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INTRODUCTION

The journey of nuclear physics began in 1932, when James Chadwick discovered the neu-
tron [1]. Shortly after, it was conceived that the neutron and the already known proton
were the fundamental constituents of the atomic nucleus, and the next goal was to study the
interaction of these so-called nucleons. Today we know that they are not elementary parti-
cles. The underlying theory that describes their substructure is quantum chromodynamics.
Here, nucleons are understood as a bound object of three quarks, that is held together by
an attractive interaction, mediated by messenger particles called gluons. Although possible
in principle, it is not yet feasible to provide a description of the atomic nucleus based on
interacting quarks and gluons. Instead, the effective concept of interacting inert nucleons is
adopted.

A first breakthrough in describing the nucleon-nucleon interaction was the introduction
of the meson theory by Hideki Yukawa in 1935 [2]. According to his theory, the interaction
between nucleons is mediated through the interchange of mesons, in analogy to electromag-
netism, which is mediated through the interchange of photons. The infinite range of the
electromagnetic interaction results from the masslessness of the photon. In contrast to that,
the range of the nucleon-nucleon interaction is limited by the non-zero meson mass. The
theory automatically meets several symmetry requirements, which in turn can provide the
basis to find the operator structure of the interaction [3].

First of all, some general symmetries have to be obeyed, like for instance translational and
rotational invariance, which are also obeyed by other interactions like gravitation or electro-
magnetism. In addition to that, the nucleon-nucleon interaction in particular is required to
feature parity invariance. Other interactions, like for example the weak interaction, break
this symmetry. Since only a limited set of operators meets these requirements, we can nar-
row the general operator structure of the nucleon-nucleon interaction. The remaining radial
dependencies include parameters that are adjusted to experimental results. Interactions
that reproduce deuteron properties and results of nucleon-nucleon scattering in particular
are called realistic nucleon-nucleon interactions.

Aside from general symmetry considerations, it is possible to take empirical findings into
account [3]. The binding energy per nucleon has a typical value of approximately 8 MeV
across the entire mass range, which suggests the dominance of the interaction between next
neighbors and therewith the overall short range of the nucleon-nucleon interaction. Further-
more, the fact that stable nuclei exist means that there must be an attractive component to
the nucleon-nucleon interaction. The average internucleon distance of 1 — 2 fm implicates



Introduction

the magnitude of this mid-range attraction. Another important characteristic is a strong
repulsion at short distances, which is observed at nucleon-nucleon scattering experiments.
Moreover, the non vanishing quadrupole moment of the deuteron shows that its ground
state is a superposition of states with different angular momenta. This can only be produced
by interactions with non-vanishing matrix elements between states with different angular
momenta. The so-called tensor interaction is the simplest of them. Finally, experimental
findings such as spin-orbit splitting of nuclear energy levels provide an indication of the
contribution of a spin-orbit interaction. The two most important types of correlations be-
tween nucleons suggested by empirical evidence are the central correlations, generated by
the short-range repulsion, and the tensor correlations, induced by the short-range component
of the tensor interaction.

In essence, there are two different approaches to solve the nuclear many-body problem on
this basis. One strategy to do so is by means of numerical calculations, without making any
conceptual approximations. The two most prominent of these so-called ab initio methods are
the No-Core Shell Model (NCSM) and the Green’s Function Monte Carlo (GFMC) method.
Unfortunately, the enormous computational costs resulting from the complexity of the prob-
lem limit the practicability of these methods to nuclei with small mass numbers. Another
strategy is to find approximate solutions, of which one group is given by the mean field meth-
ods. They are based upon the assumption of non-interacting nucleons, which are immersed
in an external one-body potential. This so called mean field potential can be derived from a
two-body interaction, as it is done for example in the Hartree-Fock method. However, these
methods prove to be incompatible with realistic nucleon-nucleon interactions, because the
strong short-range correlations induced by realistic nucleon-nucleon interactions go beyond
the concept of non-interacting nucleons.

In the first chapter we will present the Unitary Correlation Operator Method, a concept
that resolves this problem by imprinting the dominant short-range central and tensor cor-
relations into a many-body state. On this basis, we will subsequently in the second chapter
derive matrix elements of an interaction operator that includes the central and the tensor
correlations both in harmonic oscillator and momentum space representation. For our calcu-
lations we will use the Argonne v, potential [4], a realistic nucleon-nucleon potential whose
corresponding operator can be decomposed into 18 operators. A summary and outlook will
be given in the third and final chapter.

vi



CHAPTER 1

THE UNITARY CORRELATION OPERATOR
METHOD

As we have described in the introduction, mean field methods for solving the nuclear many-
body problem cannot account for the strong short-range correlations induced by realistic
nucleon-nucleon interactions. The Unitary Correlation Operator Method (UCOM) provides
a solution to this problem [5, 6, 7, 8]. Here, the strong short-range correlations are explicitly
described by a state-independent unitary transformation:

Uy =cClw), withC'c=1. (1.1)

The correlation operator C maps the uncorrelated state |¥) to the correlated state |¥), which
incorporates the strong short-range correlations. Matrix elements with correlated states of
an operator O are equivalent to matrix elements with uncorrelated states of a corresponding
correlated operator O:

(@|0|¥') = (w|C'OC|w') = (¥|O|W) . (1.2)
The correlated operator is defined by equation (1.2). The unitarity of C leads to
O=c'oc=c'ocC. (1.3)

We construct the correlation operator to comprise the two dominant components of the
short-range correlations, the repulsion of the central interaction and the contribution of
the tensor interaction. For convenience we split the correlation operator into two unitary
operators C, and C,, that describe the different types of correlations:

C=C,C, , (1.4)

where C, denotes the tensor correlator and C, the central correlator. In order to ensure their
unitarity, they are written as exponentials of hermitian generators G;, where i represents



1 The Unitary Correlation Operator Method

either r or Q:
C; =exp{—iG;},  with G;=G! . (1.5)

For systems with small densities, the correlations are in good approximation two-body cor-
relations, which means that we can express the hermitian generators in terms of two-body
operators:

G=> g™ (1.6)

m<n

Consequently, the correlation operators read

C, =exp{—i » g™}, (1.7)
m<n

Co=exp{—i Y gy} . (1.8)
m<n

In the following sections we will discuss both the central and the tensor correlations.

