J > 1 and J > % More

about electromagnetic multipole operators can be found in [Suh07].

7.4. Hamiltonians and Uncertainty Estimation

7.4.1. Hamiltonians and Truncations

In this work we are using interactions from chiral effective field theory, more precisely
the NN interaction by Entem, Machleidt and Nosyk (EMN) [EMN17] with a cutoff of
AnNn = 500 MeV and a non-local 3N interaction by Hiither et al. [Hiit+20] with the same
cutoff. The chiral truncation ranges from LO up to N®LO. These interactions use 3N
low-energy constants that are optimized in many-body calculations, i.e. the one-pion
two-nucleon-contact constant cp is fitted using the 'O ground-state energy and the
triton ground-state energy is used to fix the three-nucleon-contact parameter cg. We
use the different chiral truncation orders for the uncertainty estimation, which will be
addressed in the next section. Further, we use the free-space SRG transformation at
the three-body level to soften the interactions with a flow parameter of o = 0.04 fm*
[JNF09; Rot+11; Heb12; Rot+14; BEP07].
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7.4.2. Uncertainty Estimation

In this section we address two kinds of uncertainties. One arising from the many-body

calculation and the other from the interaction itself.

Many-Body Uncertainties. In the IM-NCSM, multiple sources of uncertainties can
arise like the uncertainty in the IM-SRG evolution, the Ny, truncation and the uncer-
tainty in the variation of the reference-state truncation N . The error of the IM-SRG
truncation is determined depending on the flow parameter s. We evaluate the Magnus
flow equation up to a desired flow parameter s and solve the BCH series for two flow
parameters s and 5. The uncertainty is then computed using dO(s) = O(s) — O(s/2).

Since we are interested in converged results with respect to Npay and NI the many-
body uncertainties can be computed as the difference of the observable between the
two largest values of Nyax, which gives the Nyax error 6Oy, . The second many-body
error we compute is the absolute difference between the two neighbouring values of Nt |

where the Nyax truncation parameter has to be the same within the difference resulting

in 6Oyt . For the final many-body uncertainty we choose the maximum of these errors.

Interaction Uncertainties. For the interaction uncertainties we use an error estimation
based on Bayesian statistics, which was proposed by the BUQEYE collaboration, the so-
called pointwise model [Mel+19]. This model is designed to address errors introduced by
the truncation of chiral effective field theory (x-EFT), where the interaction parts occur
in terms of a power counting scheme. We define an observable y,,, which is calculated
with an EFT of order Q™ and its corrections Ay,, where n is the order in the EFT.

Furthermore, we define a set of observables ), and coefficients ¢, as

3771 = {y07 y17 ey yn} (7349)
Cn = {co, 1,y Cn ) (7.350)

The chiral expansion is assumed to be valid, not only for the interaction, but also for

the observable y,,

Yn = Yo+ Ay1 + ... + Ayp. (7.351)

The expansion can be suppressed in a dimensionless expansion parameter () according
to the EFT power counting, where the correction of the n-th order Ay, is absorbed into

Q", which can be written as
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Yn = Yref Z Cka’ (7352)
k=0

where y,ef is a scaling parameter and ¢ are dimensionless coefficients, which are natural
or of order 1. Using the results of lower chiral orders, we can compute the expansion
coefficients ¢;. The truncation error dy,, which consists of all omitted terms can be

written as

0
Sun = et 3 exQF. (7.353)
k=n+1

All coefficients ¢; with k > n are unknown and need to be predicted for computing the
truncation error and it is assumed that the properties of the unknown coefficients are

the same as for the known ones. The k-th coefficient is computed using

k
Yo Yn — Yn—1
o= L N T Yt 7.354
Yref Yref - Qn ( )

n=1

indicating that each unknown coefficient ¢; is computed using the coefficients of the

lower orders. Afterwards we determine the hyperparameters v and 7

v=1y+nc (7.355)

v = g + &, (7.356)

where n. is the number of coefficients in &, and vy = 79 = 1.
Finally, a Student-t distribution 7}, ,, is used to estimate the uncertainty of an observable

Y given as

v+1

Ty (ch|E) = —— e (1, 4 10, (7.357)
’ VT2 F(%) v A

Using y = y,, + 0y, the Student-t distribution can be written as
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2(n+1) 1 T (utl 2 ’
Tk,l/ (ynaygef?_QQ’;Q) = — 11((12’)) 1+ 9 Qy27(1n+1) 2

(7.358)

We obtain the uncertainty by integrating over this Student-t distribution until we reach
a certain degree of belief. The degree of belief we used for the integration is 68%.
Furthermore, it is assumed that the expansion parameter () is known, which can also be
computed using a Bayesian process [Hiit21]. In this work we use @ =~ % Note that the
coefficient ¢; in the chiral expansion is zero. We consider this by treating the leading
order as Q', i.e. we are starting the chiral expansion at n = 1. For more about the
pointwise model like the derivation see [Mel+19].

84



8. Results

In this chapter we present results from the IM-NCSM for the oxygen, carbon, and neon
isotopic chains. For these isotopic chains we explore ground-state energies, spectra, and
charge radii as well as electromagnetic moments and transition strengths. Furthermore,
we investigated the convergence behavior of different observables regarding the IM-SRG
evolution itself and also the convergence with respect to Npax and the chiral order of
the underlying interaction.

The single-particle basis includes 13 major shells, i.e., eax = 12, and the initial three-
body matrix elements are truncated with Es3p.x = 14. Note that the error due to the
truncation of epax and FEspay for these values is below 1% and, therefore, negligible
[Rot+12b; Bin+13; Her+13b; Her+13a|. The harmonic oscillator frequency is hQ2 = 20
MeV |[Rot+12a; Bin+13; Her+13b; Her+13a|. If not stated otherwise we use the White
generator for the multi-reference IM-SRG decoupling.

Oxygen isotopes are well-known as benchmark for many-body theories and Hamilto-
nians, since their proton subshell is closed and 'O is a doubly magic nucleus. Its
experimental ground-state energy can be well reproduced by different many-body meth-
ods like coupled-cluster theory [Hag+14; Jan+14; Eks+15; Hag+16], IM-SRG [Her+13b;
Her+13a; Heb+15; Lap+16; Geb+17; Str+17; Miy+20], self-consistent Green’s function
theory [CBN15; Som-+20], no-core shell model approaches like the (IT)-NCSM [Rot09],
and perturbation theory approaches |Tic+18a; Tic+18b|. The semi-magic character of
oxygen isotopes ensures that deformation effects can be neglected [Som+20]. Also, 220
and 24O are very interesting due to the fact that they have a closed neutron subshell
and proton major shell [Thi+00; Oza+00; Hof+09; Kan-+09], where 24O is the heaviest
bound nucleus in the oxygen chain.

The carbon isotopic chain is another interesting case for theoretical calculations [Jan+14;
Eks+15; Par+17; Tra+18; Tic+18a] and experimental nuclear stucture physics, es-
pecially for lifetime measurements resulting in B(E2) transition strengths [Wie+08;
Ong+08; Pet+11; Pet+12; McC+12; Vos+12]. Also, for IM-NCSM calculations, the
neutron-rich carbon isotopes are interesting, since these are difficult to converge using
(IT)-NCSM calculations [FRN13|.

The last isotopic chain we will discuss in this chapter is the neon chain. Neon isotopes

are very interesting for nuclear structure theory because they are completely open-shell

85



nuclei and the neutron-rich isotopes reach the so-called island of inversion [Nov+20].
The island of inversion is an area in the nuclear chart, where shell closures predicted
by the shell-model are obsolete and new shell closures occur. A prominent example are
neutron-rich neon, sodium, and magnesium isotopes, where the magic number N = 20
disappears [PR87; WBB90; CNP14]. This can lead to stronger correlations between va-
lence nucleons, which can result in particle-hole excitations to higher-lying single-particle
states leading to a decrease of energy for deformed configurations [Wim+10]. The dis-
appearance of the N = 20 neutron magic number for neon, sodium and magnesium
isotopes has been explored in experimental [Iwa+01; Yor+07; Doo+13; Doo+16| and
theoretical [Cau+98; Uts+99; YV04; Tsu+17| studies. But not only the isotopes in the
island-of-inversion are interesting, 2°~?2Ne for example also have been studied due to
their intrinsically deformed ground states [Mar+11; Zho+16; Mar+18|. In [Fro+22a] it
has been shown that in 2°Ne configuration mixing occurs ranging from a a+'2C +a to a
quasi-'C +a structure. The neon isotopic chain has been intensly studied using different
ab-initio methods [Sig+15; Str+16; Jan+16; Her16; Str+19; AGZ20; Nov+20; Miy-+20;
Fro+22al. In this work we compare results of the projected generator coordinate method
(PGCM) with IM-NCSM results for ¥~3'Ne.

