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Overview

!Lecture 1: Hamiltonian 
Prelude ● Many-Body Quantum Mechanics ● Nuclear Hamiltonian ● Matrix Elements ● 
Two-Body Problem ● Correlations & Unitary Transformations 

!Lecture 2: Light Nuclei 
Similarity Renormalization Group ● Many-Body Problem ● Configuration Interaction ● 
No-Core Shell Model ● Basis Optimization 

!Lecture 3: Medium-Mass Nuclei 
Normal Ordering ● Coupled-Cluster Theory ● In-Medium Similarity Renormalization 
Group ● Many-Body Perturbation Theory 

!Project: Do-It-Yourself NCSM 
Three-Body Problem ● Numerical SRG Evolution ● NCSM Eigenvalue Problem ● 
Lanczos Algorithm 

!Lecture 4: Precision, Uncertainties, and Applications 
Chiral Interactions for Precision Calculations ● Uncertainty Quantification ● 
Applications to Nuclei and Hypernuclei
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No-Core Shell Model

3

no-core shell model is 
straight-forward and powerful ab initio approach for  

light nuclei (up to A≈25) 

! solve eigenvalue problem of Hamiltonian represented in model space of HO 
Slater determinants truncated w.r.t. HO excitation energy NmaxħΩ

H |�ni = En |�ni
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No-Core Shell Model

4

no-core shell model is 
straight-forward and powerful ab initio approach for  

light nuclei (up to A≈25) 

! solve eigenvalue problem of Hamiltonian represented in model space of HO 
Slater determinants truncated w.r.t. HO excitation energy NmaxħΩ

exact  
diagonalization

extreme  
decoupling
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Beyond Light Nuclei

5

advent of novel ab initio approaches 
 targeting the ground state of medium-mass nuclei  

very efficiently

! idea: decouple reference state from particle-hole excitations by a unitary or 
similarity transformation of Hamiltonian
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Beyond Light Nuclei

6

! idea: decouple reference state from particle-hole excitations by a unitary or 
similarity transformation of Hamiltonian 

! In-Medium Similarity Renormalisation Group: decouple many-body 
reference state from particle-hole excitations by SRG transformation 

• normal-ordered A-body Hamiltonian truncated at the two-body level 

• open and closed-shell nuclei can be targeted directly 

! Coupled-Cluster Theory: ground-state is parametrised by exponential 
wave operator acting on single-determinant reference state 

• truncation at doubles level (CCSD) with corrections for triples contributions 

• directly applicable for closed-shell nuclei, equations-of-motion methods for open-shell

Hagen, Papenbrock, Dean, Piecuch, Binder,…

Tsukiyama, Bogner, Schwenk, Hergert,…

advent of novel ab initio approaches 
 targeting the ground state of medium-mass nuclei  

very efficiently



Normal Ordering



 Robert Roth - TU Darmstadt - March 2021

Particle-Hole Excitations

! short-hand notation for creation and annihilation operators

8

! define an A-body reference Slater determinant 

and construct arbitrary Slater determinants through particle-hole excitations 
on top of the reference state

a,b,c,… : hole states, occupied in reference state 
p,q,r,… : particle states, unoccupied in reference states 
i,j,k,…  : all states

index convention:

�� = ��� �†� = �†��

|�i = |�1�2...�Ai = �†1�
†
2 · · ·�

†
A |0i

|�p�i = �†p�� |�i

|�pq�bi = �†p�
†
q�b�� |�i...
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Normal Ordering

! a string of creation and annihilation operators is in normal order with respect 
to a specific reference state, if all  

! creation operators are on the left 

! annihilation operators are on the right  

9

! standard particle-hole operators are normal ordered with respect to the vacuum 
state as reference state 

! normal-ordered product of string of operators

! defining property of a normal-ordered product: expectation value with the 
reference state always vanishes 

h�|{. . .} |�i = 0

�†� �j , �†� �
†
j ���k , �†� �

†
j �

†
k�n�m�� , . . .

}

{�n�
†
� · · ·�m�

†
j } = sgn(�) �†� �

†
j · · ·�n�m
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Normal Ordering with A-Body Reference

! in particle-hole formulation with respect to an A-body reference Slater 
determinant things are more complicated

10

annihilation operators

particle states hole states

creation operators �†p,�
†
q, ...

�†�,�
†
b, ...

��,�b, ...

�p,�q, ...

! starting from an operator string in vacuum normal order one has to reorder to 
arrive at reference normal order 

! “brute force” using the anticommutation relations for fermionic creation and 
annihilation operators 

! “elegantly” using Wick’s theorem and contractions…

! redefinition of creation and annihilation operators necessary to guarantee 
vanishing reference expectation value 

h�|{. . .} |�i = 0
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Normal-Ordered Hamiltonian

! second quantized Hamiltonian in vacuum normal order

11

H = E+
X

�j
ƒ �j {�

†
� �j}+

1

4

X

�jk�
��jk� {�

†
� �

†
j ���k}+

1

36

X

�jk�mn
W�jk

�mn {�
†
� �

†
j �

†
k�n�m��}

H =
1

4

X

�jk�
h�j|Tint + VNN |k�i �†� �

†
j ���k +

1

36

X

�jk�mn
h�jk|V3N |�mni �†� �

†
j �

†
k�n�m��

! normal-ordered Hamiltonian with respect to reference state

E =
1

2

X

�b
h�b|Tint + VNN |�bi+

1

6

X

�bc
h�bc|V3N |�bci

ƒ �j =
X

�
h��|Tint + VNN |�ji+

1

2

X

�b
h�b�|V3N |�bji

��jk� = h�j|Tint + VNN |k�i+
X

�
h��j|V3N |�k�i

W�jk
�mn = h�jk|V3N |�mni

normal-ordered two-body 
approximation: discard residual 
normal-ordered three-body part



Coupled-Cluster Theory
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Coupled-Cluster Ansatz

! coupled-cluster ground state parametrized by exponential of particle-hole 
excitation operators acting on reference state

13

|�CCi = exp
�
T
� |�i = exp
�
T1 + T2 + · · ·TA

� |�i

! with the n-particle-n-hole excitation operators with unknown amplitudes

! need to truncate the excitation operator at some small particle-hole order, 
defining different levels of coupled-cluster approximations 

T1 =
X

�,p
tp� {�†p��}

T2 =
X

�b,pq
tpq�b {�†p�

†
q�b��}

...

T1 CCS
T1 + T2 CCSD
T1 + T2 + T3 CCSDT
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Coupled-Cluster Equations

! insert the coupled-cluster ansatz into the A-body Schrödinger equation and 
manipulate

14

H |�i = E |�i with H = exp(�T) Hint exp(T)

to obtain Schrödinger-like equation for a similarity-transformed Hamiltonian

Hint |�CCi = E |�CCi ) exp(�T) Hint exp(T) |�i = E |�i

! note: this is not a unitary transformation and therefore the transformed 
Hamiltonian is non-hermitian 

! as a result approximations will be non-variational

! similarity transformation of the Hamiltonian can be expanded in a Baker–
Campbell–Hausdorff series, which terminates at finite order 

! CCSD with a two-body Hamiltonian terminates after order T4
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CCSD Equations

! project the Schrödinger-like equation onto the reference state, 1p1h states, and 
2p2h states to obtain CCSD energy and amplitude equations 

15

h�|H |�i = ECCSD

h�p�|H |�i = 0

h�pq�b|H |�i = 0

2.3. Coupled-Cluster Equations
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Figure 2.3: Algebraic expressions for the CCSD T̂1 amplitude equations.