1.1 Central Correlations

The short-range repulsion of the central interaction prevents two nucleons from moving too
close together. To this end, the central correlator is required to move apart two nucleons
in radial direction, depending on their relative distance. Radial shifts are generated by
the projection of the relative momentum q = %(p1 — p,) onto the relative distance vector
r = X; — X,, called radial momentum:

1 r r
qr=—(q-—+—-q) ) (1.9)
2 r T

The radial shifts have to be large at small distances and subside at large distances. This
distance dependence is described by the shift function s(r). Thus, the generator of the
central correlations is given by

1
& =73 (s(r) G+ s(r)) : (1.10)

Next we consider the effect of the central correlator on a two-nucleon state |¥) = |¥_ ) ®
|®), which we separate into a center of mass and a relative component. Since the central
correlator only depends on relative coordinates, it has no effect on the center of mass com-
ponent |W.. ). For the relative component |®) we assume LS-coupled angular momentum
eigenstates |¢p(LS)JMTM;). To simplify matters, we omit the projection quantum num-
bers M and M; in the following. According to equation (1.7), the central correlator for a



1.2 Tensor Correlations

two-nucleon system is given by ¢, = exp{—1ig,}.
In coordinate representation, the centrally correlated states are given by [9]

(rlel¢) =2_(r) (R_(r)l¢) , (1.11)
(rlcfl¢) = 2,.(r) (RL(MI) , (1.12)

using the definition

Q%i(r)=='Rifr) aR;fr) . (1.13)

We note that only the radial component |¢) is affected, while the angular momentum and
spin components remain unchanged. The mutually inverse functions R (r) are called corre-
lation functions, and are related to the shift function s(r) through

JRN) ds _ +1 (1.14)
. s(&) ' '
By approximation we obtain R, (r) ~ r &+ s(r), implying that in equation (1.11) the two
nucleons are moved apart by s(r), if they were previously separated by r.

Furthermore, we note that the similarity transformation of the relative distance operator
is given by [9]
cTrcr=R+(r) . (1.15)

r

The unitarity of c, implies that an arbitrary function f (r) transforms as

f@e=f(clre)=fR, (1), (1.16)

as can be inferred from its power series representation.

1.2 Tensor Correlations

The tensor interaction induces correlations between the spins o; and o, of two nucleons
with their relative distance vector r [3]. The tensor correlator is required to shift the nucle-
ons transversal to their relative distance vector, depending on the relative orientation and
distance of the two spins. Transversal shifts are generated by the difference between the
relative momentum and its radial component, called orbital momentum:

f 1(1 . 1) (1.17)
= —_— = — X —-——=X .
=471 4=5 r or ’
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where 1 = r x q denotes the orbital angular momentum. Analogous to s(r), the distance
dependence of the transversal shifts is described by the tensor correlation function ¥(r). On
this basis, the generator of the tensor correlations is constructed:

3
80 =9() 5 (01 1)(02" 90) + (01 40)(0 1)) = (1) 51a(r, ) (1.18)

where s;, denotes the general tensor operator

3 1
s12(a,) = ((01-2)(0;-b) + (01 -b)(0;2)) = 5(01-0,)(a-b+b-a) . (1.19)

Next we consider the effect of the tensor correlator on a two-nucleon state [9]. As in
the case of the central correlator, the center of mass component is invariant under the
transformation, since the tensor correlator only depends on relative coordinates. Again,
we assume LS-coupled angular momentum eigenstates |¢(LS)JT) for the relative compo-
nent. According to equation (1.8), the tensor correlator for a two-nucleon system is given by
c, = exp{—igg,}. To find relations for the tensor correlated two-nucleon states, we first ascer-
tain their possible angular momenta. Since they have to be antisymmetric, L+S+T must give
an odd number [3]. Furthermore, angular momentum coupling requires |[L — S| <J < L+S.
As a result, L can only take values J or J &1 for S =1, and only J for S = 0. Consequently,
L =J and L =J =1 are the only possibilities we have to analyze in general. We now consider
the non-zero matrix elements of the tensor operator [8]:

(P £1, 1T s1(r,q0) [¢(J F1,1JT) = £3i/J(J + 1) . (1.20)
Combining equations (1.18) and (1.20) yields the non-zero matrix elements of —igg:

(U +1,1)JT| —igy ¢ F1,1JT)=46,(r), (1.21)
where we have used the definition

0,(r)=3J[U + 1) o) . (1.22)

By evaluating the corresponding matrix exponential we find the matrix elements of the ten-
sor correlator:

Cq | 19 =1, DJT) | |p(USWT) | [¢(J+1,1)JT)
(p(J —1,1)JT| cos 6,(r) 0 —sin 6,(r)
(p(JS)IT]| 0 1 0
(p(J+1,1)JT| sin 6,(r) 0 cos 6,(r)

From this we can directly read off explicit relations for the tensor correlated states.
For L = J the states are invariant under the transformation

Cqle(US)T)=|p(USWT), (1.23)
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while states with L =J £ 1 transform like
cqlo(£1,1)JT)=cosO,(r) |¢(J£1,1)JT)Fsin0,(r) |¢p(JF1,1)JT) . (1.24)

Similarly, for the adjoint tensor correlator cS'2 = exp{ig,} we find that states with L = J are
invariant

chlpUSWT)=1p(JS)T) , (1.25)
while states with L =J £ 1 transform like

c;rz |p(J£1,1)JT) =cos,(r) |¢p(J£1,1)JT)£sin6,(r) |¢(J F1,1)JT) . (1.26)

1.3 Spin-Isospin Dependence

The nucleon-nucleon interaction can be projected onto the different spin-isospin channels
[10]. This proves to be useful, since certain parts of the interaction do not contribute in all
of them. In particular, the tensor and spin-orbit components only have contributions in the
S =1 channels. Accordingly, we can write the generators in general as

& = Zgi,STHST s (1.27)
ST

where i represents either r or Q2 and where Ilg; denotes the projection operator onto spin
and isospin. On this note, the generators of the central and the tensor correlations can be
written as

1
8= 25 (5510 @+ a6 () Ty (1.28)
S,T
8o = Z"?T(r) s12(r,q0) 7, (1.29)
T

where sg; (1) and 9, (r) denote the shift function and the tensor correlation function for each
spin-isospin channel. For the correlators in a two-nucleon system, equation (1.27) yields

