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From QCD to Nuclear Structure

Nuclear Structure

Low-Energy QCD
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From QCD to Nuclear Structure

Nuclear Structure

Low-Energy QCD

NN+3N Interaction
from Chiral EFT
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■ derive consistent 2N & 3N
forces from chiral EFT with
nucleons and pions as DOF
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From QCD to Nuclear Structure

Nuclear Structure

Low-Energy QCD

NN+3N Interaction
from Chiral EFT

Unitarily Trans-
formed Hamiltonian

■ adapt Hamiltonian to trun-
cated low-energy model space
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From QCD to Nuclear Structure

Nuclear Structure

Low-Energy QCD

NN+3N Interaction
from Chiral EFT

Unitarily Trans-
formed Hamiltonian

Exact & Approx.
Many-Body Methods

■ ‘exact’ solution of the many-
body problem for light & inter-
mediate masses (NCSM, CC,...)

■ controlled approximations for
heavier nuclei (HF & MBPT,...)

■ all rely on restricted model
spaces & benefit from unitary
transformation
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Similarity Renormalization Group

continuous transformation driving
Hamiltonian to band-diagonal form

with respect to a chosen basis

■ unitary transformation of Hamiltonian (and other observables)

eHα = Uα
†HUα

■ evolution equations for eHα and Uα depending on generator ηα
d

dα
eHα =
�
ηα, eHα

� d

dα
Uα = −Uαηα

■ dynamic generator: commutator with the operator in whose
eigenbasis H shall be diagonalized

ηα = (2μ)
2�Tint, eHα

�
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Similarity Renormalization Group
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dα
Uα = −Uαηα

■ dynamic generator: commutator with the operator in whose
eigenbasis H shall be diagonalized

ηα = (2μ)
2�Tint, eHα
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simplicity and flexibility
are great advantages of

the SRG approach

solve SRG evolution
equations using two- &

three-body matrix
representation
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SRG Evolution in Three-Body Space

chiral NN+3N
N3LO + N2LO, triton-fit, 500 MeV
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space

α = 0.020 fm4
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SRG Evolution in Three-Body Space

α = 0.040 fm4

Λ = 2.24 fm−1
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SRG Evolution in Three-Body Space

α = 0.080 fm4

Λ = 1.88 fm−1
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SRG Evolution in Three-Body Space

α = 0.160 fm4
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SRG Evolution in Three-Body Space

α = 0.320 fm4

Λ = 1.33 fm−1
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SRG Evolution in Three-Body Space

α = 0.320 fm4

Λ = 1.33 fm−1
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suppression of
off-diagonal coupling
=̂ pre-diagonalization

significant
improvement
of convergence

behavior
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Calculations in A-Body Space

■ evolution induces n-body contributions eH[n]
α

to Hamiltonian

eHα = eH[1]α
+ eH[2]

α
+ eH[3]

α
+ eH[4]

α
+ . . .

■ truncation of cluster series inevitable — formally destroys unitarity
and invariance of energy eigenvalues (independence of α)

Three SRG-Evolved Hamiltonians

■ NN only: start with NN initial Hamiltonian and keep two-body
terms only

■ NN+3N-induced: start with NN initial Hamiltonian and keep two-
and induced three-body terms

■ NN+3N-full: start with NN+3N initial Hamiltonian and keep two-
and all three-body terms
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Calculations in A-Body Space

■ evolution induces n-body contributions eH[n]
α

to Hamiltonian

eHα = eH[1]α
+ eH[2]

α
+ eH[3]

α
+ eH[4]

α
+ . . .

■ truncation of cluster series inevitable — formally destroys unitarity
and invariance of energy eigenvalues (independence of α)

Three SRG-Evolved Hamiltonians

■ NN only: start with NN initial Hamiltonian and keep two-body
terms only

■ NN+3N-induced: start with NN initial Hamiltonian and keep two-
and induced three-body terms

■ NN+3N-full: start with NN+3N initial Hamiltonian and keep two-
and all three-body terms

α-variation provides a
diagnostic tool to assess
the contributions of omitted
many-body interactions
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Importance-Truncated No-Core Shell

Model

Roth, Langhammer, Calci et al. — Phys. Rev. Lett. 107, 072501 (2011)

Navrátil et al. — Phys. Rev. C 82, 034609 (2010)

Roth — Phys. Rev. C 79, 064324 (2009)
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Importance Truncated NCSM

NCSM is one of the most powerful and
universal exact ab-initio methods

■ construct matrix representation of Hamiltonian using a basis of HO
Slater determinants truncated w.r.t. HO excitation energy NmxℏΩ

■ solve large-scale eigenvalue problem for a few extremal eigenvalues

■ all relevant observables can be computed from the eigenstates

■ range of applicability limited by factorial growth of basis with Nmx & A

■ adaptive importance truncation extends the range of NCSM by reduc-
ing the model space to physically relevant states

■ we have developed a parallelized IT-NCSM/NCSM code capable of
handling 3N matrix elements up to E3mx = 16
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4He: Ground-State Energies

NN only
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Λ = 2.24 fm−1 Λ = 2.11 fm−1 Λ = 2.00 fm−1 Λ = 1.88 fm−1 Λ = 1.58 fm−1