8.1. Analysis of 2C

In this section we focus on the analysis of >C, which was published in [DA1+20]. In this
work we collaborated with d’Alessio et al., who measured the B(FE2,2] — 07) transition
strength of '2C at the S-DALINAC in an (e, €/) scattering experiment. The previous mea-
sured B(F2) transition strength was 7.94(40) e?fm* [Pri+16] and the updated value is
7.62(19) e’ fm*, where the uncertainty is reduced to 2.5% [DA1+20]. The motivation was
to obtain an improved value of the experimental B(E2) transition strength as benchmark
for nuclear structure calculations, which is then compared with IM-NCSM calculations.
Furthermore, a correlation between the B(E2) transition strength and quadrupole mo-
ment ) was observed in [CR16]. In order to obtain an electric quadrupole moment from
the experimental data using this correlation, the B(E2) transition strength needs to
be known as precisely as possible. We start with the IM-SRG flow of the ground-state
energy and the first two excited states of 12C. Afterwards we consider spectra, B(E2)
transition strengths, and electric quadrupole moments of >C as function of Nyay and
the chiral interaction order ranging from NLO to N3LO. Moreover, we investigate the
correlation of the transition strength and the electric quadrupole moment.

In Fig. 8.1 the ground-state energy of 2C is plotted against the flow parameter s
in a logarithmic scale for different generators and bases. We use different labels for

the generators and bases: "White’ and 'ImaginaryTime’ are the generators using the
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decoupling pattern presented in Eq. (5.215); "WhiteNmax0’ and 'Imaginary TimeNmax(’
indicate the generators using the optimized decoupling patterns shown in Eq. (5.218)
and (5.219). Furthermore, HF indicates the use of the Hartree-Fock basis and NAT the
use of the natural orbital basis. In the upper and middle panels of Fig. 8.1, the results
using the HF basis are presented and in the lower panels, the results using the NAT basis
are presented. The results using the White generators are shown in the left-hand panels
and the results of the imaginary-time generator are shown in the right-hand panels. The
symbols represent different values of Ny .x ranging from Nyax = 0 to Npax = 8 with
Ni¢f = 0. Note that in this section we used interactions from [Hiit+20)].

The original White generator first shows a plateau but falls for large flow parameters
s due to induced many-body interactions. Therefore, it was necessary in the past to
investigate a flow parameter in a region, where a stable plateau is formed in the plot.
The optimized White and imaginary-time generators for the HF basis show a plateau
also for large values of s. In comparison with the NAT basis we also obtain a plateau
for large flow parameters.

Figure 8.2 shows the first two excited states of 12C as function of the flow parameter
following the same terminology as in Fig. 8.1. For the first two excited states, we can see
that a plateau is reached for the NAT basis, which is also obtained when using the HF
basis (see middle panels). When using the unoptimized generators (see upper panels),
the flow does not stabilize for large flow parameters for both generators. The most stable
result for large flow parameters is obtained using the optimized White generator and the
HF basis. In general, the flows are more stable using the White generator for the first
two excited states compared to the imaginary-time generator.

Figure 8.3 depicts the excitation spectrum (upper panel), the B(E2, QT — Of) transition
strength (middle panel), and electric quadrupole moment Q(2;) (lower panel) as function
of Npax for different values of N*¢f . In the left-hand panels, the results for N*¢f =0

max- max
are shown. The two following columns show the results for NI = 2 and 4 and in the
right-hand panel, the experimental results are shown. The flow parameter s is fixed at
48 integration steps, which is s =~ 80. Note that due to the fact that the flow parameter
changes during the integration of the ODEs in dependency of the convergence in the
Magnus flow evolution, the flow parameter can also be slightly larger or smaller after 48
integration steps. The error bars indicate many-body uncertainties from the variation
of the reference space and shaded bands are the dependency of the IM-SRG evolution
in s as shown in section 7.4.2. The dependency of our results on the flow parameter is
small. Therefore, we do not discuss it anymore.

We see that the energies of the excited states, the B(E2) transition strengths and the
quadrupole moments are converged with respect to Nyax. For all values of N | the

excitation energies agree well with the experimental values. This is also the case for the
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Fig. 8.1.: Ground-state energy of 2C as function of the flow parameter s for the unoptimized and
optimized White and imaginary-time generators for NI = 0 and values of Npax ranging
from 0 to 8. All calculations were performed with the chiral two- plus three-body interaction
at N®LO with a cutoff of A = 500 MeV /c.

B(E2) transition strength and the quadrupole moment, which is in perfect agreement
with the experimental value. The dependency on N'{ for the excited-state energies and
quadrupole moments is quite small. For the B(E2) transition strengths, the many-body
uncertainty for fo;x = 2 is larger compared to the spectra and quadrupole moments.
This indirectly probes the effect of neglected normal-ordered three-body matrix elements
in the IM-SRG |[DAl+20]. The effect of normal-ordered three-body terms on B(E2)
transition strengths will be discussed later in this work.

Now we expand the discussion to the robustness of our results with respect to the order
and the cutoff A of the chiral interaction. In Fig. 8.4, the ground-state energy (top row),
low-lying excited states (second row), B(E2) transition strengths (third row) and electric
quadrupole moments (bottom row) of 12C are shown as function of the chiral interaction
order. The cutoff used for these calculations is A = 450 MeV /c. The arrangement of the
Nt variation is the same as in Fig. 8.3. The error bars are interaction uncertainties

from a pointwise Bayesian model as presented in section 7.4.2 and the shaded bands
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Fig. 8.2.: First two excited states of 12C as function of the flow parameter s for the unoptimized and
optimized White and imaginary-time generators for N:i, = 0 and values of Nmax ranging
from 0 to 8. All calculations were performed with the chiral two- plus three-body interaction
at N®LO with a cutoff of A = 500 MeV /c.

depict combined many-body and interaction uncertainties.

f .
For the ground-state energy, the results for NJ,. = 2 and 4 are in good agreement

with the experimental result for N2LO and N3LO, which is not the case for the ground-

f . . . f .
state energy at N> = 0. This indicates that the reference-space at N}, = 0 is not

large enough to describe the ground-state energy properly. Furthermore, the many-body
uncertainties of the ground-state energies for N** = 2 and 4 are quite large due to the

result at Nlﬁféx = 0. For the spectra, the results are in good agreement with experimental

for all values of N2t . Coming to the electromagnetic observables, the B(E2) transition
strength and the quadrupole moment are also in good agreement with the experimental
values. Note that the experimental uncertainty for the electric quadrupole moment
Q(27) is 50% [Ver+83], which needs to be examined.

The results for A = 500 MeV /c are shown in Fig. 8.5 with the same arrangement as
in Fig. 8.4. We find that all states at N>LO agree with experimental results for the

ground-state energy and in the spectrum. The only state, which is underestimated at
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Fig. 8.3.: Excitation spectrum, B(E2) transition strength and electric quadrupole moment for 2@
obtained from the IM-NCSM for different reference-space truncations N as function of
Nmax. All calculations were performed with the chiral two- plus three-body interaction at
N®LO with a cutoff of A = 500 MeV /c. The error bars indicate many-body uncertainties.
Experimental results are taken from [KPS17; DA1420; Ver+83|.

N2LO is the 11+ state. This could be due to a more complicated structure of the state
itself. For the B(E2) transition strength and the quadrupole moment, the agreement
with the experiment is also good, particularly for N*¢ =2 and 4 at N?LO and N3LO.
Now we move on to the calculations for A = 550 MeV /c, which are shown in Fig. 8.6.
The panels are the same as in the figure showing the results for A = 500 MeV /c. For all
observables at Néfix = 2, the many-body uncertainties at N3LO are large due to the fact

f : f
that the results are not fully converged at N],, = 0. But when moving to N, = 4,

we see that the results are converged with respect to NIt . Furthermore, we obtain an
anomaly regarding the results at N2LO for A = 550 MeV /c. All in all, it is remarkable
that most of the results are in agreement with experimental values for all cutoffs.

As a final result for 12C, we consider the correlation behavior between B(E2,2{ — 07)
and Q(2]) in a correlation plot shown in Fig. 8.7. In this plot, the results for the
B(E2) transition strength are shown as function of the quadrupole moment @ for 2C
obtained at N2LO (open symbols) and N3LO (closed symbols) for cutoffs of 450, 500,

and 550 MeV /c. The calculations have been performed using Npax = NI = 4 and
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Fig. 8.4.: Ground-state energy, excitation spectrum, B(E2) transition strength and electric quadrupole
moment for 2C obtained from the IM-NCSM for different reference-space truncations N,
as function of the chiral interaction order. All calculations were performed with the chiral
two- plus three-body interaction with a cutoff of A = 450 MeV /c. The error bars indicate
interaction uncertainties and the error bands combined many-body and interaction uncer-
tainties. Experimental results are taken from [Wan+17; KPS17; DA1+20; Ver+83].

the error bars indicate combined many-body and interaction uncertainties. The lines
show a prediction of a simple rigid rotor (dashed) and a fitted (solid) rotor model. The
horizontal and vertical red shaded bands indicate the experimental B(E2) and the Q(2])
value derived from the intersection with the model correlation. The red area indicates
the experimental limits from value of the quadrupole moment obtained in this work and
the experimental result of the B(FE2) transition strength obtained in [DA1+20]. The
grey area indicates the experimental limits from the experimental quadrupole moment
measured in [Ver+83| and the B(FE2) transition strength from [Pri+16]. For all six
interactions, the results fall on a line, which was already observed in [CR16] for first-
generation chiral interactions. We fitted the data using the simple rotational model by
Bohr and Mottelson [BM98|, where the observables in the laboratory frame are connected

with the intrinsic quadrupole moment )y resulting in
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Fig. 8.5.: Ground-state energy, excitation spectrum, B(E2) transition strength and electric quadrupole
moment for 2C obtained from the IM-NCSM for different reference-space truncations N,
as function of the chiral interaction order. All calculations were performed with the chiral
two- plus three-body interaction with a cutoff of A = 500 MeV /c. The error bars indicate
interaction uncertainties and the error bands combined many-body and interaction uncer-
tainties. Experimental results are taken from [Wan+17; KPS17; DA1+20; Ver+83].