Cluster operator products, such as 1
4!

T̂ 4
2 , have already been left out in (2.39)–(2.41)

since their excitation rank is too high for the Hamiltonian to de-excite the resulting
determinants to the state the equation is projected on. Therefore, for a Hamilto-
nian with excitation rank X (Ĥ ), in the T̂n amplitude equation only cluster operator
products # (T̂ (M)) may appear with excitation ranks X (# (T̂ (M))) ≤ X (ĤN ) + X (T̂n ).
Evaluating Eqs. (2.39)-(2.41) in terms of matrix elements of the operators involved
is a standard task using diagrammatic techniques [25,26]. The diagrams are listed
in Appendix C.1, and the corresponding algebraic expressions are given in Fig-
ures 2.3 and 2.4. In front of each term the assigned diagram is indicated where
the naming convention has been taken from [26] 3. This facilitates the identifica-
tion of the corresponding spherical expression presented later in this work. The
expression for the correlation energy reads

∆E (CCSD) =
(E A)

+
1

4

∑

ab i j

v
i j
ab t ab

i j

(E B )

+
∑

a i

f i
a

t a
i

(EC )

+
1

2

∑

ab i j

v
i j
ab t a

i
t b

j
, (2.42)

and it is noteworthy that the expression above is also valid for all higher-order
Coupled-Cluster methods such as CCSDT, CCSDTQ, etc., provided that two-body
Hamiltonians are used. This stems from the obvious fact that it is not possible to
form closed diagrams using a two-body interaction and cluster operators beyond
T̂2. The correlation energy depends on all cluster operator amplitudes, of course,
but the T̂3, T̂4, . . . amplitudes enter implicitly through the solution of the Coupled-
Cluster amplitude equations.

3In Ref. [26], the algebraic expression for (DHa) has an incorrect sign.

Coupled-Cluster Theory for Nuclear Structure 41

! after BCH-expansion these are coupled non-linear algebraic equations for 
the amplitudes           and the CCSD energytp� , t

pq
�b

! for large-scale calculations use spherical formulation, where particle-hole 
operators are coupled to J=0

! full CCSDT is too expensive, various non-iterative triples corrections are 
being used to include triples contributions

! coupled-cluster with explicit 3N interactions can be done and was used to 
test the NO2B approximation
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CCSD Equations for Amplitudes

Chapter 2. Coupled-Cluster Theory
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Figure 2.4: Algebraic expressions for the CCSD T̂2 amplitude equations.
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2.3. Coupled-Cluster Equations
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Figure 2.3: Algebraic expressions for the CCSD T̂1 amplitude equations.

Cluster operator products, such as 1
4!

T̂ 4
2 , have already been left out in (2.39)–(2.41)

since their excitation rank is too high for the Hamiltonian to de-excite the resulting
determinants to the state the equation is projected on. Therefore, for a Hamilto-
nian with excitation rank X (Ĥ ), in the T̂n amplitude equation only cluster operator
products # (T̂ (M)) may appear with excitation ranks X (# (T̂ (M))) ≤ X (ĤN ) + X (T̂n ).
Evaluating Eqs. (2.39)-(2.41) in terms of matrix elements of the operators involved
is a standard task using diagrammatic techniques [25,26]. The diagrams are listed
in Appendix C.1, and the corresponding algebraic expressions are given in Fig-
ures 2.3 and 2.4. In front of each term the assigned diagram is indicated where
the naming convention has been taken from [26] 3. This facilitates the identifica-
tion of the corresponding spherical expression presented later in this work. The
expression for the correlation energy reads
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1
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and it is noteworthy that the expression above is also valid for all higher-order
Coupled-Cluster methods such as CCSDT, CCSDTQ, etc., provided that two-body
Hamiltonians are used. This stems from the obvious fact that it is not possible to
form closed diagrams using a two-body interaction and cluster operators beyond
T̂2. The correlation energy depends on all cluster operator amplitudes, of course,
but the T̂3, T̂4, . . . amplitudes enter implicitly through the solution of the Coupled-
Cluster amplitude equations.

3In Ref. [26], the algebraic expression for (DHa) has an incorrect sign.
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Cluster operator products, such as 1
4!

T̂ 4
2 , have already been left out in (2.39)–(2.41)

since their excitation rank is too high for the Hamiltonian to de-excite the resulting
determinants to the state the equation is projected on. Therefore, for a Hamilto-
nian with excitation rank X (Ĥ ), in the T̂n amplitude equation only cluster operator
products # (T̂ (M)) may appear with excitation ranks X (# (T̂ (M))) ≤ X (ĤN ) + X (T̂n ).
Evaluating Eqs. (2.39)-(2.41) in terms of matrix elements of the operators involved
is a standard task using diagrammatic techniques [25,26]. The diagrams are listed
in Appendix C.1, and the corresponding algebraic expressions are given in Fig-
ures 2.3 and 2.4. In front of each term the assigned diagram is indicated where
the naming convention has been taken from [26] 3. This facilitates the identifica-
tion of the corresponding spherical expression presented later in this work. The
expression for the correlation energy reads
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+
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and it is noteworthy that the expression above is also valid for all higher-order
Coupled-Cluster methods such as CCSDT, CCSDTQ, etc., provided that two-body
Hamiltonians are used. This stems from the obvious fact that it is not possible to
form closed diagrams using a two-body interaction and cluster operators beyond
T̂2. The correlation energy depends on all cluster operator amplitudes, of course,
but the T̂3, T̂4, . . . amplitudes enter implicitly through the solution of the Coupled-
Cluster amplitude equations.

3In Ref. [26], the algebraic expression for (DHa) has an incorrect sign.

Coupled-Cluster Theory for Nuclear Structure 41
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Coupled Cluster: Pros & Cons

PRO CON

much more 
efficient than ph-

truncated CI

very mild 
scaling with A

only for 
closed shell 

nuclei *
can deal with 
explicit 3N 
interaction

not 
variational

only for 
ground states 

*

other 
observables 

difficult

size 
extensive

non-hermititan 
Hamiltonian

* equations-of-motion methods give 
access to near-closed-shell isotopes 

and excited states



In-Medium SRG
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Glazek, Wilson, Wegner, Perry, Bogner, Furnstahl, Hergert, Roth,...

Similarity Renormalization Group

! consistent unitary transformation of Hamiltonian and observables

19

continuous unitary transformation to 
pre-diagonalize the Hamiltonian with respect  

to a given basis

H� = U�
†H U� O� = U�

†O U�

d

d�
H� = [��,H�]

d

d�
O� = [��,O�]

d

d�
U� = �U���

! the physics of the transformation is governed by the dynamic generator ηα 
and we choose an ansatz depending on the type of “pre-diaognalization” we 
want to achieve

! flow equations for Hα and Uα  with continuous flow parameter α
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Decoupling in A-Body Space

! partially diagonalize Hamilton matrix through a unitary transformation and 
read-off eigenvalues from the diagonal

20

! continuous unitary transformation of many-body Hamiltonian

0
BBBBBBBBBBBBBB@

...

... h��|H |��0 i ...

...