¢; = exp{—ig;} = eXP{—ﬁZ gisrllsr} = Zexp{—ﬁgi,ST} gr = ZCSTHST ,  (1.30)
ST

ST ST

implying that the correlators can be determined independently for the different spin-isospin
channels.
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1.4 Cluster Expansion

A correlated operator generated by the unitarity transformation (1.3) can be expanded into
a series of irreducible contributions to all particle numbers [5]:

O0=cloc = Z o (1.31)

where O™ denotes the irreducible n-body contribution. Equation (1.31) is called a clus-
ter expansion. If O is a k-body operator, all irreducible contributions with n < k vanish.
Provided the range of the correlation functions is small compared to the mean interparticle
distance, we can make use of the two-body approximation

0% =0 40! | (1.32)

where three-body and higher-order contributions are neglected. In principle, all contribu-
tions to the cluster expansion can be evaluated [11]. However, for many-body calculations
their inclusion is an extreme challenge. Since we will only deal with two-body problems in
this work, equation (1.32) provides an exact description.



CHAPTER 2

CORRELATED INTERACTION

Having introduced the Unitary Correlation Operator Method, we can now study the ma-
trix elements of the correlated interaction operator Vv = c'vc for a two-nucleon system in
both harmonic oscillator and momentum space representation. As indicated in sections 1.1
and 1.2, we consider LS-coupled angular momentum eigenstates |¢(LS)J T) for the relative
component of the two-nucleon state. In order to obtain the matrix elements of Vv, we first
have to derive the matrix elements of the correlation operator ¢ = cqc,.

2.1 Harmonic Oscillator Representation

In harmonic oscillator representation, the radial wave function ¢ is represented by a generic
radial quantum number n. The relative wave functions are given by the harmonic oscillator
eigenfunctions:

(r(LS) T[n(LS)T) = Ny rte™ L1 12(2vr?) 2.1

using the definitions

2y3  Qnt2L+3414,/L e
NT'LL = 5 vV =— 5 (2.2)
n (2n+2L + 1N 2

where u denotes the reduced mass and w the frequency of the harmonic oscillator. Here and
in the following, we employ a system of units with i = 1. For our calculations we assume
v = 0.12 fm ™2, which corresponds to fiww = 20 MeV. The generalized Laguerre polynomials
are given by

L) =) (’;tf) (_i’;) . (2.3)

i=0
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2.1.1 Correlation Operator Matrix Elements

Using the formal framework of the harmonic oscillator representation, we can derive the
corresponding matrix elements of the correlation operator:

(n(LS)JT|cqe, |n'(L'S)JT)

=y J drr? (n(LS)T|r(L"S" )" T")(r(L"S" )" T"| cqc, |/ (L'S)JT)

L//S//J//T//

(2.4)

= J drr? (n(LS)JT|r(LS)JT){r(LS)JT|cqc, |n'(L'S)JT) ,

where we have inserted the identity operator in position space representation and subse-
quently used the orthogonality of the harmonic oscillator eigenfunctions. For L and L’ we
distinguish three cases.

For L = L' =J we find:

(n(JS)JT|cqe, In'(JS)IT)

@D J drr? (n(USY T|r(JS)T)(r(JS)T|cqc, |n'(JS)T) .

According to equation (1.25), the tensor correlator does not have an effect here:
= J drr® (n(JSYJT|r(JS)T){r(JS)T|c,|n'(JS)JT) .

Using equation (1.11) we evaluate the transformation of the central correlator:
= J drr* Z_(r) (n(JS)JT|r(JS)JT)(R_(r)(JS)T|n'(JS)JT) .

Analogous, for L = L’ =J £ 1 we find
(n(J £1,1)JT|cqe, In'(J£1,1)JT)

@ J drr® (n(J £ 1, 1 TIr(J £ 1, DIT)(r(J £1,1)JT| cqe, |0'(J £1,1)JT) .



2.1 Harmonic Oscillator Representation
Here we use equation (1.26) to evaluate the transformation of the tensor correlator:

= J drr® (n(J £1,1)JT|r(J £1,1)JT)

x ((r(J +£1,1)JT| cos6,(r) ¢, [n'(J £1,1)JT)

+ (r(J F1,1)JT| sin0,(r) ¢, |n'(J £1, 1)JT)) .

Inserting the identity operator c, c:f leads to an expression that can be evaluated using equa-
tion (1.16):

= J drr2 (n(U£1,1)JT|r(J £1,1)JT)
x ((;»U +1,1)JT| ¢, ¢ cos6,(r) ¢, [n'(J £1,1)JT)
+(r(J F1,1)JT|c, c! sin6,(r) ¢, [n'(J 1, 1)JT))
= J drr® (n(U£1,1)JT|r(J £1,1)JT)
x ((r(J +1,1)JT|c, cos6,(R, (1) |n'(J £1,1)JT)
(1 F 1,1 T|, sin6,(R, (1) |n'(J £1,1)JT) ) .

Making use of equation (1.11), we evaluate the transformation of the central correlator:

= J drr* (n(J £ 1, 1)JT|r(J£1,1)JT)%Z_(r)
x (cos 0,(R.(r) (R_(NU £ 1, 1T £1,1)JT)
+5in6,(R, () R_(NU FL1JTInN'(J £1, 1)JT)) .

Since the harmonic oscillator eigenfunctions are orthonormal, we get

= J drr2 (nU£1,1D)JT|r(J £1,1)JT)Z_(r)
x cos0;(R,(r) (R_(r)J£1,1)JT|n'(J £1,1)JT) .
Finally, for L=J +1 and L' =J F 1 we find
(n(J £1,1)JT|cqe, IW'(JF1,1)JT)

@ J drr* (n(J £ 1, DJTIr(J £ 1, 1DITYr(J £1,1)JT| cqe, (T F1,1)JT) .
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Again we use equation (1.26) to evaluate the transformation of the tensor correlator:

= J drr® (n(J £1,1)JT|r(J £1,1)JT)

x ((r(J +£1,1)JT| cos6,(r) ¢, [n'(J F1,1)JT)

+(r(J F1,1)JT| sin0,(r) ¢, |n'(J F 1, 1)JT)) .