_3KZ-J(J+1)
Q(J) = CESCIEE) Qo,s (8.359)
B(E2,J; — Jf) = 16%@3,75 ( ig‘g ) . (8.360)

Here, J is the angular momentum and K the projection of J on the symmetry axis of
the deformed nucleus. The indices of the intrinsic quadrupole moment indicate s for the
static quadrupole moment ()(.J) and ¢ for the intrinsic quadrupole moment of the B(E2)
transition strength. Both formulas can be combined to obtain a ratio of the intrinsic
quadrupole moments Qo./Qo,s relating B(E2,J; — Jy¢) and Q(J)

B(EQ,Ji%Jf):i K0

167 (3K2 — J(J +1))2 Qo,s

5 ((J+1)(2J + 3))? ( Ji 2 2 ) (Qo,t> Q(J)% (8.361)
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Fig. 8.6.: Ground-state energy, excitation spectrum, B(E2) transition strength and electric quadrupole
moment for 2C obtained from the IM-NCSM for different reference-space truncations N,
as function of the chiral interaction order. All calculations were performed with the chiral
two- plus three-body interaction with a cutoff of A = 550 MeV /c. The error bars indicate
interaction uncertainties and the error bands combined many-body and interaction uncer-
tainties. Experimental results are taken from [Wan+17; KPS17; DA1+20; Ver+83].

In this formula, the E2 matrix elements are assumed to be expressed in terms of one
single parameter Q).

First of all, we observe that the results for N2LO show a larger cutoff dependence com-
pared to the N3LO results, which also cross the experimental B(E2) value. The green
dashed line shows a correlation predicted by a rigid rotor, where Qo+/Qos = 1. The
black line shows the fit with the Bohr-Mottelson model, where the ratio of the intrinsic
quadrupole moments is used as fit parameter. We obtained a ratio of Qo +/Q0, s = 0.967.
In [CR16|, almost the same ratio of these quadrupole moments, Qo /@0, s = 0.964, was
found based on a set of interactions, which is completely different compared to the
ones we used. This correlation can be combined with the experimental value for the
B(E2) transition strength B(FE2,2f — 0f) = 7.63(19) e*fm* [DAI+20]. We obtain a
quadrupole moment of Q(2]) = 5.97(30) efm?. The uncertainties include the average
many-body and interaction uncertainties of the N°LO calculations for the quadrupole

moment and the experimental uncertainties of the transition strength propagated via
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Fig. 8.7.: Correlation of the B(E2,2] — 07) transition strength and the electric quadrupole moment

Q(271) for 12C obtained with N*LO and N®LO interactions for three different cutoffs. All IM-
NCSM calculations are performed using Nmax = N, = 4. The error bars indicate combined
many-body and interaction uncertainties. The lines show the prediction of a simple rigid
rotor (dashed) and a fitted (solid) rotor model (see text). The horizontal and vertical red
shaded bands indicate the experimental B(E2) value and the Q(2]) value derived from the
intersection with the model correlation. The grey and red areas indicate the experimental
limits from literature values [Ver+83; Pri+16] and from [DAI+20].

the correlation. This value is compatible within uncertainties of the Q(2]) results of the
IM-NCSM with N3LO interactions for all cutoffs.
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8.2. Ground-State Energies and Charge Radii

In this section we will discuss ground-state energies and charge radii of the oxygen
isotopic chain 47260, the carbon chain '°72°C and the neon chain ¥3%Ne. We begin
with the discussion of ground-state energies of oxygen isotopes followed by the carbon,
and neon isotopic chains. Afterwards, we discuss the charge radii of all these isotopes

following the same order.

8.2.1. Ground-State Energies

Ground-State Energies of Even and Odd Oxygen Isotopes. The ground-state energies
of even oxygen isotopes as function of the chiral interaction order ranging from LO to
N3LO are shown in Fig. 8.8. Each panel shows the results for one isotope. The red
bars are the results for NIt = 0 and the blue bars depict the results for N = 2.
All ground-state energies are computed using Npax = 4. A blue solid line indicates
the experimental value for the ground-state energy. Furthermore, the error bars are
interaction uncertainties and error bands show combined interaction and many-body
uncertainties.

We see that the experimental ground-state energy is well reproduced for all even oxygen
isotopes at N°LO and N2?LO. Furthermore, the interaction uncertainties become smaller
with higher interaction order, which is a common trend [Hiit+20|. The interaction
uncertainties for ground-state energies at NLO are very large and also LO and NLO do
not perform well due to the lack of three-body interactions, which is also the case for
other observables. Therefore, we will mainly discuss the results at N2LO and N3LO.
Compared to the results of [Hag+16; Geb+17; Tic+18a; Tic+18b; Som+20], who used
other interactions, all computed ground-state energies for the oxygen isotopes are in good
agreement with these calculations. Furthermore, in previous works, where shell-model
interactions from the IM-SRG were obtained, slight overbinding [Bog+14; Str+17] was
seen, especially for the neutron-rich oxygen isotopes. It is remarkable that the results
agree not only for N3LO but also for N2LO. We can also reproduce the neutron drip line
at 220. All in all, the results at N3LO are converged with respect to Npax. For 260, we
also obtain converged results, which was not the case in previous calculations [Her+13a]
but this is a first description of 260 without taking any continuum effects into account.
The ground-state energies of selected odd isotopes of oxygen =210 are shown in Fig.
8.9. The plot is arranged the same way as 8.8. The downward triangles indicate cal-
culations using the particle-removal scheme, as explained in section 7.2. Note that we
did not compute results using particle attachment, since the particle-removal scheme is
more robust in terms of the Ny,x convergence behavior [Vob20|. Also, the ground-state

energies for odd oxygen isotopes agree well with the experimental values at N3LO and
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Fig. 8.8.: Cround-state energies for even oxygen isotopes ranging from 'O to ?°0 as function of the
chiral interaction order. Error bars indicate interaction uncertainties and bands are combined
many-body and interaction uncertainties. Red symbols are results for N2, = 0 and blue
symbols are the results for N = 2. All ground-state energies are computed using Nmax = 4.
Experimental ground-state energies are taken from [Wan+17).

N2LO for N*¢f = 2. At N'f =0, the binding energies of all odd oxygen isotopes are

max max
slightly overestimated, which indicates that N f = 2 is a better choice for the reference
space. Furthermore, the ground-state energies are converged with respect to Nyax and
Nisax:

Ground-State Energies of Even Carbon Isotopes. The ground-state energies of even
carbon isotopes 1°729C are shown in dependence of the chiral order in Fig. 8.10. The
plot is built the same way as in Fig. 8.8. For all carbon isotopes, the agreement between
our results and the experimental values is excellent at N2LO and N3LO. For the ground-
state energies of 1C at N = 0 and 2°C at both values of N . we obtained a large

interaction error for the NLO results, which is due to the large underbinding of the

ground-state energies at leading-order.
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Fig. 8.9.: Ground-state energies for odd oxygen isotopes ranging from '*O to 2'O as function of the
chiral interaction order. Error bars indicate interaction uncertainties and bands are combined
many-body and interaction uncertainties. Red symbols are results for N, = 0 and blue
symbols are the results for N2 = 2. All ground-state energies are computed using Nmax = 4.
Experimental ground-state energies are taken from [Wan+17].

Ground-State Energies for Even and Odd Neon Isotopes. Now we proceed to the
discussion of the neon isotopic chain. The ground-state energies of even neon isotopes
18=36Ne are shown as function of the chiral interaction order in Fig. 8.11 following the
same terminology as in Fig. 8.10. Note that for 3**Ne and 3Ne, the ground-state energies
are only shown at N'f = 0 due to the fact that the number of basis states for N'¢ =2
is very large. Furthermore, we used the importance truncation for the computation of
the reference state for N2t = 2 and in the NCSM post-diagonalization for 29~36Ne
at Nmax = 4. For all even neon isotopes, our results are converged with respect to
Néf;x and Nyax. The many-body uncertainties are smaller than the interaction errors.
Furthermore, the agreement between theoretical and experimental ground-state energies
for all even neon isotopes at N3LO and N?LO is excellent and for 3Ne we are able to
predict a ground-state energy. Compared to other studies like [Jan+16], who computed
ground-state energies of neon isotopes using a coupled-cluster effective interaction, our
results agree with their calculations with < 1% deviation for *=2¥Ne. We are able to
obtain good results for the neutron-rich neon isotopes around the island-of-inversion,
which were often underbound [Jan+16; Nov-+20; Miy+20].

