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In the last years great experimental progresshas been
achieved in the field of ultra-cold trappedatomic gases. In
1995a Bose-Einsteincondensateof ��� Rb atomswasrealized
[1]. The cooling of a trappedgasof fermionic ��� K atomsto
a temperatureequalto half of the Fermi energy [2] could be
accomplishedin autumn1999.

In thesedilute systemsthe inter-particle distanceis much
larger than the rangeof their interaction,and,due to the low
temperature,their relativevelocitiesareverysmallsothatonly
s-wave scatteringoccursbetweenbosons.Thereforeoneuses
a zero-ranges-wave pseudo-potentialto calculateenergiesand
densities[3].

However, identical fermions (same � -state)cannot inter-
act througha zero-rangepotentialbecausetheir relative wave-
functionhasto beantisymmetricandhencevanishesat theori-
gin wherethe point-like interactionis nonzero.The first non-
vanishingscatteringcomesfrom low energy p-waves.Thusone
needsa derivationfor a contactp-wave interactionfrom thep-
wavephase-shiftsin analogyto thes-wavecasein orderto cal-
culatemean-fieldpropertiesof thedilute fermi gas.

We presenta hermiteaneffective contactinteraction(ECI)
for arbitrarypartial waveswith strengthsgiven by the respec-
tive scatteringlengths.Theattribute”contact” meansthat they
are � -distributions at the origin but containradial derivatives
for 	�
� . Theword ”effective” relatesto thedemandthat the
ECI yields effectively they samemeanenergy calculatedwith
uncorrelatedfree statesas the true two-body interactionwith
correlatedeigenstates.

In orderto enumeratethescatteringstateswe first discretize
thetwo-bodyproblemby puttingthesystemin alargespherical
containerwith radius � in the relative coordinate.� will drop
out at the end. Second,we demandthat the expectationvalue
of theECI calculatedwith � th freescatteringstate �� ��	���� with
angularmomentum	 equalsthe � th positiveenergy eigenvalue
of thetrueinteractionwith thesame	 .

Thefreeradialwave functionof �� ��	�� � is givenby�����������! #"$���&%'�(�*)+�������
(1)

with quantizedfreemomenta
),���- #./���10 � , where
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is the � th

zeroof the sphericalBesselfunction of angularmomentum	 ."$���
is thenormalizationof thefreestates.

In presenceof an interactionwith range 2 the radial wave
functionof thecorrelatedscatteringstate �� ��	�� � canbewritten
for
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Inside the potential,
�DC 2 , the shapeof

4�5���������
dependson

the detailsof the potential. For examplethe numberof nodes
is givenby the numberof boundstateswith the sameangular
momentum.Thequantizedrelativemomentum

4) ���
in presence

of the interactionis relatedto the phaseshift
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through
theboundarycondition
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With theassumption;�<+>�? � �*)&�:FHG
or I ) ��� 0+) ��� FHG

(4)

expansionof both sidesof (3) in momentumaroundthe free
momentum
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yieldsin first orderapproximationI ),���) ���  ILK ���M K ���  D;�<�>�?+���N),���N� � ����.'���*�. ��� %,O� ��. ��	 �QP (5)

with K ���  SRUT8)QT��� 0Q� M�V � , V =reducedmass.All termsof second
or higherorderin thesmallquantities(4) areneglected.

The last factorcanbe reformulatedby usingthe norm con-
stant

"5���
of thefreeradialwave function,thusthefinal expres-

sionfor theenergy shift betweentheeigenvaluesof thehamil-
tonianwith andwithout interactionreadsIWK ���  9 R TM�V ;=<�>X? � �*) ��� �)+��� " T��� B

(6)

Thenext stepis to constructaneffectivezero-rangepotentialY eff which reproducesthis energy shift for thefreestates(1) in
thesense Z ��	�� �� Y eff �� ��	�� �\[ ILK ����B (7)

According to the angularmomentumstructureof the energy
shiftsit is convenientto write thehermitianoperatorof theECI
in a partial-wavedecomposedfashion:
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where _ � is the interaction strength and � h c�j � d�,� is the 3-
dimensionaldelta function. This operatordescribesa zero-
range, non-local, hermitian interaction, which automatically
projectsontotheangularmomentumunderconsideration.The
interactionstrengthcanbe determinedby insertingthe ansatz
into condition(7) as
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The lastequationusestheparameterizationof thephaseshifts
in termsof the scatteringlengths { � , which is valid underthe
assumption(4). For 	  � we obtain the well known result_ �  M n R T { � 0 V andfor 	  |G

we get _ y� ^} n R T � { yE� c 0 V .
Equations(8) and(9) give theanalyticform of theeffective

contactinteraction(ECI) in all partialwaves.
Now theECI canbeusedto setup a mean-fieldtypemany-

body calculationto investigatethe propertiesof trappedultra-
cold fermionicgasesasfunctionof theinteractionstrength,i.e.
thescatteringlength { � , andtheotherparameterslike trapsize,
particlenumber, etc.This investigationaswell asthedetailsof
theECI aresubjectof a forthcomingpaper.
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