As before, inserting the identity operator c, cr' leads to an expression that can be evaluated
using equation (1.16):

= J drr* (n(J £1,1)JT|r(J £1,1)JT)

x ((r(.] +1,1JT| ¢ ¢ cos6,(t) ¢, |n'(J F1,1)JT)

+(rJF1L,1JT|c,c sind, (1), [n(JF1, 1)JT))
= J drr? (n(J £1,1)JT|r(J £1,1)JT)

x ((r(.] +1,1)JT|c, cos6,R, (1)) [n'(J F1,1)JT)

+ (r(J F1,1)JT|c, sin6,(R.(r) [0'(J F 1, 1)JT>) :
With equation (1.11) we evaluate the transformation of the central correlator:
= J drr* (n(J £1,1)JT|r(J £1,1)JT)%Z_(r)

x (cos 0,(R.(r) (R_(NU £ 1, 1T F1,1)JT)

5in 0,(R, (1) (RN F LT F1,10T)) .
The orthonormality of the harmonic oscillator eigenfunctions leads to
= :I:J drr> (n(J £1,1)JT|r(J £1,1)JT)Z_(r)

x sin0;(Ry(r)) (RL(r)J FL,1JT|n'(JF1,1)JT) .

For the sake of clarity, the resulting non-zero matrix elements (n(LS)JT|cqc, |n'(L'S)JT) for

10



2.1 Harmonic Oscillator Representation

all combinations of L and L’ are listed below.

(n(S)IT| cqe, ' (JSWT) = J drr® &_(r) (r(JS)J T|n(JS)IT)*
x (R_(M)JS)T|n'(JS)JT)
(N £1,1JT] cqe, [N £1,1)JT) = J drr &_(r) (r(J £ 1, 1)J T|n(J £1,1JT)"
x cos0,(R, (1) (R_(1(J £ 1, 1)JT|n'(J £1,1)JT)
(N £1,1JT] cqe, I F1,1)JT) = iJ drr &_(r) (r(J £ 1, )JT|n(J £1,1JT)"

xsin@;(Ry(r)) (R_(MWJ FLJT|n'(JF1,1)JT) .
(2.5)

For some specific partial waves, the resulting matrices for all possible combinations of L
and L’ are illustrated in figures 2.1 and 2.2. We observe that all matrices with L = L’
share a similar structure. As a result of normalization, their main diagonal elements are
approximately equal to unity. Furthermore, the matrices with L # L’ share a similar structure
as well. Overall, we notice significant off-diagonal contributions in all cases.

0.00

R
LIRSS IS

7 L FLS

S S
-0.05 OSSO eSS
. LIALALAT ST AL
e S ek

0 oo, 7 20

hlv
555
LAY
".'4'

Figure 2.1: Correlation operator matrix elements for J = 0, S = 0 and T = 1 for the only
possible combination of L and L’
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S TR
S S S
22 AT RS
e e e S et
LR R S
LR e
AL
*~a:i,:: 2L

L
L8,
YALRY
P

Lz
SRR
RS
RO,
.:::::....t’b

LA ATATFTFIFTE
TR LTI
X S ELEZTITE L AL IS
S S e & S G
L o
%

Figure 2.2: Correlation operator matrix elements forJ =1, S =1 and T = O for all possible
combinations of L and L’

2.1.2 Verification of Unitarity

In this section, we want to validate our numerical calculations and assess the applicability
of our results. Due to the unitarity of the correlation operator ¢, we expect the norm of any
state to be preserved under the transformation. Considering that the harmonic oscillator
eigenstates [n(LS)JT) are mutually orthonormal, we have to verify that

(n(LS)T|cle|n/(L'S)IT) = (n(LS)T|n'(L'S)IT) = 6,5, (2.6)

is satisfied. To this end, we express the matrix elements of c'c in terms of the matrix elements
listed above in (2.5) by inserting the identity operator in harmonic oscillator representation

12



2.1 Harmonic Oscillator Representation

and obtain
(n(LS)JT|c'c|n'(L'S)JT)

= > (@SWT| |n"(L"S)ITHn"(L"S) T| e |n'(L'SWT)
- 2.7)

= > (("SIT|c|n(LS)T) (n"(L"S) T| e |n'(L'S)T) .

n//L//
Here, we distinguish three cases. For L = L’ =J we find
(n(JS)IT|c'c|n’(JS)IT)

N WSHWT|e|n(S) T (n"(L"SW T|c|n'(JS)T) (2.8)
n”L"” '

D ISWT|c|n(ISWT) (n"(JSWT|c|n'(JSWT) .

n

Analogous, for L = L’ =J £+ 1 we find

(n(J£1,1)JT|cfe|n’'(U£1,1)JT)
N WSHWT el £ 1, DI T (n"(L"SW T|c|n'(J £1,1)JT)

n//L//

. (2.9)
(Z) Z (<n”(J +1,D)JT|c|n(J £1,DJIT)(n"(J +1,1)JT|c|n’'(J £1,1)JT)
n//
+(n"(J = 1,1 T cln(T £1,1JT) (n"(J = 1,1 T|c|n'(J £1,1JT) ) .
Andfor L=J4+1and L' =J F 1 we find
(n(J£1,1)JT|cc|n’(JF1,1)JT)
N (LS T eln( £ 1, DITY (" (L"S) T|e|n'(J F 1,10 T)
//L//
. (2.10)

2.5 Z ((n”(J +1,1)JT|c|n(J £1,1D)JT) (0" (T +1,1)JT|c|n’(J F1,1)JT)
n//
(U =1,1)JT|c|n(J £1,DJTY (n"(J —1,1)JT|c|n’(J F1, 1)JT)) .

In order to evaluate the matrix elements (n(LS)J T |c'c|n’(L’S)J T) numerically, it is necessary
to truncate the summation over n”. Due to the large off-diagonal contributions of the correla-
tion operator matrix mentioned before, the impact of truncation is more significant for large
quantum numbers n and n’. Consequently, we expect unitarity to be satisfied well for small
quantum numbers n and n’ only. For the same specific partial waves as in the previous sec-
tion, the matrices corresponding to the matrix elements §,,,6,, — (n(LS)JT|c'c|n’(L’S)JT)
are illustrated in figures 2.3 and 2.4 for all possible combinations of L and L’. In accor-

13



2 Correlated Interaction

dance with equation (2.6), all matrices equal the zero matrix in good approximation for
small quantum numbers n and n’, while for large n and n’ there are substantial deviations
as expected.