1
CCCCCCCCCCCCCCA

morphs the initial Hamilton matrix (        ) to diagonal form (          )

H� = U�
† H U�

� = 0 �!�

U
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Decoupling in A-Body Space

! partially diagonalize Hamilton matrix through a unitary transformation and 
read-off eigenvalues from the diagonal

21

! continuous unitary transformation of many-body Hamiltonian

morphs the initial Hamilton matrix (        ) to diagonal form (          )

H� = U�
† H U�

� = 0 �!�

U
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Tsukiyama, Bogner, Schwenk, Hergert,…

In-Medium SRG

! flow equation for Hamiltonian 

! Hamiltonian in single-reference or multi-reference normal order, omitting 
normal-ordered 3B term

22

use SRG flow equations for 
normal-ordered Hamiltonian to decouple 

many-body reference state from 
excitations
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��
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�

H(s) = E(s) +
X

�j
ƒ �j (s) {�

†
� �j}+

1

4

X

�jk�
��jk�(s) {�

†
� �

†
j ���k}

d

ds
H(s) =
⇥
�(s), H(s)
⇤
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In-Medium SRG Generators

!Wegner: simple, intuitive, inefficient 

!White: efficient, problems with near degeneracies  

! Imaginary Time: good work horse [Morris, Bogner] 

! Brillouin: potentially better work horse [Hergert]

23

�1234 = (�
12
34)
�1 n1n2n̄3n̄4 �1234 � [12$ 34]

�12 = (�
1
2)
�1 n1n̄2 ƒ12 � [1$ 2]

�1234 = sgn(�1234) n1n2n̄3n̄4 �
12
34 � [12$ 34]

�12 = sgn(�12) n1n̄2 ƒ
1
2 � [1$ 2]

� =
⇥
Hd, H
⇤
=
⇥
Hd, Hod
⇤

�12 = h�| [H,{�
†
1�2}] |�i

�1234 = h�| [H,{�
†
1�

†
2�4�3}] |�i
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Flow-Equations for Matrix Elements

H. Hergert - “Progress in Ab Initio Techniques in Nuclear Physics”, TRIUMF, Vancouver, 02/19/2015

In-Medium SRG Flow Equations

0-body Flow
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~ 2nd order MBPT for H(s)

H. Hergert - “Progress in Ab Initio Techniques in Nuclear Physics”, TRIUMF, Vancouver, 02/19/2015

In-Medium SRG Flow Equations

0-body Flow
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~ 2nd order MBPT for H(s)

H. Hergert - “Progress in Ab Initio Techniques in Nuclear Physics”, TRIUMF, Vancouver, 02/19/2015

In-Medium SRG Flow Equations

2-body Flow

only linked diagrams contribute, 

IM-SRG size-extensive
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s [MeV-1]

E
[M
eV

]

10-4 10-3 10-2 10-1 100
-135

-130

-125

-120

-115

-110

-105

-100

Robert Roth - TU Darmstadt - March 2021

In-Medium SRG: Single Reference

! zero-body piece of the flowing Hamiltonian gives ground-state energy 
when full decoupling is reached 

! truncation of flow equations destroys unitarity, induced many-body terms

25

16O 

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

Nmax=0 reference 
HF basis

E(s)

IT-NCSM, Nmax extrapolated

E(s) = h�ref|H(s) |�refi
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In-Medium SRG: Single Reference

Hamilton 
matrix in 
Nmax=2 
space

s [MeV-1]

E
[M
eV

]

10-4 10-3 10-2 10-1 100
-135

-130

-125

-120

-115

-110

-105

-100 16O 

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

Nmax=0 reference 
HF basis

E(s)

IT-NCSM, Nmax extrapolated



In-Medium NCSM
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Multi-Reference In-Medium SRG

28

decouple reference state from  
excitations by a unitary transformation of  

Hamiltonian and other operators

! idea: use multi-reference formulation of IM-SRG to decouple reference 
space for rest of model space, i.e., block diagonalize A-body Hamiltonian

0
BBBBBBBBBBBBBB@

...

... h��|H |��0 i ...

...

1
CCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBB@

...

... h��|H |��0 i ...

...

1
CCCCCCCCCCCCCCA

d

ds
H(s) =
⇥
�(s), H(s)
⇤

Hergert, Gebrerufael, Vobig, Mongelli, Roth,…
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In-Medium NCSM 

• use in-medium evolved Hamiltonian for a 
subsequent NCSM calculation 

• access to ground and excited states and full 
suite of observables

• IM-SRG evolution of multi-reference normal-
ordered Hamiltonian and other operators 

• decoupling of particle-hole excitations, i.e., 
pre-diagonalization in many-body space

• ground-state from NCSM at small Nmax as 
reference state for multi-reference IM-SRG 

• access to all open-shell nuclei and 
systematically improvable

NCSM 
reference state

MR-IM-SRG 
decoupling

NCSM 
many-body solution
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Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)
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In-Medium NCSM: Flow Evolution

s [MeV-1]

E
[M
eV

]

10-4 10-3 10-2 10-1 100
-95

-90

-85

-80

-75

-70

-65

-60 12C 

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

Nmax=0 reference 
HF basis

E(s)

Hamilton 
matrix in 
Nmax=2 
space

NCSM, Nmax extrapolated
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Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)
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In-Medium NCSM: Flow Evolution

Hamilton 
matrix in 
Nmax=2 
space

s [MeV-1]

E
[M
eV

]

10-4 10-3 10-2 10-1 100
-95

-90

-85

-80

-75

-70

-65

-60 12C 

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

Nmax=0 reference 
HF basis

Nmax=0

Nmax=2

Nmax=4

Nmax=6

Nmax=8
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Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)

In-Medium NCSM: Flow Evolution

32

E
[M
eV

]

-95

-90

-85

-80

-75

-70

-65

-60

s [MeV-1]

E
[M
eV

]

10-4 10-3 10-2 10-1 100
-160

-150

-140

-130

-120

-110

12C

20O

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=0 reference state 
Nmax=0,2,4,6,8 

! NCSM convergence is 
drastically improved 

! Nmax=0 eigenvalues 
deviated from E(s)



Robert Roth - TU Darmstadt - March 2021 

Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)
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In-Medium NCSM: Flow Evolution
E
[M
eV

]

-95

-90

-85

-80

-75

-70

-65

-60

s [MeV-1]

E
[M
eV

]

10-4 10-3 10-2 10-1 100
-160

-150

-140

-130

-120

-110

12C

20O

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=0 reference state 
Nmax=0,2,4,6,8 

! NCSM convergence is 
drastically improved 

! Nmax=0 eigenvalues 
deviated from E(s) 

! induced many-body 
contributions might 
affect large-s results
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Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)
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IM-NCSM: Oxygen Isotopes

A

E
[M
eV

]

14 16 18 20 22 24 26

-170

-160

-150

-140

-130

-120

-110

-100

-90

AO

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=0 reference

◆ IM-NCSM

⦁ NAT-NCSM, explicit 3N

⦁ NAT-NCSM, NO2B

! excellent agreement with 
direct NCSM 

! IM-SRG evolution limited to 
J=0 reference states and thus 
even-mass isotopes 

! odd-mass nuclei via simple 
particle attachment or 
removal in final NCSM run
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Vobig, Mongelli, Roth; in prep.
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IM-NCSM: Oxygen Isotopes

A

E
[M
eV

]

14 16 18 20 22 24 26

-170

-160

-150

-140

-130

-120

-110

-100

-90

AO

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=0 reference

▲ IM-NCSM attached

▼ IM-NCSM removed

◆ IM-NCSM

⦁ NAT-NCSM, explicit 3N

⦁ NAT-NCSM, NO2B

! excellent agreement with 
direct NCSM 

! IM-SRG evolution limited to 
J=0 reference states and thus 
even-mass isotopes 

! odd-mass nuclei via simple 
particle attachment or 
removal in final NCSM run
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Flow: 2+ Excitation Energy

! excitation energies 
are less affected by 
flow evolution 

! convergence from 
above in decoupled 
regime 

36

E x
[M
eV

]

0

1

2

3

4

5

6

s [MeV-1]

E x
[M
eV

]

10-4 10-3 10-2 10-1 100
0

0.5

1

1.5

2

12C

20O

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=0 reference state 
Nmax=0,2,4,6,8 

Exp.