The ground-state energies of ""2°Ne are shown as function of the chiral interaction
order in Fig. 8.12. The plot is organized the same way as in Fig. 8.9. Also for the odd
isotopes our results agree well with experiment. Furthermore, the results at N2LO and
N3LO are converged with respect to the chiral interaction order.

Another study of the neon isotopic chain was performed by the group of Thomas Duguet
at CEA Saclay, who developed the PGCM-PT method, a combination of the projected

generator coordinate method (PGCM) with perturbation theory [Fro+22b; Fro+22a;
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using Nmax = 4. Experimental ground-state energies are taken from [Wan+17].
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combined many-body and interaction uncertainties. Red symbols are results for NI, = 0
and blue symbols are the results for NIt = 2. All ground-state energies are computed
using Nmax = 4. Experimental ground-state energies are taken from [Wan+17].

Fro+22c|. In |[Fro+22a|, our IM-NCSM results are used as benchmark for the PGCM
framework, which is based on the solution of constrained Hartree-Fock-Bogoliubov equa-
tions using the same family of chiral interactions. The PGCM-PT is suited to capture
strong static correlation effects arising from the deformation of nuclei. In this work, re-
sults from the PGCM are compared to IM-NCSM calculations for ground-state energies,
charge radii, low-lying excited states, and electromagnetic observables for even neon iso-
topes ranging from ®Ne to 3**Ne. The PGCM underbinds the ground-state energy for all
isotopes due to missing dynamical correlations. This behavior is improved using correc-
tions from perturbation theory in [Fro+422c|. Since our results agree with experimental,

the IM-NCSM can be used as a standard tool for benchmarking many-body methods.
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Fig. 8.12.: Ground-state energies for odd neon isotopes ranging from °Ne to ?’Ne as function of the
chiral interaction order. Error bars indicate interaction uncertainties and bands are com-
bined many-body and interaction uncertainties. Red symbols are results for N5, = 0 and
blue symbols are the results for Nt = 2. All ground-state energies are computed using
Nmax = 4. Experimental ground-state energies are taken from [Wan+17].

8.2.2. Charge Radii

Charge Radii of Even and Odd Oxygen isotopes. Now we present charge radii for
even oxygen isotopes shown in Fig. 8.13. The charge radii are shown as function of the
chiral interaction and the plot is arranged as in Fig. 8.11, where the shaded grey bands
around the experimental charge radii depict the experimental uncertainties.

For 60 and 80, the experimental charge radii are well reproduced at N2LO within
the uncertainties. At N3LO the charge radii are underestimated by 2-3%. In case of
the other isotopes, there is no experimental charge radius available but we are able to
give a theoretical prediction. Furthermore, all results are well converged regarding the
reference space and we notice an enhancement of the charge radius for all oxygen isotopes
when comparing the results at NLO to the results at N2LO. This could be due to missing
inclusion of 3N forces in the NLO results.

For even oxygen isotopes, the new family of chiral interactions performs well, especially
in comparison to former NN interactions at N3LO by Entem and Machleidt [EMO03]
supplemented with 3N interactions at N2LO using a local regulator scheme [Nav07;
GQNO09; GQN19]. With these interactions, ground-state energies are in good agreement
with experimental data, but the charge radii of the oxygen isotopes were underesti-
mated [Bin+14; Lap+16; Vob20]. Another interaction used to compute radii is the
so-called NNLOgy; [Eks+15], which includes fitted low-energy constants with respect to
experimental energies and charge radii of carbon and oxygen isotopes [Lap+16|. This
interaction is also able to reproduce experimental radii and ground-state energies of
some oxygen and carbon isotopes [Som+20]. Since the NNLOg,; interaction is deter-

mined for one chiral order only, it cannot be used to compute interaction uncertainties.
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Fig. 8.13.: Charge radii for even oxygen isotopes ranging from 'O to ?°0 as function of the chiral
interaction order. Error bars indicate interaction uncertainties and bands are combined
many-body and interaction uncertainties. Experimental values are taken from [AM13].

Now, with the new family of interactions with optimized low-energy constants cp, which
are fitted to the ground-state energy of %0 and fixed values of cg, which are fitted to
the triton ground-state energy [Hiit+20; Hiit21]|, we are able to reproduce experimental
ground-state energies and charge radii.

The charge radii for odd oxygen isotopes ranging from '°O to 'O are shown in depen-
dence of the chiral interaction order in Fig. 8.14. The panels of the plot are built up like
in 8.12. For 70, we are able to reproduce the experimental charge radius and for 1°0,
190 and 2'O, we obtained a prediction due to missing experimental values. Furthermore,

we obtained converged results with respect to N and Ny, for all odd oxygen isotopes
at N°LO and N°LO.

Charge Radii of Even Carbon Isotopes. The charge radii for even carbon isotopes
10-20C are shown in Fig. 8.15. The charge radii are again shown as function of the chiral
interaction order. Experimental results are available for 12C and *C. The experimental

charge radius of 2C is overestimated by 4% and the experimental charge radius of *C is
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Fig. 8.14.: Charge radii for odd oxygen isotopes ranging from **O to 2'O as function of the chiral
interaction order. Error bars indicate interaction uncertainties and bands are combined
many-body and interaction uncertainties. Experimental values are taken from [AM13].

underestimated by 1% when taking combined many-body and interaction uncertainties
into account. For the other carbon isotopes 1°C and 672°C we can predict a value for

the charge radius.

Charge Radii of Even and Odd Neon Isotopes The charge radii in dependence of the
chiral interaction order for even neon isotopes are shown in Fig. 8.16. Compared to
the experiment, we obtained good results for 24=2Ne. For the lighter isotopes *~22Ne,
the charge radii are underestimated by 2% for '®Ne and ?°Ne and <1% for ??Ne. For
30-36Ne we predict charge radii, where the value of the charge radius grows with the
number of neutrons. In conclusion, we are able to compute open-shell nuclei, which show
a deformation and clustering behavior.

The ANNLOgo interaction [Jia+20]|, which includes A degrees of freedom is another
interaction providing good results compared to the experiment. Our results are in good
agreement with [Jia+20] when considering the uncertainties. This interaction also yield
accurate ground-state energies and radii for medium-mass nuclei. When comparing our
results for the neon isotopic chain to PGCM calculations [Fro+22al, it was found that
charge radii obtained by the PGCM are overestimated by about 0.1 fm due to missing
dynamical correlations as it was the case for ground-state energies.

Figure 8.17 depicts the charge radii as function of the chiral interaction order for 1*~2°Ne
following the style of Fig. 8.14. For these isotopes, we are able to reproduce all exper-
imental results for N°LO and N3LO, where the convergence behavior with respect to
Nmax and Néneix is very good.

All in all, we conclude that we are able overcome the problems of underestimated exper-

imental charge radii with the new famiy of chiral interactions [Hiit+20|.

102



3.00
= 2.75
£
5 2.50
[a'q

2.25

2.6
= 2.4
£
< 2.2
2.0
2.6
€
=
ﬁ 2-4
v
2.2

L 10 | 12¢c
! - -
C T T T T 14 ] T T T T 16 -
C -
. . . . ToC . . . . 200
LO NLO N°LO N3LO LO NLO N?LO N3LO
Chiral Order Chiral Order

Fig. 8.15.: Charge radii for even carbon isotopes ranging from '°C to 2°C as function of the chiral

interaction order.

Error bars indicate interaction uncertainties and bands are combined
many-body and interaction uncertainties. Experimental values are taken from [AM13].

103



T T T T T T T >0
— 3.0F Ne Ne
e T
2.5 . . .
T T T 22'Ne : T T 24'Ne
— 3.0
p )] — ‘ : i :
T T T sze T T T ZgNe
£ 3.0p - - - i — S
5 )
2,51 1 E 1 1 ] ?j 7::‘ 1 1 ]
T T T 30|Ne T T T 32|Ne
E 301 - I I
Lol = B &
oL =B | |
B 34Ne 36Ne
g 3.0k % ——— i % ===
T — — i
2'5- 1 1 1 1 ] 1 1 1 1 ]
LO NLO N2LO N3LO LO NLO N2LO N3LO
Chiral Order Chiral Order
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interaction order.

Fig. 8.17.: Charge radii for odd neon isotopes ranging from °Ne to ?°Ne as function of the chiral
Error bars indicate interaction uncertainties and bands are combined
many-body and interaction uncertainties. Experimental values are taken from [AM13].

interaction order.
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8.3. Excitation Spectra

In this section we discuss spectra for the oxygen, carbon, and neon isotopic chains. We
begin with the spectra of even and odd oxygen isotopes, followed by spectra of even

carbon isotopes. Finally, we show the spectra for even and odd neon isotopes.

Spectra of Even and Odd Oxygen Isotopes. In Fig. 8.18, the spectra for even oxygen
isotopes 47260 as function of the chiral interaction order ranging from NLO to N3LO
are shown. Note that the estimation of the interaction uncertainties has been computed
including LO results. The interaction uncertainties for NLO are not shown for sake of
clarity. We only show the results for NXf = 2. The bars on the right side of each panel
depict the experimental spectra. Each color encodes a value for J to differentiate between
the states. Similar to the last section, error bars represent interaction uncertainties and
shaded error bands are combined many-body and interaction uncertainties.