Figure 2.3: Unitarity verification for J = 0, S = 0 and T = 1 for the only possible combina-
tion of L and L’

2.1.3 Correlated Interaction Matrix Elements

Starting from the matrix elements of the uncorrelated interaction operator v, we can now
calculate the matrix elements of the correlated interaction operator v with the results of the
previous sections. According to equation (1.3) we get

(n(LS)T|¥|n'(L'S)JT)

= (n(LS)JT|c've |n'(L'S)JT)

=Y > (n@SJTIc [n" (L SWT)(n"(L"S)T|v|n"(L"S)IT)
n//L// n///L///
x (n"(L"S)JT|c|n’(L'S)JT)

= > ((L"S)IT|c|n(LS)IT)* (n"(L"S)IT|v|n"(L"S)JT)
n//L// n///L///

x (n"(L"S)T|c|n’(L'S)JT) ,

(2.11)

where we have inserted two identity operators in harmonic oscillator representation. Using
equation (2.5), we can evaluate this sum. Again, we distinguish three cases. For L =L =J

14



2.1 Harmonic Oscillator Representation

7 s
A, S A
s e, i
s
e
2
21177

R A AT

LRI IILE

S e e e e

e s e e e
e S e,

S e S Y Sy Wiy

e ~.~.:~:..:.~.:...:'4.'

Figure 2.4: Unitarity verification for J =1, S =1 and T = 0 for all possible combinations of
Land L’

we find
(n(JS)T|¥|n'(JS)T)
@1 Z Z (n"(L"S)JT|c|n(IS)ITY (n"(L"S)JT|v|n”(L"S)JT)

nIIL// nIIIL///

x (n”(L"'S)JT|c|n'(JS)JIT) (2.12)
@ DD 0" US)T c|n(ISWT) (" (ISWT|v [ (JS)IT)

n n///

x ("(JS)T|c|n'(JS)T) .

15



2 Correlated Interaction

Analogous, for L = L’ =J £ 1 we find

(n(J £ 1, DJT|¥|W'(J £1,1)JT)

CEUN TS T (WIS T eln( £ 1, 1)IT) (" (L"S)IT| v [n"(L"'S)J T)

n//L// n///L///

x (' (L"S)JT|c|n'(J £1,1)JT)

N (@1, 10T @ £1,10T) 0" £1,1IT|v |n"( £1,1)JT)

"

W n (2.13)
n(J£1,1)JT|c|n’(U£1,1)JT)+ (" (LF1,1)JT|c|n(J £1,1)JT)*

X

X (n"(JF1,1DJT|v|n”(J £ 1, 1)JITYHn”(J £1,1)JT|c|n’(J £1,1)JT)
+ (n”(L +1,1)JT|c|n(J 1, 1)JT)*(n”(J +1,1)JT|v |n”’(.] F1,1)JT)

x (n”(JF1,1JIT|cIn’(J+£1,1IT)+ (n"(LF1,1DJT|c|n(J £1,1)JT)*
(

x (n"(J F1L,DIT|v|n"(J F1, )T (T F1,1)JT|c|n'(J £1, 1)JT)) .

Andfor L=J+1and L'’ =J F 1 we find

(n(J £1,)JT|¥|n'(J T1,1)JT)

2SS (L £ L DT eln@ £ 1, 1UT) (00 £ 1, DI T|vIn"( £1,107)
n// n///

CE TS T (WISWT cln( £ 1, 1)IT) (0" (L"S)IT| v [n"(L"'S)J T)

n//L// n///L///

(0" (L") T|c|n'(J F1,1)JT)

(2.149)
"I +£1,1DIT|c|n'(JF1L,1IT) + (n(LF1,1)JT|cln(J £1,1)JT)*

n

n(JFLDIT|vIn”(T+1, DITHR(J £1,1)JT|c|n’(JF1,1)JT)
n(L+£1,1)JT|c|n(J £1, DJTY(n"(J £1,1)JT|v|n”(J F1,1)JT)
n(JF1L,1)JIT|c|n’(UF1,1)IT) + (" (LF1L,1)JIT|c|n(J £1,1)JT)*

X (
X
+(
X (
x (n"(JF1L,DIT|v|n"”(J F1,1)ITYn”(J F1,1)JIT|c|n’'(J F1, 1)JT>) :

For J =0,S =0 and T = 1, the resulting matrix for L = L’ = 0 is illustrated in figure 2.5
together with the corresponding uncorrelated interaction matrix. We observe that the corre-
lation operator transformation truncates the large off-diagonal contributions and suppresses
the matrix elements for small quantum numbers n and n’. Following from the unitarity
verification of the previous section, the results are less reliable, the larger n and n’ are.
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2.2 Momentum Space Representation
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Figure 2.5: Uncorrelated (a) and correlated (b) interaction matrix elements forJ =0, S =0,

T=1,L=0and L' =0

2.2 Momentum Space Representation

In momentum space representation, the radial wave function ¢ is represented by the contin-
uous relative momentum q. The relative wave functions are given by the radial momentum

eigenfunctions
(2.15)

2
(r(LS)T|q(LS)T) = - Jiu(qr) ,

which result from the partial wave decomposition of the plane waves [10]. The spherical

Bessel functions
2 \'sinx
J ) =Dt == (2.16)
x Ox X

satisfy the closure relation
: : n 6(q—q)
drr® j(qr) (@' = 3 — (2.17)

2.2.1 Correlation Operator Matrix Elements

In analogy to the harmonic oscillator representation, we can derive the corresponding matrix
elements of the correlation operator, this time using the formal framework of the momentum

17



2 Correlated Interaction

space representation:
(q(LS)T|cqe, lq'(L'S)IT)

— Z Jdrrz (q(LS)IT| cq |r(L"S")T"T")(r(L"S")J"T"| ¢, |q'(L'S)JT)
L//S//J//T//

— Z Jdrr2 R_(r) (q(LS)IT| cq |F(L"S")J"T"YR_(r)(L"S")J"T"|q'(L'S)JT) (2.18)
L//S//J//T//
X 6L/L//655//5JJ//5TT//

= J drr* Z_(r) (q(LS)JT| cq |r(L'S)JT)(R_(r)(L'S)JT|q'(L'S)JT) ,

where we have inserted the identity operator in position space representation, used equation
(1.11) to evaluate the transformation of the central correlator and subsequently used the or-
thogonality of the radial momentum eigenfunctions. As for the matrix elements in harmonic
oscillator representation, we distinguish three cases.