Exp.

2+

2+

Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)
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Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)
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IM-NCSM: Excitation Spectra 

0

2

4

6

8

10

12

14

16

E
⇤
[M

eV
]

-90.8 -90.8 -90.8
0+

2+

0+

(0+)

1+

-92.2

12
C

-71.1-79.3-83.8 -106.3 -106.5 -106.6
0+

2+

(0+)

2+
3(+)
4+

-110.8

0

2

4

6

-83.4-93.2-99.0

16
C

2 4 6 Exp.
Nmax

0

2

4

6

E
⇤
[M

eV
]

-140.3 -140.3 -140.4
0+

2+

4+
0+
2+

2+
0+
3+

-139.8

18
O

246
Nmax

-114.2-124.8-131.5

2 4 6 Exp.
Nmax

-150.9 -150.9 -150.9

1+

0+

2+

4+

2+
0+
4+

-151.4

246
Nmax

0

2

4

6

-121.3-132.7-139.8

20
O

12C 16C

18O 20O

IM-NCSM NCSM

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=0 reference

! IM-NCSM and direct NCSM 
in excellent agreement for 
converged states 

! first excited 0+ states in 
12C and 16C differ
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In-Medium SRG: Pros & Cons

PRO CON

much more 
efficient than ph-

truncated CI

very mild 
scaling with A

straight-forward 
extension to open-

shell nuclei

not 
variational

size 
extensive

flexibility of 
generators

easy access to 
other observables

hermitian 
Hamiltonian

NO3B 
needs some 

work

bridge to 
shell model



The Limits



 Robert Roth - TU Darmstadt - March 2021

Binder et al., PLB 736, 119 (2014) 

40

Towards Heavy Nuclei - Ab InitioTowards Heavy Nuclei - Ab Initio
Binder et al., PLB 736, 119 (2014)
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E
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∎ NN+3Nind (chiral NN)

∎ NN+3Nfull (chiral NN+3N)

CR-CC(2,3)

Λ3N = 400 MeV, α = 0.08 → 0.04 fm4, E3mx = 18, optimal h̵Ω

28



 Robert Roth - TU Darmstadt - March 2021

Binder et al., PLB 736, 119 (2014) 
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Towards Heavy Nuclei - Ab InitioTowards Heavy Nuclei - Ab Initio
Binder et al., PLB 736, 119 (2014)
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Λ3N = 400 MeV, α = 0.08 → 0.04 fm4, E3mx = 18, optimal h̵Ω
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!2% residual uncertainty for ground-sta
te energies due 

to truncations in many-body approach up to A~130 

! standard chiral NN+3N interaction overbinds medium-

mass n
uclei systematically; underestim

ates radii  

!SRG-induced interactions beyond the 3N level can pose 

severe problems; ro
le of chiral 4N unclear 
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Hergert et al., PRC 90, 041302(R) (2014) 

Open-Shell Medium-Mass Nuclei

! systematic MR-IM-SRG 
study of even Ca and Ni 
isotopes 

! excellent agreement with 
best available coupled-
cluster results 

! chiral 3N interaction 
changes behavior at and 
beyond 54Ca

42

Open-Shell Medium-Mass Nuclei
Hergert et al, PRC 90, 041302(R) (2014)
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(chiral NN)

34 36 38 40 42 44 46 48 50 52 54 56 58 60 62
A

-500

-450

-400

-350

-300

-250

.

E
[M

e
V
]

ACa

NN+3Nfull
(chiral NN+3N)

!" MR-IM-SRG

∎◻ CR-CC(2,3)

!" MR-IM-SRG

∎◻ CR-CC(2,3)

Λ3N = 400 MeV

α = 0.04 fm4 (")

0.08 fm4 (!)

E3mx = 14, 16

! systematic MR-IM-SRG
study of even Ca and Ni
isotopes

! excellent agreement
with best available
coupled-cluster results

! chiral 3N interaction
changes behavior at and
beyond 54Ca
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Open-Shell Medium-Mass Nuclei
Hergert et al, PRC 90, 041302(R) (2014)
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! systematic MR-IM-SRG
study of even Ca and Ni
isotopes

! excellent agreement
with best available
coupled-cluster results

! chiral 3N interaction
changes behavior at and
beyond 54Ca
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Hergert et al., PRC 90, 041302(R) (2014) 

Open-Shell Medium-Mass Nuclei

Open-Shell Medium-Mass Nuclei
Hergert et al, PRC 90, 041302(R) (2014)
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(chiral NN+3N)

!" Λ3N = 400 MeV

∎◻ Λ3N = 350 MeV

all MR-IM-SRG

α = 0.04 fm4 (")

0.08 fm4 (!)

E3mx = 14, 16

! two-neutron separation
energies hide overall en-
ergy shift

! compares well to up-
dated Gro’kov-GF results
(not the published ones)

[priv. comm. Soma]

! chiral 3N interaction
generates magicity of
54Ca and defines dripline

31

Open-Shell Medium-Mass Nuclei
Hergert et al, PRC 90, 041302(R) (2014)
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! two-neutron separation
energies hide overall en-
ergy shift

! compares well to up-
dated Gro’kov-GF results
(not the published ones)

[priv. comm. Soma]

! chiral 3N interaction
generates magicity of
54Ca and defines dripline
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! two-neutron separation 
energies hide overall 
energy shift 

! compares well to updated 
Gor'kov-GF results 

[priv. comm. V. Soma] 

! chiral 3N interaction 
predicts flat "drip-region" 
from 56Ca to 60Ca

43



Many-Body Perturbation Theory
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The Many Lives of MBPT

45

!MBPT has turbulent history in nuclear structure physics 

! key tool in the 1970’s…  

! valence-space shell-model interactions from MBPT 

! G-matrix, Brueckner-Hartree-Fock method   

! great depression in the 1980’s… 

! no convergence with interactions of the time (core, tensor part) 

! intruder states and multi-reference character 

! today MBPT is coming back as…  

! auxiliary method (cf. importance truncation, natural orbital basis)  

! stand-alone many-body approach (cf. this workshop)



Single-Reference 
Many-Body Perturbation Theory



Robert Roth - TU Darmstadt - March 2021 

Textbook MBPT

! Rayleigh-Schrödinger perturbation theory with partitioning defined though 
choice single-particle basis

47

! power series for energy eigenvalues and eigenstates and expansion of state 
corrections in unperturbed basis

! recursive relations for energy and state corrections depending only on matrix 
elements of W in unperturbed basis