For all even oxygen isotopes, the states are in correct order compared to the experiment
besides the O; states. Furthermore, the most low-lying excited states in the spectra are
converged with respect to Npax. We observe that the O;r states of all oxygen isotopes
have large many-body uncertainties indicating a poor convergence behavior. Therefore,
we cannot compare them to experimental values. We will come back to this point later
in this section. We also see that the many-body and the interaction uncertainties of
the 1f states are quite large, especially for results at N?LO. We can conclude that
these states are sensitive to the chiral interaction order. For 1*O and 220, the 2] state
agrees well with experiment. Also, the 3f state of 220 shows a good agreement within
uncertainties. Regarding '*O and 2°0, the first two excited states underestimate the
measured excitation energy, while the 22+ state is again in a good agreement. For the
doubly magic 240 the QT state is too low compared to experimental results and the
spectrum is too dense. For the unbound 20 nucleus however, we obtain an excellent
agreement for the first excited state. For 60O we have found that the energy of the 27
state is much too large compared to experimental results. This seems to be a common
behavior for well bound doubly-magic nuclei, which was also obtained in [Miy+20],
[HJP16] and [Sim+17]. Especially in [HJP16], it was demonstrated that adding triples
to coupled cluster calculations lowers the energy of the first excited state. This indicates
that a highly correlated reference state is needed to describe the 2f state of 160, which
cannot be accessed using the IM-NCSM.

Coming to the odd oxygen isotopes »~2'Q, their spectra are shown in Fig. 8.19 as
function of the chiral interaction order. Overall, many states for 17210 are in agreement
with experimental excited-state energies within uncertainties. For 2O, the 3/ 2f state

was experimental unknown, which has been examined in |[Hei+20], who studied the
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Fig. 8.18.: Spectra for even oxygen isotopes ranging from 40 to 260 as function of the chiral interaction
order. Error bars indicate interaction uncertainties and bands are combined many-body
and interaction uncertainties. Experimental results are taken from [Ajz91; TWC93; Til+95;
Til+98; Bas15; Tsh+12; Kon+16]

low-lying structure of 2'O using lifetime measurements. Compared to the results of
[Bog+14], we now obtained the right order of the first two excited states in 'O, but the
order of the third and fourth excited states is still reversed. For 20O, we also obtained
that the order of the third and fourth excited states is changed as it was observed
with NCSM-PT calculations in [Tic+18a]. But since the many-body uncertainty of the
1/ QT state is large, it could lower in energy with increasing Npax. In the spectrum of
150, the experimental energy of the 3/ 2] state is overestimated by about 0.7% within

uncertainties.

Spectra of Even Carbon Isotopes Figure 8.20 shows spectra of even carbon isotopes
10-20C as function of the chiral interaction order. The overall agreement between our
results and experiment is good for 1°C, 12C, *C and 2°C, where most states lay within
the error bars. Again, the O;r states show a poor convergence behavior with respect to
Nmax. For the 1f and the 41F state of 12C, we obtained larger error bars, which is also
the case for the 21+ state of *C and the 3f state of 6C. The convergence behavior for
these states is slower. This could indicate that these states lay in the part of the model
space, which is not decoupled completely during the IM-SRG evolution. For 2716C, the
interaction uncertainties of the 1f state are quite large. Furthermore, we obtained that
the many-body uncertainties of the 2% excited states of '*C are large, which is due to a
slower convergence with respect to Nyax. In 10C, the experimental state with unknown
parity and J could be a 1f but we need more information from the experimental side

for confirmation.
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Fig. 8.19.: Spectra for odd oxygen isotopes ranging from >0 to 21O as function of the chiral interaction
order. Error bars indicate interaction uncertainties and bands are combined many-body
and interaction uncertainties. Experimental results are taken from [Ajz91; TWC93; Til+95;
Firl5).

Spectra of Even and Odd Neon Isotopes The spectra of even neon isotopes ¥~ 36Ne
are plotted in Fig. 8.21 as function of the chiral interaction order. Overall, the results
are in good agreement with experiment but not for all states. As presented in [Str+16],
we also find that the unidentified excited state in ?°Ne is a 47 state. Also, the ordering
of the states is in agreement with experimental results. In comparison to studies by
Miyagi et al. [Miy+20], who overestimate the energies of the 2] states in all neon
isotopes using the IM-SRG framework with valence-space Hamiltonians, we can say that
the NO2B approximation is able to reproduce these energies when using the IM-NCSM.
This is due to inclusion of static correlations in the reference states and therefore due
to the lack of correlations in the IM-SRG framework. Furthermore, our results are in
agreement with coupled cluster studies by Jansen et al. [Jan+16]. In comparison to
PGCM studies [Fro+22a], the trend of the 2] and 4] energies is reproduced by the
PGCM for '8=24Ne but the decrease in energy beyond **Ne cannot be captured. This
situation is improved when adding triaxial configurations to the PGCM.

The spectra of odd neon isotopes 1 ~25Ne are shown in Fig. 8.22 as function of the chiral
interaction order. The overall agreement between experiment and theory is good for the
most low-lying excited states when taking the uncertainties into account. In “Ne, for
example, the 3/ QT excitation energy is underestimated and the spectrum of ?’Ne is too
compressed. Furthermore, the order of the states is exchanged. But since their error
bars are overlapping, the order could change again by using a larger model space. Also,

in 2!Ne the 5/ 2? state is too low at N®LO compared to experiment.

Many-Body Convergence Behavior of Selected Oxygen, Carbon and Neon Isotopes.
Now we deal with the convergence behavior of spectra from selected oxygen, carbon and
neon isotopes in order to explain large many-body uncertainties. The spectra for =180

and 227260 are shown as function of Nyayx in Fig. 8.23. The left-hand panels show the
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Fig. 8.20.: Spectra for even carbon isotopes ranging from °C to 2°C as function of the chiral interaction
order. Error bars indicate interaction uncertainties and bands are combined many-body
and interaction uncertainties. Experimental results are taken from [Til+04; KPS17; Ajz91;
TWC93; Pet-+11]

spectra for N = 0 and the spectra with N¢f = 2 are shown on the right-hand side.
In each row, one isotope is shown. The experimental excitation energies are shown in
the right panels. For the oxygen isotopes, especially the 0 and 17 states are hard to
converge. This could be due to the fact that these states are not completely decoupled
during the IM-SRG evolution. Especially in the spectra of 7180, the 0 state is not
converged for Ni¢f = 2. For 0 and 80 the 2] states are converged with respect
to Nmax, which is also the case for the 4? state of 1%0. Furthermore, the 2f state of
160 is not converged and far above the experimental value, which is due to the doubly
magic character of 0. The semi-magic character of 220 and magic character of 240
could contribute to a slower convergence behavior of some excited states in their spectra.
Especially the 05 states are problematic to converge. For Nref =0, all excited states
of 220 and %0 show a slow convergence behavior.

We proceed to the spectra of 14718C, which are shown in Fig. 8.24. The structure of the
plot is the same as before. It is noticable that the 0; states in the spectra of *C and
16C are not converged with respect to Nlrlfix. Furthermore, the many-body uncertainties

of the excitation energies in 1°C are larger compared to the ones in *C. This could be

due to a more complicated structure of the states in '°C in general. The first two excited
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order. Error bars indicate interaction uncertainties and bands are combined many-body and
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states of '8C are also not converged properly and the agreement with the experiment
gets worse when moving from NIt = 0 to N2f = 2. This indicates that a larger
reference space is necessary to describe the spectrum for *¥C properly in comparison to
experimental results.

A selection of odd isotopes as function of Ny ax is shown in Fig. 8.24 . We see that the
1/2{ state of O is not converged. It could, as mentioned before, move below the 9/2;
state when using larger values of Npax. The 9/ 2f state could then move further towards
the experimental value. For 2'Ne and 2°Ne, we see that most states are converged but
the 1/ ZT state of 2! Ne moves away from the experiment, which is also the case for the
5/2] state of 25Ne.

We conclude that not all states in the spectra of isotopes from the oxygen, carbon and
neon isotopic chains are converged with respect to Nyax. Therefore, especially for the
description of the excitation energy of the 1] states and higher-lying states, a larger

reference space is needed.
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8.4. Electromagnetic Observables

In this section we will discuss electromagnetic observables from the IM-NCSM. We will
start with electric B(F2) transition strengths and quadrupole moments @ for oxygen,
carbon, and neon isotopes, followed by magnetic B(M1) transition strengths and dipole

moments u of oxygen and neon isotopes.

8.4.1. Electric Quadrupole Observables

Oxygen Isotopes. The B(E2, QT — OT) transition strengths of even oxygen isotopes
are shown in Fig. 8.25 as function of the chiral interaction order ranging from LO to
N3LO. Each panel contains the results for one isotope. Red bars indicate the results
for N¥¢f = 0 and blue bars show the results for N2¢f = 2. The solid line represents
the experimental value of the B(E2) transition strength with grey shaded uncertainties.
Error bars indicate interaction uncertainties and combined interaction and many-body
uncertainties are shown as shaded bands.