For L = L' =J we find:

(IS T|cqe, q'(S)IT)

@29 J drr2 Z_(r) (qUIS)IT| cq |[r(IS)I THR_(1)JIS)WT|qWJS)IT) .

In accordance with equation (1.25), the tensor correlator does not have an effect here:
= J drr®> Z_(r) (q(IS)IT|r(JS)IT)R_(r)(JS)T|q'(JS)T) .

Analogous, for L = L' =J £ 1 we get
(q(J £1,1)JT|cqe, |qg'(J£1,1)JT)
(2.18) J drr® & _(r) (qUU £1,1)JT|cg|r(J £1,1)JT)

X (R_(1(J £1,1)JT|¢(J £1,1)JT) .

18



2.2 Momentum Space Representation
We use equation (1.26) to evaluate the transformation of the tensor correlator:

= J drr* Z_(r) R_(r)(J £1,1)JT|q'(J £1,1)JT)
x ((q(J +£1,1)JT| cos,(r) |[r(J £1,1)JT)
+(q(J F1,1)JT| sin6,(r) [r(J £1, 1)JT))
= J drr* Z_(r) R_(r)J £1,1)JT|q'(J£1,1)JT)
X (cos 0,(r) (qU £ 1, 1)JT|r(J £1,1)JT)
+5in6,(r) (q(J F 1, 1JIT|r(J £ 1, 1)JT)) .

The orthonormality of the radial momentum eigenfunctions leads to

= J drr* Z_(r) (R_(r)(J £1,1)JT|q'(J £1,1)JT)
x cos0,(r) (qJ £1,1)JT|r(J £1,1)JT) .
Finally, for L=J +1and L' =J F1 we get
(q(J £1,1)JT|cqe, |q'(JF1,1)JT)
@29 J drr* &_(r) (@ £1,1)JT| cq |Ir(J F1,1)JT)
x (R_(NJFLDITIUF1,1)JT) .

Again we use equation (1.26) to evaluate the transformation of the tensor correlator:

= J drr* Z_(r) R.(r)J F1,1)JT|¢(J F£1,1)JT)

x ((q(J +1,1)JT| cos8,(r) |r(J F1,1)JT)

+(q(J F1,1)JT| sin0,(r) |r(J F 1,1)JT>)
= J drr* Z_(r) R_(r)JU F1,1)JT|¢J F1,1)JT)

X (cos 6,(r) (g7 £1,1)JT|r(J F1,1)JT)

+5in6,(r) (q(J F 1, I T|r(J F 1, 1)JT>) .

19



2 Correlated Interaction
As before, using the orthonormality of the radial momentum eigenfunctions we get

= :I:J drr* Z2_(r) R_(r)J F1,1)JT|q¢’(J £1,1)JT)
xsin@,(r) (q(J F1,1)JT|r(JF1,1)JT) .

For the sake of clarity, the resulting non-zero matrix elements (q(JS)J T | cqc, |q'(JS)JT) for
all combinations of L and L’ are listed below.

(qUIS) T|cqe, lg'(ISWT) = J drr* #_(r) (R_(r)(JS)IT|q'(JS)IT)
x (r(JS)T|q(JS)JT)*
(@MU £1,1)JT|coe, |q'(J £1,1)JT) = J drr & (r) (R_(1)(J £1,1)JTI¢(J £1,1)JT)
x cos 0,(r) (r(J £ 1, 1)J T|q(J £1,1)JT)"
(U £1,1)T|cqe |q'UF1,1)JT) = iJ drr* 2_(r) (R_(r)(J F1,1)JTIq'(J F1,1)JT)

xsin@,(r) (r(J F1,1)JT|qJ F1,1)JT)" .
(2.19)

We observe that matrix elements with L = L’ in equation (2.19) cannot be evaluated nu-
merically, because the integrand does not vanish for large values of r. For matrix elements
with L # L’ the sine function suppresses the integrand, because lim,_,., 6,(r) = 0. In order
to handle this problem, we reformulate the relevant matrix elements. Using the definitions

~ 7T

ar) = £ R0 (R, I TIg U, 10T)
- (2.20)
Fraa(a'r) = = cos6,(r) #_(r) (R_(1U + 1,10 TIg (0 £1,10T)

the matrix elements read

(q(LS) T|cqe, lq'(LS)T)

2 2 ~ /
= E drr® j.(qr) j.(q'r) .

20



2.2 Momentum Space Representation

Here, we first add and subtract j;(q'r), and subsequently separate the integral:

2 ~
=— J drr? ji(qr) (jL(q/r) - jL(q/r) +jL(q/r))
/i
2 92 . ~ / . / 2 2 . . /
== J drr? ji(ar) (Jula'm) = ula'™) + = J drr? ju(qr) ju(g'r) -
/i /i

With the closure relation of the spherical Bessel functions (2.17) this reduces to

6 _ /
=¢&,(q,9)+ 2a-q) ,q ) , (2.21)
qq

where we have introduced the definition
/ 2 2 = / . /
€.(q,q) = p drr® j,(qr) (]L(q r)—j.(q r)) : (2.22)

Since lim, . R_(r) = r and lim, . %_(r) = 1, we can infer from equation (2.20) that Jj,
and j, are equal for large values of r. Consequently, the remaining integral &, (q,q’) can be
evaluated numerically.

For the same specific partial waves as in harmonic oscillator representation, the matrices

corresponding to the matrix elements (q(LS)JT|cqc, |q'(L'S)JT) — =gl 5 ;- for all possible

combinations of L and L’ are illustrated in figures 2.6 and 2.7. Agairf we observe large off-
diagonal contributions in all cases. We also note considerable fluctuations for the matrices
with L = L’ = 0 at very small momenta. Unlike in harmonic oscillator representation, a
structural disparity of the matrices with L # L’ is evident. The matrix elements of the matrix
corresponding to L =J + 1 and L’ = J — 1 surpass the scale by one order of magnitude for

very small momenta. Apart from that, all matrices are similar in structure.