! evaluated at the level of many-body matrix elements using NCSM technology

H� = H0 + �W
<latexit sha1_base64="qnBcC1LBDf/ltt5VBhARlXbX3ks=">AAACIXicbZDNSsNAFIUn/tb4F3XpZrAIgqEkIooLoeCmywrGFtoSZibTduhMJmSmpSXkJXwGH8KtLl2JO3Hhq5jGCLb1wgyH79zD5V4ccaa043wYS8srq2vrpQ1zc2t7Z9fa279XchgT6hHJZdzESFHOQupppjltRjFFAnPawIObqd8Y0VgxGd7pSUQ7AvVC1mUE6Qz5lt2WUVJL/aTNs1CAUngNC+TAU1jQHDVS3yo7FScvuCjcQpRBUXXf+moHkgwFDTXhSKmW60S6k6BYM8JparaHikaIDFCPtjIZIkFVJ8m3SuFxRgLYlXH2Qg1z+jeRIKHUROCsUyDdV/PeFP7vxXQ0MzsZK84CKhCJpf2rdd8eT/+czrZjYWMsUtM0s4u48/svCu+sclVxb8/L1YviNCVwCI7ACXDBJaiCGqgDDxDwAJ7AM3gxHo1X4814/2ldMorMAZgp4/Mb1VGjqA==</latexit><latexit sha1_base64="qnBcC1LBDf/ltt5VBhARlXbX3ks=">AAACIXicbZDNSsNAFIUn/tb4F3XpZrAIgqEkIooLoeCmywrGFtoSZibTduhMJmSmpSXkJXwGH8KtLl2JO3Hhq5jGCLb1wgyH79zD5V4ccaa043wYS8srq2vrpQ1zc2t7Z9fa279XchgT6hHJZdzESFHOQupppjltRjFFAnPawIObqd8Y0VgxGd7pSUQ7AvVC1mUE6Qz5lt2WUVJL/aTNs1CAUngNC+TAU1jQHDVS3yo7FScvuCjcQpRBUXXf+moHkgwFDTXhSKmW60S6k6BYM8JparaHikaIDFCPtjIZIkFVJ8m3SuFxRgLYlXH2Qg1z+jeRIKHUROCsUyDdV/PeFP7vxXQ0MzsZK84CKhCJpf2rdd8eT/+czrZjYWMsUtM0s4u48/svCu+sclVxb8/L1YviNCVwCI7ACXDBJaiCGqgDDxDwAJ7AM3gxHo1X4814/2ldMorMAZgp4/Mb1VGjqA==</latexit><latexit sha1_base64="qnBcC1LBDf/ltt5VBhARlXbX3ks=">AAACIXicbZDNSsNAFIUn/tb4F3XpZrAIgqEkIooLoeCmywrGFtoSZibTduhMJmSmpSXkJXwGH8KtLl2JO3Hhq5jGCLb1wgyH79zD5V4ccaa043wYS8srq2vrpQ1zc2t7Z9fa279XchgT6hHJZdzESFHOQupppjltRjFFAnPawIObqd8Y0VgxGd7pSUQ7AvVC1mUE6Qz5lt2WUVJL/aTNs1CAUngNC+TAU1jQHDVS3yo7FScvuCjcQpRBUXXf+moHkgwFDTXhSKmW60S6k6BYM8JparaHikaIDFCPtjIZIkFVJ8m3SuFxRgLYlXH2Qg1z+jeRIKHUROCsUyDdV/PeFP7vxXQ0MzsZK84CKhCJpf2rdd8eT/+czrZjYWMsUtM0s4u48/svCu+sclVxb8/L1YviNCVwCI7ACXDBJaiCGqgDDxDwAJ7AM3gxHo1X4814/2ldMorMAZgp4/Mb1VGjqA==</latexit><latexit sha1_base64="qnBcC1LBDf/ltt5VBhARlXbX3ks=">AAACIXicbZDNSsNAFIUn/tb4F3XpZrAIgqEkIooLoeCmywrGFtoSZibTduhMJmSmpSXkJXwGH8KtLl2JO3Hhq5jGCLb1wgyH79zD5V4ccaa043wYS8srq2vrpQ1zc2t7Z9fa279XchgT6hHJZdzESFHOQupppjltRjFFAnPawIObqd8Y0VgxGd7pSUQ7AvVC1mUE6Qz5lt2WUVJL/aTNs1CAUngNC+TAU1jQHDVS3yo7FScvuCjcQpRBUXXf+moHkgwFDTXhSKmW60S6k6BYM8JparaHikaIDFCPtjIZIkFVJ8m3SuFxRgLYlXH2Qg1z+jeRIKHUROCsUyDdV/PeFP7vxXQ0MzsZK84CKhCJpf2rdd8eT/+czrZjYWMsUtM0s4u48/svCu+sclVxb8/L1YviNCVwCI7ACXDBJaiCGqgDDxDwAJ7AM3gxHo1X4814/2ldMorMAZgp4/Mb1VGjqA==</latexit>

H0|�ni = �n|�ni
<latexit sha1_base64="1x9rrQXKn3WfUn+rU538sIYyEjk=">AAACKXicbVBNS8NAEN3Urxq/oh69BIvgoZREiuJBKHjpsYK1haaEzXbaLt3dhN1taYn9I/4Gf4RXPXpSLx78I6Yxgm19MMPjvTcMM0HEqNKO827kVlbX1jfym+bW9s7unrV/cKfCoSRQJyELZTPAChgVUNdUM2hGEjAPGDSCwfXMb4xAKhqKWz2JoM1xT9AuJVgnkm+VvTCKq1Pfse+9Wp/6wpNY9BjYV7YHkaIsCYkFz/StglNyUtjLxM1IAWWo+dan1wnJkIPQhGGlWq4T6XaMpaaEwdT0hgoiTAa4B62ECsxBteP0uql9kigduxvKpIS2U/XvRIy5UhMeJEmOdV8tejPxf0/CaG53PFaMdoBjIsPiL9f94njWU3U+HvBiEPCpac4+4i7ev0zqZ6XLkntTLlTOs9fk0RE6RqfIRReogqqohuqIoAf0hJ7Ri/FovBpvxsdPNGdkM4doDsbXN6X1pzo=</latexit><latexit sha1_base64="1x9rrQXKn3WfUn+rU538sIYyEjk=">AAACKXicbVBNS8NAEN3Urxq/oh69BIvgoZREiuJBKHjpsYK1haaEzXbaLt3dhN1taYn9I/4Gf4RXPXpSLx78I6Yxgm19MMPjvTcMM0HEqNKO827kVlbX1jfym+bW9s7unrV/cKfCoSRQJyELZTPAChgVUNdUM2hGEjAPGDSCwfXMb4xAKhqKWz2JoM1xT9AuJVgnkm+VvTCKq1Pfse+9Wp/6wpNY9BjYV7YHkaIsCYkFz/StglNyUtjLxM1IAWWo+dan1wnJkIPQhGGlWq4T6XaMpaaEwdT0hgoiTAa4B62ECsxBteP0uql9kigduxvKpIS2U/XvRIy5UhMeJEmOdV8tejPxf0/CaG53PFaMdoBjIsPiL9f94njWU3U+HvBiEPCpac4+4i7ev0zqZ6XLkntTLlTOs9fk0RE6RqfIRReogqqohuqIoAf0hJ7Ri/FovBpvxsdPNGdkM4doDsbXN6X1pzo=</latexit><latexit sha1_base64="1x9rrQXKn3WfUn+rU538sIYyEjk=">AAACKXicbVBNS8NAEN3Urxq/oh69BIvgoZREiuJBKHjpsYK1haaEzXbaLt3dhN1taYn9I/4Gf4RXPXpSLx78I6Yxgm19MMPjvTcMM0HEqNKO827kVlbX1jfym+bW9s7unrV/cKfCoSRQJyELZTPAChgVUNdUM2hGEjAPGDSCwfXMb4xAKhqKWz2JoM1xT9AuJVgnkm+VvTCKq1Pfse+9Wp/6wpNY9BjYV7YHkaIsCYkFz/StglNyUtjLxM1IAWWo+dan1wnJkIPQhGGlWq4T6XaMpaaEwdT0hgoiTAa4B62ECsxBteP0uql9kigduxvKpIS2U/XvRIy5UhMeJEmOdV8tejPxf0/CaG53PFaMdoBjIsPiL9f94njWU3U+HvBiEPCpac4+4i7ev0zqZ6XLkntTLlTOs9fk0RE6RqfIRReogqqohuqIoAf0hJ7Ri/FovBpvxsdPNGdkM4doDsbXN6X1pzo=</latexit><latexit sha1_base64="1x9rrQXKn3WfUn+rU538sIYyEjk=">AAACKXicbVBNS8NAEN3Urxq/oh69BIvgoZREiuJBKHjpsYK1haaEzXbaLt3dhN1taYn9I/4Gf4RXPXpSLx78I6Yxgm19MMPjvTcMM0HEqNKO827kVlbX1jfym+bW9s7unrV/cKfCoSRQJyELZTPAChgVUNdUM2hGEjAPGDSCwfXMb4xAKhqKWz2JoM1xT9AuJVgnkm+VvTCKq1Pfse+9Wp/6wpNY9BjYV7YHkaIsCYkFz/StglNyUtjLxM1IAWWo+dan1wnJkIPQhGGlWq4T6XaMpaaEwdT0hgoiTAa4B62ECsxBteP0uql9kigduxvKpIS2U/XvRIy5UhMeJEmOdV8tejPxf0/CaG53PFaMdoBjIsPiL9f94njWU3U+HvBiEPCpac4+4i7ev0zqZ6XLkntTLlTOs9fk0RE6RqfIRReogqqohuqIoAf0hJ7Ri/FovBpvxsdPNGdkM4doDsbXN6X1pzo=</latexit>