ℏΩ = 20MeV
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6Li: Ground-State Energies
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12C: Ground-State Energies
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16O: Ground-State Energies
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terms (c)

clear signature of
induced 4N originating

from initial 3N
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16O: Ground-State Energies
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400 MeV cutoff, cE refitted

to 4He ground state
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16O: Ground-State Energies

NN only
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Spectroscopy :
⇒ HK 36.5

J. Langhammer

Origin of 4N :
⇒ HK 10.5
A. Calci
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Coupled Cluster Method

G. Hagen, T. Papenbrock, D.J. Dean, and M. Hjorth-Jensen — Phys. Rev. C 82, 034330 (2010)
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Coupled Cluster Approach
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Coupled Cluster Approach

■ exponential Ansatz for wave operator

|Ψ〉 = Ω̂|0〉 = eT̂1+T̂2+T̂3+···+T̂A |0〉
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T̂

24-c



Coupled Cluster Approach

■ exponential Ansatz for wave operator

|Ψ〉 = Ω̂|0〉 = eT̂1+T̂2+T̂3+···+T̂A |0〉

■ T̂n : npnh excitation ("cluster") operators

T̂n =
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(n!)2

∑
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bc...

tbc...
jk...

{̂†
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†
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. . . ̂k̂ĵ}

■ similarity transformed Schrödinger Eq.

Ĥ|0〉 = ΔE|0〉 , Ĥ ≡ e−T̂ĤNe
T̂

■ Ĥ : non-Hermitian effective Hamiltonian
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Coupled Cluster - Equations

25



Coupled Cluster - Equations

■ CCSD : truncate T̂ at 2p2h level, T̂ = T̂1 + T̂2
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b̂ĵ|0〉
o

leads to CCSD equations

• ΔE = 〈0|Ĥ|0〉
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Coupled Cluster - Equations

■ CCSD : truncate T̂ at 2p2h level, T̂ = T̂1 + T̂2

■ projection of Ĥ|0〉 = ΔE|0〉 onto
n
|0〉, |



〉 ≡ ̂†


̂|0〉, |

b
j
〉 ≡ ̂†


̂
†
b̂ĵ|0〉
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Coupled Cluster - Equations

■ CCSD : truncate T̂ at 2p2h level, T̂ = T̂1 + T̂2

■ projection of Ĥ|0〉 = ΔE|0〉 onto
n
|0〉, |



〉 ≡ ̂†


̂|0〉, |

b
j
〉 ≡ ̂†


̂
†
b̂ĵ|0〉
o

leads to CCSD equations

• ΔE = 〈0|Ĥ|0〉 =
b b b l b b

• 0 = 〈

|Ĥ|0〉 = b l b l b b b b b b ...

• 0 = 〈b
j
|Ĥ|0〉 = b l b b b b b b ...

T1 :

T2 :

V : b b

F : b l

+ +

+ + + +

+ + +
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linked diagrams
only

⇒ size extensive

26-g



Coupled Cluster - Spherical Scheme

b l b b b b b b
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Coupled Cluster - Spherical Scheme

■ coupling of external lines to good J

0 = b l

JM JM

b b

JM JM

b b

JM JM

b b

JM JM

...
+ + +

etc.

27-a



Coupled Cluster - Spherical Scheme

■ coupling of external lines to good J

0 = b l

JM JM

b b

JM JM

b b

JM JM

b b

JM JM

...
+ + +

etc.

■ express CCSD equations in terms of

〈 p q || r s 〉

J0 J0

, 〈  b | t |  j 〉

J0 J0

, 〈 ̃ | t |  〉

00

, etc.

27-b



Coupled Cluster - Spherical Scheme

■ coupling of external lines to good J

0 = b l
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■ express CCSD equations in terms of

〈 p q || r s 〉

J0 J0

, 〈  b | t |  j 〉

J0 J0

, 〈 ̃ | t |  〉

00

, etc.

■ ⇒ drastic reduction of number of amplitudes
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Coupled Cluster - Convergence Rate
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Coupled Cluster - Convergence Rate
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Normal-Ordered 3N Interaction

Roth, Binder, Vobig et al. — arXiv: 1112.0287 (2011)
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Normal-Ordered 3N Interaction

avoid technical challenge of
including explicit 3N interactions in

many-body calculation
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Normal-Ordered 3N Interaction

avoid technical challenge of
including explicit 3N interactions in

many-body calculation

■ idea: write 3N interaction in normal-ordered form with respect to
an A-body reference Slater-determinant (0ℏΩ state)

V̂3N =
∑

V3N
◦◦◦◦◦◦

̂†
◦
̂†
◦
̂†
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◦
̂
◦
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◦
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+
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many-body calculation
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■ question: if we neglect the normal-ordered 3B term, how well
does this approximation work ?
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Benchmark of Normal-Ordered 3N
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■ typical deviations
up to 2% for 4He
and 1% for 16O
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16O: IT-NCSM vs. Coupled-Cluster
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16O: IT-NCSM vs. Coupled-Cluster

NN+3N-inducedNO2B
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16O: IT-NCSM vs. Coupled-Cluster

NN+3N-fullNO2B
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16O: Coupled-Cluster with 3NNO2B
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24O: Coupled-Cluster with 3NNO2B
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40Ca: Coupled-Cluster with 3NNO2B
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48Ca: Coupled-Cluster with 3NNO2B
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Chiral 3N for Heavy Nuclei
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