2.2.2 Verification of Unitarity

In order to validate our numerical calculations and assess the applicability of our results, we
employ the same approach as for the matrix elements in harmonic oscillator representation
(see section 2.1.2). Accordingly, we have to verify that

! 6(q—¢
(q(LS)JT|c'c|q’ (L'S)JT) ={(q(LS)JT|q (L'S)JT) = % 6.1 - (2.23)

is satisfied. To this end, we express the matrix elements of c'c in terms of the matrix elements
listed above in (2.19) by inserting the identity operator in momentum space representation
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2 Correlated Interaction

Figure 2.6: Correlation operator matrix elements for J = 0, S = 0 and T = 1 for the only
possible combination of L and L’

and obtain

(q(LS)JT|c'c|q’ (L'S)JT)

= ZJ dq"q" (q(LSWT|c"|q"(L"S)IT)(q"(L"S) T|clq'(L'S)IT)

L// (2.24)
= ZJ dq"q"? (q"(L"S)T|clq(LS)T)(q"(L"S)T|clq'(L'S)IT) .
L//
Here, we differentiate between three cases. For L = L’ = J we find
(qUUS)JT|c'c|q’'(JS)JT)
2.249) 1" 11 / / */ 1 /
= ZJ dq"q"? (q"(L"S$)T|clqS)IT)* (q"(L"S)IT|clq'(JS)T) (2.25)
L” .

(2é9) J dq//q//z (q//(JS)JTlC|q(J5)JT)*(q”(_]S)JT|Clq/(.]S)JT) .

22



2.2 Momentum Space Representation

Figure 2.7: Correlation operator matrix elements for J =1, S =1 and T = O for all possible

combinations of L and L’

Inserting equation (2.21) we get

5 1/ _ 5 1/ _ /
= J dq”q" [ij(q”,q) + M] [Ej(q”,q’) + M}
q"q q"q

6(¢"—q) 6(¢" —¢q")
q//q q//q/
5(q" - q)}

= J dq”q" [éj(q”,q)éj(q”,q’ﬂ

, 6" —q) v
+&,(¢", ) 7R +&,(q",q) e
Evaluating the integrals that include & distributions yields

6 _ /
- J dq"q"” €,(q", ) E,(",q) + (qqq,q ) D+ @) -

23



2 Correlated Interaction

Analogous, for L = L’ =J £ 1 we find
(qJ £1,1)JT|c'c|g’(U+1,1)JT)

(224)2qu// "2 (q"(L"S)JT|clq(J £1,DJT)(q"(L"S)JT|cl|q'(J£1,1)JT)

L//

@ J dq"q"” (<q”u+ 1,1)JT|clgW £1,1)JT)(q"(J +1,1)JT|c|g'(J £1,1)JT)

+{(q"(U—1,1)JT|clqgJ £1,1)JT)(q"(J —1,1)JT|c|q'(J £1, 1)JT)) )
(2.26)

Inserting equation (2.21) we get

5(a" — s(a”’ —d
qu// 112 (|:£Ji1(q//’q)+Mi| [gjil(q//:q/)+M}
q"q qq

+(q"UFLITIclqU £1L,1)JT)(q"(J F1,1)JT|clg'(J +£1, 1)JT))

=J "q" &;11(0",9) E101(q", q )+(qTq)+€m(q q)+&,41(q,9)

+qu” Q"I F1,1)JT|clqJ £1,1)JT)(q"(UF1,1)JT|c|qg’(U+1,1)JT) .

Finally, for L=J £ 1 and L' =J F 1 we find
(qUU £1,1)JT|c'c|q’'(J F1,1)JT)

@24 ZJ dq"q"” (q"(L"S) T|clqg(J £1,1)JT)*(q"(L"S)W T|clqg'(J F1,1)JT)

L//

(219 J dq"q"? ((q”(J +1,1)JT|clqgJ £1,1)JT)(q"(U+1,1)JT|c|l¢(JF1,1)JT)

+(q"(U—-1,1)JT|clq(J £1,1)JT)(¢"(J —1,1)JT|clq'(JF1, 1)JT)) .
(2.27)
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2.2 Momentum Space Representation

Again, inserting equation (2.21) we get
" 112 1/ 6(q// B q) 17 /
= | da’q €+1(q ,q)+T ("(U£1,1)JT|clg'(JF1,1)JT)

. v o~ 0@ =q)
+(q"(JF1,1)JT|clqg £1,1)JT) | &41(q ’qH_T

= (U £1,1)JT|clg(JFLOIT) + (U FL,1IT|clg( £1,1JT)

+ J dq"q"™ &,.,(q", Q) (q"U£1,1)JT|clg(J F1,1)JT)
+ J dq"q"™ &,21(q",¢) ("I F1,1)JT|clqJ £1,1)JT) .

In order to evaluate the matrix elements (q(LS)JT|c'c|q’(L’S)J T) numerically, it is neces-
sary to truncate the integration over q”. Due to the large off-diagonal contributions of the
correlation operator matrix mentioned before, the impact of truncation is more significant
for large momenta g and q’. Analogous to our considerations in harmonic oscillator repre-
sentation, we consequently expect unitarity to be satisfied well for small momenta g and g’
only. For the same specific partial waves as in the previous section, the matrices correspond-
ing to the matrix elements 5(‘;—;,‘1/)5 11— {q(LS)JT|cc|q/(L'S)JT) are illustrated in figures 2.8

and 2.9 for all possible combinations of L and L’. Aside from so far unclear fluctuations at
very small momenta g and q’, all matrices with L = L’ equal the zero matrix in good approx-
imation for small momenta according to equation (2.23). However, the matrices with L # L’
have a fundamentally different structure. Contrary to our expectations, unitarity is satisfied
well for large but not for very small momenta. In the region of very small momenta, the
matrix elements surpass the scale by one order of magnitude. As of yet, the reason remains
unclear.