En = �n + �E(1)n + �2E(2)n + . . .

|�ni = |�ni+ �|�(1)n i+ �2|�(2)n i+ . . .
<latexit sha1_base64="XU7JXnCT8y6xek/ogT4C/5Hb5K0="></latexit><latexit sha1_base64="XU7JXnCT8y6xek/ogT4C/5Hb5K0="></latexit><latexit sha1_base64="XU7JXnCT8y6xek/ogT4C/5Hb5K0="></latexit><latexit sha1_base64="XU7JXnCT8y6xek/ogT4C/5Hb5K0="></latexit>

|�(p)n i =
X

�
C(p)n,� |��i

<latexit sha1_base64="K3RSXZtqRaeHmXOAZHJONpmJDB4=">AAACOnicbVBNS8MwGE79nPWr6tFLcQgTxmhFFBFhMASPE5wbrLOkWbaFJWlJ0rFR+4v8Df4Ij+rBgyfx6g+wnVXc5gMJT54Pwvt6ASVSWdaTNje/sLi0nFvRV9fWNzaNre0b6YcC4RryqS8aHpSYEo5riiiKG4HAkHkU171+JfXrAywk8fm1GgW4xWCXkw5BUCWSa1zcOVVJbqNCcBC73BGQdyk29XPTkSFzHR6alcyMeDF5xs6ZmVR6JPV+466Rt0rWGOYssTOSBxmqrvHqtH0UMswVolDKpm0FqhVBoQiiONadUOIAoj7s4mZCOWRYtqLxuLG5nyhts+OL5HBljtW/jQgyKUfMS5IMqp6c9lLxf0/gwcTf0VBS0sYMIuEXf7jqFYfpPVYn4x4reh6LdT3diD09/yypHZZOS/bVUb58nK0mB3bBHigAG5yAMrgEVVADCNyDR/AMXrQH7U171z6+o3Na1tkBE9A+vwDpvK1E</latexit><latexit sha1_base64="K3RSXZtqRaeHmXOAZHJONpmJDB4=">AAACOnicbVBNS8MwGE79nPWr6tFLcQgTxmhFFBFhMASPE5wbrLOkWbaFJWlJ0rFR+4v8Df4Ij+rBgyfx6g+wnVXc5gMJT54Pwvt6ASVSWdaTNje/sLi0nFvRV9fWNzaNre0b6YcC4RryqS8aHpSYEo5riiiKG4HAkHkU171+JfXrAywk8fm1GgW4xWCXkw5BUCWSa1zcOVVJbqNCcBC73BGQdyk29XPTkSFzHR6alcyMeDF5xs6ZmVR6JPV+466Rt0rWGOYssTOSBxmqrvHqtH0UMswVolDKpm0FqhVBoQiiONadUOIAoj7s4mZCOWRYtqLxuLG5nyhts+OL5HBljtW/jQgyKUfMS5IMqp6c9lLxf0/gwcTf0VBS0sYMIuEXf7jqFYfpPVYn4x4reh6LdT3diD09/yypHZZOS/bVUb58nK0mB3bBHigAG5yAMrgEVVADCNyDR/AMXrQH7U171z6+o3Na1tkBE9A+vwDpvK1E</latexit><latexit sha1_base64="K3RSXZtqRaeHmXOAZHJONpmJDB4=">AAACOnicbVBNS8MwGE79nPWr6tFLcQgTxmhFFBFhMASPE5wbrLOkWbaFJWlJ0rFR+4v8Df4Ij+rBgyfx6g+wnVXc5gMJT54Pwvt6ASVSWdaTNje/sLi0nFvRV9fWNzaNre0b6YcC4RryqS8aHpSYEo5riiiKG4HAkHkU171+JfXrAywk8fm1GgW4xWCXkw5BUCWSa1zcOVVJbqNCcBC73BGQdyk29XPTkSFzHR6alcyMeDF5xs6ZmVR6JPV+466Rt0rWGOYssTOSBxmqrvHqtH0UMswVolDKpm0FqhVBoQiiONadUOIAoj7s4mZCOWRYtqLxuLG5nyhts+OL5HBljtW/jQgyKUfMS5IMqp6c9lLxf0/gwcTf0VBS0sYMIuEXf7jqFYfpPVYn4x4reh6LdT3diD09/yypHZZOS/bVUb58nK0mB3bBHigAG5yAMrgEVVADCNyDR/AMXrQH7U171z6+o3Na1tkBE9A+vwDpvK1E</latexit><latexit sha1_base64="PFhDyrDMhVUuF+ppE55RlwLlR+Y=">AAAB5XicbZBPS8MwGMbfzn+zTp1nL8UheBij9SLeBC8eJ1g32MZI0ndbWNKUJB0bpV/Aq0dP4qfy5FexqxPc5gMJD7/nDUkemghurO9/OpWd3b39g+qhe1Rzj09O67Vno1LNMGRKKN2lxKDgMYaWW4HdRCORVGCHTu+XeWeG2nAVP9lFggNJxjEfcUZsgdrDesNv+aW8bROsTANWGta/+pFiqcTYMkGM6QV+YgcZ0ZYzgbnbTw0mhE3JGHuFjYlEM8jKZ+beZUEib6R0sWLrlfTviYxIYxaSFpOS2InZzJbw/0zjbO3ubG4Ej1ASplXz19tJc77cS7o+TmWTUpm7rlsUEmx+f9uE163bVvDoQxXO4QKuIIAbuIMHaEMIDCJ4gVcndd6c95/eKs6qwDNYk/PxDaZyj5U=</latexit><latexit sha1_base64="3i9l7BXTXm4+lqp/Q6X+K+PAbUA=">AAACL3icbVDNSsNAGPzib41Vq1cvwSJUKCXxIiKCUASPFawtNDVsttt26e4m7G5KS8wT+Qw+hEf14MGT+BImtYptHdhldmY+lm/8kFGlbfvZWFpeWV1bz22Ym/mt7Z3Cbv5WBZHEpI4DFsimjxRhVJC6ppqRZigJ4j4jDX9QzfzGkEhFA3GjxyFpc9QTtEsx0qnkFS7v3Zqid3EpPEo84UokeoxY5rnlqoh7rois6tSMRTl9Ju6ZlY70aeb9xr1C0a7YE1iLxJmSIkxR8wpvbifAESdCY4aUajl2qNsxkppiRhLTjRQJER6gHmmlVCBOVDuerJtYh6nSsbqBTI/Q1kT9OxEjrtSY+2mSI91X814m/u9JMpz5Ox4pRjuEIyyD8g/X/fIouyfqbNznZd/niWlmjTjz+y+S+nHltOJc25CDfTiAEjhwAhdwBTWoA4YHeIIXeDUejXfj47u6JWPa4R7MwPj8AoIlq6s=</latexit><latexit sha1_base64="3i9l7BXTXm4+lqp/Q6X+K+PAbUA=">AAACL3icbVDNSsNAGPzib41Vq1cvwSJUKCXxIiKCUASPFawtNDVsttt26e4m7G5KS8wT+Qw+hEf14MGT+BImtYptHdhldmY+lm/8kFGlbfvZWFpeWV1bz22Ym/mt7Z3Cbv5WBZHEpI4DFsimjxRhVJC6ppqRZigJ4j4jDX9QzfzGkEhFA3GjxyFpc9QTtEsx0qnkFS7v3Zqid3EpPEo84UokeoxY5rnlqoh7rois6tSMRTl9Ju6ZlY70aeb9xr1C0a7YE1iLxJmSIkxR8wpvbifAESdCY4aUajl2qNsxkppiRhLTjRQJER6gHmmlVCBOVDuerJtYh6nSsbqBTI/Q1kT9OxEjrtSY+2mSI91X814m/u9JMpz5Ox4pRjuEIyyD8g/X/fIouyfqbNznZd/niWlmjTjz+y+S+nHltOJc25CDfTiAEjhwAhdwBTWoA4YHeIIXeDUejXfj47u6JWPa4R7MwPj8AoIlq6s=</latexit><latexit