For all even oxygen isotopes, the many-body and interaction uncertainties are small in-
dicating good convergence. It is noticable that for 1220, all B(FE2) transition strengths
are sytematically underestimated compared to the experiment, which matches the find-
ings in [Vob20]. We will discuss this behavior later in this work. It is also noticable that
all the transition strengths are close to zero.

The electric quadrupole moments of the first excited states Q(2]) of even oxygen isotopes
are shown in Fig. 8.26 as function of the chiral interaction order. The only experimental
value, which is available is the electric quadrupole moment of '*O, which is overestimated
in our calculations by a factor of 10. We further notice that with increasing NI | the
results at N?LO and N3LO come closer to the experimental value, which could be an
indicator that using a reference state within a larger reference space might bring the
electric quadrupole moment closer to the experiment. For the other even oxygen isotopes
we can predict values for the electric quadrupole moment. Furthermore, the many-body
uncertainties for the quadrupole moments of 260 are quite large at N:¢f = 2, which
could be harder to converge due to its unbound character.

The B(E2) transition strengths of the odd oxygen isotopes are depicted in Fig. 8.27.
Again we obtain converged results for all odd oxygen isotopes. For 'O and 2'O, our
results are close to the experimental B(E2) value within combined uncertainties. For
170, the discrepancy is larger. We predict a value for the B(E2) transition strength for
150, since no experimental results are available.

Figure 8.28 shows the electric quadrupole moments of odd oxygen isotopes obtained by
the particle-removal scheme. For 7O and 'O, our results differ by about 50% from

the experimental value. For 120 and 2'O, we predict a value for the electric quadrupole
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moment. Furthermore, the interaction and many-body uncertainties for all odd isotopes

are small.
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combined many-body and interaction uncertainties. Experimental results are taken from
[Ajz91; Wie+08; Pet+11; McC+12; Vos+12; DAI+20].

Even Carbon Isotopes. Now we discuss the B(E2,2] — 0) transition strengths and
electric quadrupole moments Q(Q{r) for the carbon isotopic chain. In Fig. 8.29, the
B(E?2) transitions strengths for even carbon isotopes are shown as function of the chiral
order. The plot is built similar to Fig 8.25. Here, the picture of underestimated B(E2)
transition strengths turns into another story. All our results match with the experimen-
tal values at N3LO and N?LO, which is remarkable. The only exception is the B(E2)
transition strength of 1C, which is underestimated by about 50% within uncertainties.
We already saw the same behavior for the isotopes in the oxygen isotopic chain. Fur-
thermore, all carbon isotopes are converged with respect to Npyax and Nfgx. For 10C, we
obtain a large interaction uncertainty at NLO due to the large B(E2) value at LO. The
many-body uncertainty of the B(FE2) transition strength in 'C at NLO is very large for
Nt = 0 indicating a slow Nyax convergence. But compared to the oxygen isotopes,

the new family of interactions performs much better for the B(E2) transition strengths

of the carbon isotopic chain.
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Fig. 8.30.: Electric quadrupole moments for even carbon isotopes ranging from 1°C to 2°C as function
of the chiral interaction order. Error bars indicate interaction uncertainties and bands are
combined many-body and interaction uncertainties. For 2C the experimental quadrupole
moment is taken from [Ver+83].

We can now discuss the electric quadrupole moments of isotopes for the carbon isotopes
shown in Fig. 8.30. The only experimental quadrupole moment available is for 12C, which
is perfectly reproduced by our IM-NCSM results as discussed in section 8.1. For the
quadrupole moments of the other even carbon isotopes, we obtain predictions for their
values. As for the B(E?2) transition strength, the many-body uncertainty at N2 = 0 for
16C is quite large. Furthermore, the many-body uncertainties for the electric quadrupole
moment of ¥C at N = 2 are large for the two highest interaction orders. This

indicates a slow convergence with respect to Nyayx, which is not observed for NI = 0.

But all in all, we see that the results for the two reference spaces do not differ a lot.
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Fig. 8.31.: B(E?2) transition strengths for even neon isotopes ranging from 18Ne to 3°Ne as function
of the chiral interaction order. Error bars indicate interaction uncertainties and bands are
combined many-body and interaction uncertainties. Experimental values are taken from
[Til+95; Til+98; Basl5; Fir07; BH16; Shal3|.

Neon Isotopes. Coming to the B(F2) transition strengths of the neon isotopic chain,
we observe a similar behavior as for the oxygen isotopic chain. The B(E2) transition
strengths are depicted as function of the chiral interaction order in Fig. 8.31. Experi-
mental results are available for 18728Ne. For 3°~32Ne we give a prediction of the value.
The largest deviations with a factor of two to three are obtained for '8=22Ne. Surpris-
ingly, the B(F2) transition strengths for the more neutron-rich isotopes 2*Ne and 2°Ne
are with about 20% deviation from the experiment closer to the experimental results
compared to the lighter neon isotopes. The results for 2®Ne underestimate the exper-
iment by about 4%, i.e., they are very close to experimental values taking combined
many-body and interaction uncertainties at N3LO into account. Overall, the B(E?2)
transition strengths in the even neon isotopes are with an underestimation of about 20-
65% closer to the experiments compared to the results for oxygen isotopes, where the
deviation ranges between 75% and 90%. Furthermore, the results are converged with
respect to Nyax throughout the complete neon isotopic chain.

The B(E?2) transition strengths of odd neon isotopes 19~2°Ne are shown as function of the
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Fig. 8.32.: B(FE2) transition strengths for odd neon isotopes ranging from '°Ne to **Ne as function
of the chiral interaction order. Error bars indicate interaction uncertainties and bands are
combined many-body and interaction uncertainties. Experimental results are taken from
[Til495; Firl5; SC21; Fir09].

chiral order in Fig. 8.32. We predict a B(FE2) transition strength for 2?Ne, which is close
to zero. For 2*Ne, the experimental value for the transition strength is reproduced within
uncertainties. The results are again underestimated for '’ Ne and ?'Ne compared to the
experiment. Note that the B(E?2) transition strength of Ne is with a deviation of 17%
closer to the experiment as for 2!Ne, which deviates by 53% from the experiment. The
B(E2) transition strength for 2*Ne at NLO is far away from the experiment compared to
the results at other interaction orders, which could be due to missing three-body forces
at NLO.

We proceed to the electric quadrupole moments in the neon isotopic chain, the results
for even neon isotopes are shown as function of the chiral order in Fig. 8.33. For ?°Ne
and 2’Ne experimental results are available, which are overestimated by about 50%.
For the other isotopes '®*Ne and 24736Ne we are able to give predictions for the electric
quadrupole moment, since no experiments are available. The many-body and interaction
uncertainties are small for all even neon isotopes besides for 2®Ne, where the many-body
uncertainties are larger.

The quadrupole moments of odd neon isotopes 1?7?’Ne are depicted in Fig. 8.34. Ex-
perimental results are only available for 2! Ne, which are nearly reproduced by our calcu-
lations. For the other isotopes we give predictions for the electric quadrupole moments.
All odd neon isotopes are converged with respect to Nyay and N
Coming back to the comparison with the PGCM, we obtained the opposite behavior,
i.e., the experimental B(FE2) transition strengths of ?*~28Ne are overestimated and the
tansitions below 2*Ne are well reproduced in the PGCM due to the collective character
of the corresponding theory. The PGCM method is able to reproduce the experimental

values of the quadrupole moment for 2°Ne and ??Ne [Fro+22a].
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of the chiral interaction order. Error bars indicate interaction uncertainties and bands are
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Discussion of the Electric Quadrupole Observables. Now we try to find reasons why
the electric quadrupole transitions and moments do not agree with the experimental
values for the most oxygen and neon isotopes and why the agreement in the carbon
isotopic chain is better. In [Vob20]|, the main reason for this behavior was rooted in
deficiencies of the interaction and limitations of the model space of the IM-NCSM.
Comparing our results with the new family of interactions to the results with previous
interactions, we see that the B(FE2) transition strengths and the electric quadrupole
moments only barely depend on the interactions. Therefore, we can conclude that the
deviations are of another nature, with a possible candidate being the truncations in the
IM-NCSM. In the evolution of the IM-SRG we use the NO2B approximation and we may
need to take induced normal-ordered terms up to three- or even higher-body level into
account. Also, Parzuchowski et al., who computed electromagnetic observables using the
IM-SRG in a valence-space version and an equation of motion approach found that at the
IM-SRG(2) level it is not possible to reproduce experimental B(E2) transition strengths
for many nuclei [Par+17]. Another explanation they provided is that their interaction
underpredicts the nuclear radii as the reason for the diminished electric quadrupole
observables due to their radial dependence, which is similar to point-nucleon radius
operator. But since the radii using the new family of interactions are in agreement
with experimental results, this explanation is ruled out. Another reason could be that
the generators and decoupling patterns are not able to include the needed correlations,
which is also a goal for further improvements of the IM-NCSM.