2.2.3 Correlated Interaction Matrix Elements

As for the harmonic oscillator representation (see section 2.1.3), starting from the matrix
elements of the uncorrelated interaction operator v, we can calculate the matrix elements
of the correlated interaction operator v with the results of the previous sections. Equation
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2 Correlated Interaction

Figure 2.8: Unitarity verification for J =0, S = 0 and T = 1 for the only possible combina-
tion of L and L’

(1.3) yields

(q(LS)T|VIq'(L'S)JT)
= (q(LS)JT|c"ve|q' (L’S)JT)

= ZJ dq"q"™? ) J dq”q"* (q(LS)T|c" |q"(L"S)IT){q"(L"S)I T|v|q" (L"'S)JT)
L//

L "

X (q"(L"$) T|clq'(L'SWT)

:Zqu//q//ZZJ dq///q///z <q//(L//S)JT|C|q(Ls)JT)*<q//(L//S)JT|V|q///(L///S)JT)

L// L///
x (q"(L"S)T|clqg'(L'S)T) ,
(2.28)

where we have inserted two identity operators in momentum space representation. We can
evaluate this integral with equation (2.19). Again, we distinguish three cases. For L = L' =J
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2.2 Momentum Space Representation

Figure 2.9: Unitarity verification for J =1, S =1 and T = 0 for all possible combinations of
Land L’

we find

(qUS)TI|VIq'(USHT)
(2%8) ZJ dq//q//ZZJ dq///q///Z (q//(L//S)JTl c |q(JS)JT>*

L// L///

x (q"(L"S)T|vIg"(L"S) T)(g" (LW T|clg (JSWT) (2.29)

(2~19) Y/ 111 111 /7 * 17 11/
= qu q Zqu q"?(q"(IS)T|clq(LS)IT)(q"(JS) T|vIq"(JS)T)

x (q"(JS)WT|c|g(JS)JIT) .
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2 Correlated Interaction

In order to evaluate this numerically, we make us of equation (2.21) and get

_ 1" 12 " 12 " 5( B q) " "
= | dq"q"" [ dg™'q &,(q", CI)+T (@"(US)T|vIq"(JSIT)

117 / 5( " q)
X {Ej(q ,q)+T]
q”q

1" 11 111 117 /! 177 / 5(q// - q) 5(q/// - /)
qu Zqu 2 [Ej(q &4+ ——; ——
q"q q"q

5 " S(a’ —
+€,(¢".q )(Tq/q)+gj(q,,,7q,)(qqu)] (@"USWT|vIg"(ISHT)

qu" & J dq”'q"* &,(q",a) &,(q",a) (q"(USN T|vIq"(JS)IT)

+(qUS)T|vlg'(JSIT)

+J "q" &,(q", ) (q"US)MT|vIq'(IS)IT)

+qu’” "2 &,(q",q) (qUSWT|vIg"(JS)T) .

Analogous, for L = L’ =J £ 1 we find

QU £1,1)JT|¥|¢'(J £1,1)JT)

(ZZS)Zqu// //2 qu/// "2 (q"(L"S)JT|clq(J £1,1)JT)*
L///

L//
(q"(L"S)JT|vI|q”(L"S)IT)q"(L"S)T|clg'(J £1,1)JT)

@1 J dq”q" J dq”q"” q”(J +1,1)JT|clg(J £1,1)JT)*

¢+, 1)JT|V|q’”(J:|:1 DWW £1,1JT|clg@ +1,101) 239
¢'UF1,1)JT|clq £ 1, 1D)IT)Yq"(JF1,1)JIT|v|¢”(J £1,1)JT)
q"(J£1,1)JT|c|l¢’(J£1,1)JT)+{(q"(J£1,1)JT|c|qg(J £1,1)JT)*
U1, 1)IT|vI¢"( F1L,1)ITHG”U F1,1)JIT|clg'(J £1,1)JT)

(U F1L,1JT|clqU £ 1, 1TV (q"U F 1L, 1JT|v|g”( T 1,1)JT)

¢"(JF1,1JIT|clgd(J £1, 1)JT)) .

+
X
X
+

/\/\/\/\/\/\

X
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2.2 Momentum Space Representation

As before, we have to use equation (2.21) for numerical evaluation. For simplicity, we omit
a detailed derivation here. Finally, for L =J +1 and L’ =J F 1 we find

QU £1,1JT|¥|¢J F1,1)JT)

(ZZS)Zqu// //2 qu/// ///2 q//(L//S)JTlClCI(J:I:l,l)JT)*
L///

L//
x (q"(L"S)T|vIg" (LS T)(q"(L"SWT|elg'(J F1,1)JT)

@1 J dq"q" J dq”q" q”(J +1,1)JT|clqg(J £1,1)JT)*

x (q"(J £1, 1)JT|V|q”’(J:|:1 DWW +1,1JT|clg¢@ T1,101) 3D
QU T LT clqU £ 1, DIT)V (" F1,1)0T|v|¢"(J £ 1,1)JT)
< (q"( £ 1, 1JIT|clg( T LIJT) + ("0 £1,1JT|clq( + 1, 1)JT)*
x (" (£ 1L, 1)IT|v|¢”U F1,1DITHG T F1, 1T clg(J F1,1)JT)
QU T LT clqU £ 1, 1T (" F1,1)0T|v|¢"( T 1,1)JT)
(

x (¢"(JF1,1)JT|c|l¢U F1, 1)JT))

Again, equation (2.21) is required for numerical evaluation. As before, we omit a detailed
derivation for the sake of simplicity.

In principle, we can now calculate the resulting matrices numerically. However, the un-
expected results of the unitarity verification imply that such results cannot be considered
reliable, which is why we do not present them here.
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2 Correlated Interaction
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CHAPTER 3

SUMMARY AND OUTLOOK

As described in the introduction, the interaction between nucleons can be deduced by consid-
ering both general symmetry requirements and empirical findings. With a nucleon-nucleon
interaction available, there are different ways of solving the nuclear many-body problem.
While ab initio methods are not practicable for nuclei with large mass numbers due to the
computational costs, mean field methods are unable to account for the correlations induced
by realistic nucleon-nucleon interactions.

In chapter 1 we presented the Unitary Correlation Operator Method, a concept that cir-
cumvents these limitations by imprinting the dominant short-range central and tensor corre-
lations into a many-body state via the transformation of the correlation operator. In chapter
2, we derived the matrix elements of the correlation operator in both harmonic oscillator
and momentum space representation. We also examined a method to assess the applica-
bility of our findings, which revealed that the results in momentum space representation
are not reliable yet. Further research is required to discover the reason and solution of this
problem. On the basis of our studies of the correlation operator, we subsequently developed
a formalism with which we can calculate matrix elements of an arbitrary potential that take
the central and the tensor correlations into account in both representations.

Since many modern nucleon-nucleon interactions are only formulated via their matrix
elements in these representations, this formalism can be used to solve the nuclear many-
body problem based upon these interactions.
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