sha1_base64="X2nO3118S6kYMN7leWp20fNi0SA=">AAACOnicbVBNS8MwGE7n16xfVY9eikOYMEbrQRERBkPwOMG5wTpLmmVbWJKWJB0btb/I3+CP8KgePHgSr/4A21nFbT6Q8OT5ILyvF1AilWU9abmFxaXllfyqvra+sbllbO/cSD8UCNeRT33R9KDElHBcV0RR3AwEhsyjuOENqqnfGGIhic+v1TjAbQZ7nHQJgiqRXOPizqlJchsVg8PY5Y6AvEexqZ+bjgyZ6/DQrGZmxEvJM3bOzKTSJ6n3G3eNglW2JjDniZ2RAshQc41Xp+OjkGGuEIVStmwrUO0ICkUQxbHuhBIHEA1gD7cSyiHDsh1Nxo3Ng0TpmF1fJIcrc6L+bUSQSTlmXpJkUPXlrJeK/3sCD6f+jkaSkg5mEAm/9MNVvzRK74k6HfdYyfNYrOvpRuzZ+edJ/ah8WravrELlOFtNHuyBfVAENjgBFXAJaqAOELgHj+AZvGgP2pv2rn18R3Na1tkFU9A+vwDofK1A</latexit><latexit sha1_base64="K3RSXZtqRaeHmXOAZHJONpmJDB4=">AAACOnicbVBNS8MwGE79nPWr6tFLcQgTxmhFFBFhMASPE5wbrLOkWbaFJWlJ0rFR+4v8Df4Ij+rBgyfx6g+wnVXc5gMJT54Pwvt6ASVSWdaTNje/sLi0nFvRV9fWNzaNre0b6YcC4RryqS8aHpSYEo5riiiKG4HAkHkU171+JfXrAywk8fm1GgW4xWCXkw5BUCWSa1zcOVVJbqNCcBC73BGQdyk29XPTkSFzHR6alcyMeDF5xs6ZmVR6JPV+466Rt0rWGOYssTOSBxmqrvHqtH0UMswVolDKpm0FqhVBoQiiONadUOIAoj7s4mZCOWRYtqLxuLG5nyhts+OL5HBljtW/jQgyKUfMS5IMqp6c9lLxf0/gwcTf0VBS0sYMIuEXf7jqFYfpPVYn4x4reh6LdT3diD09/yypHZZOS/bVUb58nK0mB3bBHigAG5yAMrgEVVADCNyDR/AMXrQH7U171z6+o3Na1tkBE9A+vwDpvK1E</latexit><latexit sha1_base64="K3RSXZtqRaeHmXOAZHJONpmJDB4=">AAACOnicbVBNS8MwGE79nPWr6tFLcQgTxmhFFBFhMASPE5wbrLOkWbaFJWlJ0rFR+4v8Df4Ij+rBgyfx6g+wnVXc5gMJT54Pwvt6ASVSWdaTNje/sLi0nFvRV9fWNzaNre0b6YcC4RryqS8aHpSYEo5riiiKG4HAkHkU171+JfXrAywk8fm1GgW4xWCXkw5BUCWSa1zcOVVJbqNCcBC73BGQdyk29XPTkSFzHR6alcyMeDF5xs6ZmVR6JPV+466Rt0rWGOYssTOSBxmqrvHqtH0UMswVolDKpm0FqhVBoQiiONadUOIAoj7s4mZCOWRYtqLxuLG5nyhts+OL5HBljtW/jQgyKUfMS5IMqp6c9lLxf0/gwcTf0VBS0sYMIuEXf7jqFYfpPVYn4x4reh6LdT3diD09/yypHZZOS/bVUb58nK0mB3bBHigAG5yAMrgEVVADCNyDR/AMXrQH7U171z6+o3Na1tkBE9A+vwDpvK1E</latexit><latexit sha1_base64="K3RSXZtqRaeHmXOAZHJONpmJDB4=">AAACOnicbVBNS8MwGE79nPWr6tFLcQgTxmhFFBFhMASPE5wbrLOkWbaFJWlJ0rFR+4v8Df4Ij+rBgyfx6g+wnVXc5gMJT54Pwvt6ASVSWdaTNje/sLi0nFvRV9fWNzaNre0b6YcC4RryqS8aHpSYEo5riiiKG4HAkHkU171+JfXrAywk8fm1GgW4xWCXkw5BUCWSa1zcOVVJbqNCcBC73BGQdyk29XPTkSFzHR6alcyMeDF5xs6ZmVR6JPV+466Rt0rWGOYssTOSBxmqrvHqtH0UMswVolDKpm0FqhVBoQiiONadUOIAoj7s4mZCOWRYtqLxuLG5nyhts+OL5HBljtW/jQgyKUfMS5IMqp6c9lLxf0/gwcTf0VBS0sYMIuEXf7jqFYfpPVYn4x4reh6LdT3diD09/yypHZZOS/bVUb58nK0mB3bBHigAG5yAMrgEVVADCNyDR/AMXrQH7U171z6+o3Na1tkBE9A+vwDpvK1E</latexit><latexit sha1_base64="K3RSXZtqRaeHmXOAZHJONpmJDB4=">AAACOnicbVBNS8MwGE79nPWr6tFLcQgTxmhFFBFhMASPE5wbrLOkWbaFJWlJ0rFR+4v8Df4Ij+rBgyfx6g+wnVXc5gMJT54Pwvt6ASVSWdaTNje/sLi0nFvRV9fWNzaNre0b6YcC4RryqS8aHpSYEo5riiiKG4HAkHkU171+JfXrAywk8fm1GgW4xWCXkw5BUCWSa1zcOVVJbqNCcBC73BGQdyk29XPTkSFzHR6alcyMeDF5xs6ZmVR6JPV+466Rt0rWGOYssTOSBxmqrvHqtH0UMswVolDKpm0FqhVBoQiiONadUOIAoj7s4mZCOWRYtqLxuLG5nyhts+OL5HBljtW/jQgyKUfMS5IMqp6c9lLxf0/gwcTf0VBS0sYMIuEXf7jqFYfpPVYn4x4reh6LdT3diD09/yypHZZOS/bVUb58nK0mB3bBHigAG5yAMrgEVVADCNyDR/AMXrQH7U171z6+o3Na1tkBE9A+vwDpvK1E</latexit><latexit sha1_base64="K3RSXZtqRaeHmXOAZHJONpmJDB4=">AAACOnicbVBNS8MwGE79nPWr6tFLcQgTxmhFFBFhMASPE5wbrLOkWbaFJWlJ0rFR+4v8Df4Ij+rBgyfx6g+wnVXc5gMJT54Pwvt6ASVSWdaTNje/sLi0nFvRV9fWNzaNre0b6YcC4RryqS8aHpSYEo5riiiKG4HAkHkU171+JfXrAywk8fm1GgW4xWCXkw5BUCWSa1zcOVVJbqNCcBC73BGQdyk29XPTkSFzHR6alcyMeDF5xs6ZmVR6JPV+466Rt0rWGOYssTOSBxmqrvHqtH0UMswVolDKpm0FqhVBoQiiONadUOIAoj7s4mZCOWRYtqLxuLG5nyhts+OL5HBljtW/jQgyKUfMS5IMqp6c9lLxf0/gwcTf0VBS0sYMIuEXf7jqFYfpPVYn4x4reh6LdT3diD09/yypHZZOS/bVUb58nK0mB3bBHigAG5yAMrgEVVADCNyDR/AMXrQH7U171z6+o3Na1tkBE9A+vwDpvK1E</latexit><latexit sha1_base64="K3RSXZtqRaeHmXOAZHJONpmJDB4=">AAACOnicbVBNS8MwGE79nPWr6tFLcQgTxmhFFBFhMASPE5wbrLOkWbaFJWlJ0rFR+4v8Df4Ij+rBgyfx6g+wnVXc5gMJT54Pwvt6ASVSWdaTNje/sLi0nFvRV9fWNzaNre0b6YcC4RryqS8aHpSYEo5riiiKG4HAkHkU171+JfXrAywk8fm1GgW4xWCXkw5BUCWSa1zcOVVJbqNCcBC73BGQdyk29XPTkSFzHR6alcyMeDF5xs6ZmVR6JPV+466Rt0rWGOYssTOSBxmqrvHqtH0UMswVolDKpm0FqhVBoQiiONadUOIAoj7s4mZCOWRYtqLxuLG5nyhts+OL5HBljtW/jQgyKUfMS5IMqp6c9lLxf0/gwcTf0VBS0sYMIuEXf7jqFYfpPVYn4x4reh6LdT3diD09/yypHZZOS/bVUb58nK0mB3bBHigAG5yAMrgEVVADCNyDR/AMXrQH7U171z6+o3Na1tkBE9A+vwDpvK1E</latexit>