The idea about missing induced three-body contributions in the IM-NCSM is due to
a phenomenon called hierarchy inversion, which was described in [Vob20|. It means
that the induced two-body terms in non-scalar observables, like the B(E2) transition
strength, dominate over the corresponding one-body contributions. To show this we first
perform a full IM-NCSM calculation with the full operator up to the two-body level and,
for comparison, with only the one-body terms.

The results for 15C are shown for the energy of the first excited state, the B(E2,2{ — 07)
transition strength and the electric quadrupole moment Q(21+) in Fig. 8.35 in dependence
of the flow parameter s. The squares are results for Ny.x = 2 and calculations using
Npax = 4 are depicted by diamond symbols. In the left-hand panels the observables are
shown for the imaginary-time generator and for the results in the right-hand panel the
White generator has been used. The calculations including only the one-body part are
shown as open symbols and the full calculations are depicted by closed symbols. For the
energy of the excited 2f state, the results for the full calculations and for the one-body
part only are the same. In case of the B(E2) transition strength, the results with the
one-body part become approximately half of the result obtained from the full calculation.
This indicates that the contribution to the B(FE2) transition strength is largely shifted
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Fig. 8.35.: First excited state, B(E2) transition strength and electric quadrupole moment for °C as
function of the flow parameter s with a reference space N, = 2. On the left side results
for the imaginary-time and on the right results for the White generator are shown. Closed
symbols denote full calculations with the induced zero-, one- and two-body part and open
symbols are results where only the zero- and one-body parts are used.

into the induced two-body terms. For the quadrupole moment the behavior is similar,
i.e., the induced two-body contributions dominate over the one-body terms. Since the
two-body part dominates over the one-body part for the B(E2) transition strength
and the electric quadrupole moment, one might ask how important induced many-body
terms beyond the NO2B approximation are. This is the point where the LOTC becomes
interesting, which will be discussed in section 8.6.

Now we discuss the behavior of the electric quadrupole observables with respect to the
considered isotopic chains. The isotopes in the oxygen isotopic chain have a magic
proton shell closure. Therefore, it might be that the IM-NCSM framework with the
NO2B approximation is not able to describe the induced neutron contributions properly.
In case of the carbon isotopes, only the 1ps/5 subshell is closed indicating that protons
could contribute to the electric quadrupole observables, which could be a reason for the

good agreement with experiment for the most carbon isotopes. We further saw that
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Fig. 8.36.: B(M1) transition strengths for odd oxygen isotopes ranging from %0 to 'O as function
of the chiral interaction order. Error bars indicate interaction uncertainties and bands are
combined many-body and interaction uncertainties. The experimental B(M1) transition
strength of O is taken from [Til+95].

the IM-NCSM is able to describe correlation effects for deformed neon isotopes. But
since the B(FE2) transition strengths are underestimated, it could be that not enough

deformation effects are captured.

8.4.2. Magnetic Dipole Observables

In this section we consider magnetic dipole transition strengths and moments for oxygen
and neon isotopes. We start with the B(M1) transition strengths and magnetic dipole
moments p of odd oxygen isotopes. Afterwards we will discuss these observables for

isotopes from the neon isotopic chain.

Odd Oxygen lsotopes. The B(M1,3/2; — 1/27) and B(M1,5/2{ — 3/2]) transi-
tion strengths for odd oxygen isotopes *~2'O are shown in Fig. 8.36 in dependence of
the chiral interaction order. Like in the section before, results at N¢ = 0 are shown

max
as red symbols and blue symbols denote results for Nt = 2. All results are shown for
Npax = 4 and obtained using the particle-removed scheme. Interaction uncertainties are
represented by error bars and combined many-body and interaction uncertainties are
shown as shaded bands. For all isotopes the are well converged with respect to Npax
and N . We are able to reproduce the B(M1) transition strength of 10 and give
predictions for =170 and 2'0.

The magnetic dipole moments p of 1*~21O are shown in Fig. 8.37. Experimental results
are available for 7O and YO, which are slightly overestimated by our calculations. For
150 and ?'O we are able to predict a value for the magnetic dipole moment. As for the

computed B(M1) transition strengths, our results for the dipole moments are converged.
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Fig. 8.37.: Magnetic dipole moments for odd oxygen isotopes ranging from *O to 'O as function of
the chiral interaction order. Error bars indicate interaction uncertainties and bands are
combined many-body and interaction uncertainties.

Neon Isotopes. The B(M1) transition strengths of ®~2!Ne and 2325Ne are shown in
Fig. 8.38 as function of the chiral interaction order. The symbols have the same meaning
as in Fig. 8.36. Experimental results are available for '8Ne, 2°Ne and ?'Ne. For '®Ne
and 2!Ne, the experimental B(M1) transition strength is slightly underestimated. For
20Ne we are able to reproduce the experimental value. For Ne and ?*2?°Ne we are
able to predict a B(M1) transition strength. Furthermore, we obtained large interaction
uncertainties for the B(M1) strength at NLO for 1¥Ne and 2°Ne at NIt = 0, which can

max

also be seen for 2*Ne at N2LO and N3LO. This indicates that N¢{ = 0 is not sufficient
enough to obtain converged results for the B(M 1) transition strengths of these isotopes.
For the neon isotopic chain ranging from '®Ne to ?°Ne, magnetic dipole moments are
shown in Fig. 8.39. Experimental results are available for 19723Ne and we reproduce
most of these. Only for 22Ne we underestimate the experimental result and for 22Ne we
see a slight overestimation. All magnetic dipole moments, except the dipole moment of
24Ne at Nt = 0 are converged with respect to NIf and the chiral interaction order.

Compared to the PGCM results in [Fro+22al, our results for 13-24Ne do not differ a lot.
In comparison to experimental results, the B(M1) transition strengths and magnetic
dipole moments p from the IM-NCSM of all isotopes are in a much better agreement

compared to the electric quadrupole observables.
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8.5. lIsotopic Chains

In this section we summarize the results for the oxygen, carbon, and neon isotopic
chains. Figure 8.40 shows ground-state energies (first panel), 2f excited state energies
(second panel), B(E2,2{ — 0f) transition strengths (third panel), electric quadrupole
moments Q(2]) (fourth panel) and charge radii (bottom panel) for even oxygen isotopes
as function of the isotope. The error bands are combined many-body and interaction
uncertainties. The blue closed symbols are results at N3LO, the red closed symbols are
results at N2LO and the results at NLO are depicted by open grey symbols. For all oxy-
gen isotopes we obtain a good agreement with experiment for ground-state energies, first
excited states and charge radii at N?LO and N3LO. The experimental B(E2) transition
strengths are systematically underestimated, i.e., we are not even able to reproduce the
experimental trend. Also, the electric quadrupole moment () cannot be reproduced.
The same summary is shown for the carbon isotopic chain in Fig. 8.41. For the carbon
isotopic chain, the family of chiral interactions performs well for all observables com-
pared to experimental results. The only observable we are not able to reproduce is the
B(E?2) transition strength of 6C. Furthermore, we obtain the same trend for the elec-
tric quadrupole observables shown in [FRN13] including a negative electric quadrupole
moment @ for the first excited state of '5C and a small value of @ for '°C.

The ground-state energies, first excited state energies, B(E2) transition strengths, elec-
tric quadrupole moments and charge radii for the neon isotopes are summarized in Fig.
8.42 as function of the isotope. The figure is constructed in the same way as Fig. 8.41.
Also for the neon isotopic chain, the experimental ground-state energies, first excited
states and charge radii are well reproduced compared to experimental. The B(FE2) tran-
sition strengths are underestimated, especially for the lighter isotopes ®=22Ne. But for
18=24Ne we do reproduce the experimental trend.

In summary we can state that the new family of chiral interactions performs very well
for ground-state energies, spectra, and charge radii. The systematic underestimation of
B(E2) transition strengths in the oxygen and neon isotopic chain seems to be an issue
of the NO2B approximation. Therefore, it could be very important to include induced
three-body terms in the IM-SRG framework.
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8.6. Leading-Order Three-Body Correction

The LOTC approximation, as derived in chapter 6, is an approximation for the evaluation
of induced three-body terms in the observable transformation step of the multi-reference
IM-SRG. Since we compute the contributions from the LOTC in the m-scheme, we can
only perform the calculation for small model spaces like epax = 2 Or epax = 4.

The steps for the IM-NCSM including the LOTC approximation are:

1. Solve the ODE in order to obtain the Magnus operator Q(s) using an epayx = 12

truncation.
2. Calculation of observables using the same model-space truncation.
3. Conversion of the matrix elements into a smaller model-space like €2y = 4 or 2.

4. Using the LOTC in the m-scheme to obtain three-body corrections and add them
to the output of step 2.

Lastly, the usual post-diagonalization step is performed for both matrix elements with
and without LOTC. With the LOTC we correct the matrix elements of the Hamiltonian
H(s) and the electric quadrupole operator Me212(5)

The results for the application of the LOTC approximation (open symbols) for 12C and
16C are shown in Fig. 8.43 in comparison to results using the NO2B approximation
(closed symbols). The ground-state energies, lowest excited states and B(E2) transition
strengths are shown as function of the flow parameter s. Results for Ny, = 0 are
represented as circles and squares show the results for V.« = 2. The LOTC calculations
are truncated using emayx = 4 for 12C and for '°C an e = 2 truncation has been used.
Furthermore, for the multi-reference IM-SRG evolution we used the White generator.
The influence of the LOTC on the ground-state energy for '2C and '6C is very small.
For the lowest excited states of °C, the influence of the LOTC is also very small. In
case of 2C the energies of all excited states are shifted into a larger energy regime. For
the B(F2) transition strength, there is quasi no influence for '°C and for 2C we see a
slight correction of the B(FE2) transition strengths towards larger values.

The same observables are shown for 160, 80 and ?°Ne as function of the flow parameter
in Fig. 8.44. For 80 and ?°Ne, we computed the LOTC using N = 0 and epax = 2.
For 160 we used epax = Nr‘fix = 2.

As we can see, the influence of the induced three-body correction on the ground-state
energy of 2°Ne is very small. For the oxygen isotopes instead, the LOTC correction
leads to a stronger overbinding compared to the NO2B approximation. In comparison
to [Hei+21], who performed full single-referene IM-SRG(3) calculations for 60, our

results show the opposite behavior, i.e., when using the single-reference IM-SRG(3),
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Fig. 8.43.: Ground-state energies, lowest excited states and B(E2) transition strengths for *>C and '°C
as function of the flow parameter s. Closed symbols are results with the NO2B approxima-
tion and open symbols are the results with the LOTC approximation on top.

the ground-state energy is corrected towards higher energies. For 10, the 2] state
is slightly corrected towards lower energies by the LOTC approximation. In case of
180 the opposite behavior occurs, but the 41+ state is corrected towards lower energies.
Considering the B(E2) transition strengths of the oxygen isotopes, the LOTC corrects
the B(E2) transition strength towards larger values for 60 and towards smaller values
for 0. The effect of the LOTC approximation for 2°Ne is the same as in °C for all
observables, the effect is extremely small. We also see that the flow stabilizes slower
when using the LOTC approximation, especially for the observables of >C and '6180.
This is expected due to the fact that we do not decouple three-body matrix elements
explicitly. But for the B(E?2) transition strength of 60 and 80 we obtain a more stable
flow for large flow parameters compared to the NO2B approximation. This indicates that
induced three-body contributions play an important role for B(E2) transition strengths.
Due to the fact that the influence of the LOTC approximation, especially on the B(E2)
transition strengths is extremely small when using model space sizes up to epnax = 4,
we can conclude that the LOTC approximation can only be used as an uncertainty
estimation for neglecting three-body forces in the IM-NCSM.

There could be a number of reasons for the small influence of LOTC. First of all, we only

compute a correction to the BCH series. As a consequence, induced three-body terms in
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the reference state are not explicitly decoupled from higher lying ph-excitations. Another

point is that the commutator [QB], OAB]} is not included in the observable transformation,

which is also the case for the three-body part of [Q@]’ OA[Q}] . These expressions could have
a large impact on the results. Furthermore, we only perform a leading-order correction to
the BCH series, including the first nested commutator (k = 2), which may be extended
to k = 3 or k = 4. Another influence could be the small model-space dimension, which
can be increased by performing j-coupling or using a massively parallelized code. But
the j-coupled equations in the LOTC approximation include 95 and 12j symbols, which
are expensive to compute and making the implementation error prone. All in all, a
lot of effort is needed to find a solution for the systematic underestimation of B(E2)
transition strengths in the oxygen and neon isotopic chain. Especially for the multi-
reference IM-SRG, the effort is much larger compared to the single-reference version,
since irreducible two-body densities are an additional part of the equations. Therefore,
it might be easier to develop alternative decoupling patterns or optimize the existing

ones instead of pushing the multi-reference IM-SRG(3) forward.
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9. Conclusion and Outlook

In this thesis we have used and extended the IM-NCSM to describe the properties of
medium-mass nuclei with fully quantified many-body and interaction uncertainties. The
IM-NCSM is a combination of the best features of the IM-SRG and the NCSM.

The NCSM is an exact method to solve the stationary many-body Schrodinger equation
in form of a matrix eigenvalue problem, giving direct access to ground- and excited-state
properties of light nuclei. Due to the fast-growing model-space size, the application of
the NCSM is limited to nuclei in the p-shell. The IM-SRG is a method designed for
medium-mass nuclei, which aims for a pre-diagonalization of the Hamiltonian, i.e., the
decoupling of a reference state from all particle-hole excitations. In the single-reference
IM-SRG a single Slater determinant is used as reference state, which is restricted to
the description of closed-shell nuclei. The multi-reference IM-SRG instead uses a multi-
determinantal reference state giving access to properties of open-shell nuclei. Since we
are not able to take A-body interactions into account, the IM-SRG is truncated using
the NO2B approximation.

The IM-NCSM consists of four stages. First, a single-particle basis transformation into
the natural orbitals is applied. Afterwards, the reference state is computed in a small
model space using the NCSM. The third step is the decoupling within the IM-SRG
framework and the last step is the post-diagonalization in the NCSM. For the decoupling
we have used the Magnus formulation of the IM-SRG, which allows us to evaluate non-
scalar electromagnetic multipole operators as well. The advantage of the IM-NCSM
compared to the NCSM is that the calculated observables converge much faster. Using
particle-attachment and particle-removal schemes, it is also possible to access nuclei with
an odd nucleon number.

In this work, we have used a new family of chiral interactions consisting of an NN inter-
actions by Entem, Machleidt and Nosyk supplemented with a non-local 3N interaction,
which is optimized with respect to the ground-state energy of oxygen and the triton
binding energy. This family of interactions contains contributions from LO to N3LO
for different cutoffs, which enables us to compute interaction uncertainties using models
based on Bayesian statistics. Furthermore, we have quantified many-body uncertainties
to investigate the convergence behavior of different observables for a range of medium-

mass nuclei.
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We have applied the IM-NCSM to three isotopic chains, i.e., to oxygen, carbon, and neon
isotopes. We computed ground-state energies, low-lying excited states, charge radii and
electromagnetic transitions and moments. With the new family of chiral interactions we
are able to reproduce experimental results throughout all considered isotopic chains for
ground-state energies, spectra and charge radii. Especially for the neon isotopic chain,
this is a great success, since neon isotopes often show clustering and deformation, which
is not explicitly covered in the IM-NCSM.

Furthermore, we are able to describe electric B(E2) transition strengths and quadrupole
moments for the carbon chain in aggreement with the experiment, expect for '°C. For the
oxygen and neon isotopes, the IM-NCSM typically underestimates the B(E2) transition
strengths and overestimates experimental quadrupole moments. Therefore, we have
extended the IM-NCSM with a leading-order three-body approximation, which corrects
the observable transformation of the IM-SRG in the leading order of the BCH series
by taking induced three-body terms into account. We applied this approximation to
selected nuclei in the oxygen, carbon, and neon isotopic chain for ground-state energies,
spectra and B(E2) transition strengths. We found that the correction in the energy
and B(E2) transition strength is small. Therefore, the LOTC does not improve the
systematic underestimation of the B(FE2) transition strength. This could be due to the
fact that the BCH series is only corrected by a leading-order contribution.

So it could be necessary to correct not only the BCH series, but also the flow evolution in
the Magnus framework. Another interesting point is that induced three-body operators
are not explicitly included in this correction, i.e., the LOTC only corrects operators
up to the two-body level by normal ordering three-body contributions on the fly. The
inclusion of three-body operators needs a derivation and implementation of a full IM-
SRG(3) framework, which is computationally very expensive. Another solution could
be to improve the existing generators of the IM-SRG. One way to achieve that is to
develop alternative decoupling patterns by decoupling the reference state in a particle-
hole scheme instead of the Ny scheme we usually use in the IM-NCSM.

Another restriction of the IM-NCSM still results from the reference state, where the
dimension of the model space grows significantly with increasing number of nucleons.
This problem can be solved by using the IM-NCSM as a multi-reference active-space
method using for example 90 as core to reduce the model-space size of the reference-
state for sd-shell nuclei. For this, the reference-state has to be computed using a Tiax
truncation, which restricts the number of particle-hole excitations. Afterwards, the
target nucleus is decoupled in the multi-reference IM-SRG framework and finally the
post-diagonalization in the NCSM will be performed using the Ti,.« truncation for the
target nucleus. With this method, we will be able to access properties of heavier nuclei

like for example magnesium or even isotopes in the calcium and nickel region.
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From a practical view also other isotopic chains, like fluorine isotopes are interesting due
to the so-called oxygen anomaly, which is a shift of the neutron dripline from N = 16 to
N = 22 when going from oxygen to fluorine, in order to investigate the performance of

the new family of chiral interactions.
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A. Working Equations of the LOTC

This chapter gives an overview about the equations used in the code for the computa-
tion of the LOTC approximation for the IM-NCSM. We have mostly used intermediate
tensors for the two-body part due to computational efficiency. The intermediate tensors

are defined in chapter 6.
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The calculations of the LOTC are carried out after the solution of the BCH series in the
IM-SRG using NO2B truncated operators. We still use the BCH series with O(O) and
Q(s) and add the results on top of O(s).
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