E(p)n =
X

�
h�n|W|��iC(p�1)n,�

<latexit sha1_base64="DCDXD7Hph1yhPhIiQa1PAOLIkA4="></latexit><latexit sha1_base64="DCDXD7Hph1yhPhIiQa1PAOLIkA4="></latexit><latexit sha1_base64="DCDXD7Hph1yhPhIiQa1PAOLIkA4="></latexit><latexit sha1_base64="DCDXD7Hph1yhPhIiQa1PAOLIkA4="></latexit>

C(p)n,� =
1

�n � ��

ÅX

�0
h�� |W|��0 iC(p�1)n,�0 �

pX

j=1
E(j)n C(p� j)n,�

ã
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Convergence: Single-Particle Basis
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Convergence: SRG Evolution
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! switch to explicit expressions for low-order energy corrections involving 
summations over m-scheme single-particle states, e.g.,
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!make use of angular-momentum coupling for closed-shell nuclei, reducing 
summations to orbital indices 
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➡ large model spaces, truncated wrt. single-particle energy emax  
are easily accessible

➡ makes evaluation of sums much more efficient since coupled 
matrix elements are directly available

! quickly gets tedious when going to higher orders…
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Low-Order MBPT
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○ MBPT(2)
● MBPT(3)
△ CCSD
▲ CRCC(2,3)

NN+3N(400) 
α = 0.08 fm4 

emax = 12

! good agreement of MBPT(3) ground-state energies with advanced 
coupled-cluster calculations throughout the complete mass range
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Multi-Configurational Perturbation Theory

! select NCSM reference space         and solve full eigenvalue problem
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! define unperturbed Hamiltonian with reference-space eigenstates

! usual MBPT derivation yields recursive relations for energy and state corrections
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Convergence: Reference Space
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• multi-configurational MBPT at second order for 
individual unperturbed states 

• capture couplings in huge model-space through 
perturbative corrections

55

Perturbatively Improved NCSM

• eigenstates from NCSM at small Nmax as 
unperturbed states  

• access to all open-shell nuclei and 
systematically improvable

NCSM 
many-body solution

MBPT 
convergence booster
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Oxygen Isotopes
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AO

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=2 reference

Computational Cost
NAT-NCSM, expl. 3N 20000 CPU-h
NAT-NCSM, NO2B 16000 CPU-h
NCSM-PT 1000 CPU-h

■ NCSM-PT

⦁ NAT-NCSM, explicit 3N

⦁ NAT-NCSM, NO2B

! excellent agreement with 
direct NCSM 

! all isotopes are accessible 
due to simple m-scheme 
implementation
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Oxygen Isotopes: Excited 2+ States
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chiral NN+3N 
Λ3N=400 MeV 
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ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=2 reference

■ NCSM-PT

⦁ NAT-NCSM, explicit 3N

⦁ NAT-NCSM, NO2B

! can address excited states 
natively 

! example: first 2+ states in 
even oxygen isotopes 

! excellent agreement among 
methods except for closed 
(sub-)shells 22O, 24O…
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Exploring sd-Shell Phenomena
E

[M
eV

]

-170

-160

-150

-140

-130

-120

A

E
[M
eV

]

16 18 20 22 24 26 28 30 32
-200
-190
-180
-170
-160
-150
-140
-130
-120

▲ w/o chiral 3N
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NCSM-PT 
chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 
HF basis 
Nmax=2 reference

! exploring various sd-
shell phenomena, e.g., 
oxygen anomaly 

! low computational cost 
enables surveys with 
different interactions
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Overview

!Lecture 1: Hamiltonian 
Prelude ● Many-Body Quantum Mechanics ● Nuclear Hamiltonian ● Matrix Elements ● 
Two-Body Problem ● Correlations & Unitary Transformations 

!Lecture 2: Light Nuclei 
Similarity Renormalization Group ● Many-Body Problem ● Configuration Interaction ● 
No-Core Shell Model ● Basis Optimization 

!Lecture 3: Medium-Mass Nuclei 
Normal Ordering ● Coupled-Cluster Theory ● In-Medium Similarity Renormalization 
Group ● Many-Body Perturbation Theory 

!Project: Do-It-Yourself NCSM 
Three-Body Problem ● Numerical SRG Evolution ● NCSM Eigenvalue Problem ● 
Lanczos Algorithm 

!Lecture 4: Precision, Uncertainties, and Applications 
Chiral Interactions for Precision Calculations ● Uncertainty Quantification ● 
Applications to Nuclei and Hypernuclei

59


