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Formulation of the problem

Formulation of a problem

Recent lattice data show [e.g. Cucchieri et al. (2007, 2008)]:

A gluon propagator D(p) which is:
infrared suppressed:

D(p)
IR
∝

1
pα

with α < 2

non-vanishing at zero momentum:

D(0) 6= 0

positivity violating

A ghost propagator G(p) which is:
not enhanced:

G(p)
IR
∝

1
p2
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Formulation of the problem

Formulation of a problem

How to solve it

Within the Gribov-Zwanziger approach [Dudal et al. (2007); paper in prep]

Within the Schwinger-Dyson approach [Aguilar et al. (2004), Pène et al.
(2007-2008)]
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The Gribov-Zwanziger action The Gribov-Region

The Gribov-Region
Equivalent fields

In the Landau gauge:
two fields are equivalent

m
∂Ã = ∂A

with Ãµ = S†∂µS + S†AµS

Exclude Gribov copies

Restriction of the domain of integration to the first horizon

The Faddeev Popov operator:
FP = −∂µ(∂µ ·+[Aµ, ·])

Ãµ close to Aµ ⇒ 0 eigenmode of FP
In C0: FP → 0 negative eigenvalues
At `1: FP → 1 zero eigenvalue

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



The Gribov-Zwanziger action The Gribov-Zwanziger action: non-local

The Gribov-Zwanziger action: non-local

The Gribov-Zwanziger action is given by

Sh = SYM + Sgf + γ4
∫

d4x h(x)
with

The classical Yang-Mills action

SYM =
1
4

∫
d4xFa

µνFa
µν

The Landau gauge fixing

Sgf =
∫

d4x
(

ba∂µAa
µ + ca∂µDab

µ cb
)

The horizon function

h(x) = g2f abcAb
µ

(
M−1

)ad
f decAe

µ

Mab = −∂µ

(
∂µδab + gf acbAc

µ

)
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The Gribov-Zwanziger action The Gribov-Zwanziger action: non-local

The Gribov-Zwanziger action: non-local

The Gribov-Zwanziger action is given by

Sh = SYM + Sgf + γ4
∫

d4x h(x)

The parameter γ is determined by the horizon condition

〈h(x)〉 = d(N2 − 1)
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The Gribov-Zwanziger action The Gribov-Zwanziger action: local

The Gribov-Zwanziger action: local

The Gribov-Zwanziger action can be localized through a suitable set of
extra fields

SGZ = SYM + Sgf + Sϕϕωω + Sγ

with
Sϕϕωω =

∫
d4x

(
ϕac

µ ∂ν

(
∂ν ϕac

µ + gf abmAb
ν ϕmc

µ

)
−ωac

µ ∂ν

(
∂νωac

µ + gf abmAb
νωmc

µ

)
− g

(
∂νωac

µ

)
f abm (Dνc)b ϕmc

µ

)
Sγ = −γ2g

∫
d4x

(
f abcAa

µ ϕbc
µ + f abcAa

µ ϕbc
µ +

4
g

(
N2 − 1

)
γ2
)

whereby(
ϕac

µ , ϕac
µ

)
are a pair of complex conjugate bosonic fields(

ωac
µ , ωac

µ

)
are a pair of complex conjugate anticommuting fields
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µ
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µ
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− g

(
∂νωac

µ

)
f abm (Dνc)b ϕmc

µ
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∫
d4x

(
f abcAa

µ ϕbc
µ + f abcAa

µ ϕbc
µ +

4
g

(
N2 − 1
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γ2
)

SGZ displays a global symmetry, therefore we can simplify the notation:(
ϕac

µ , ϕac
µ , ωac

µ , ωac
µ

)
= (ϕa

i , ϕa
i , ωa

i , ωa
i )
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The Gribov-Zwanziger action The Gribov-Zwanziger action: local

The Gribov-Zwanziger action: local

The Gribov-Zwanziger action becomes then
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i

)
Sγ = −γ2g

∫
d4x

(
f abcAa

µ ϕbc
µ + f abcAa

µ ϕbc
µ +

4
g

(
N2 − 1

)
γ2
)

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



The Gribov-Zwanziger action The Gribov-Zwanziger action: local

The Gribov-Zwanziger action: local

The Gribov-Zwanziger action becomes then

SGZ = SYM + Sgf + Sϕϕωω + Sγ

with

Sϕϕωω =
∫

d4x
(

ϕa
i ∂ν (Dν ϕi)

a −ωa
i ∂ν (Dνωi)

a − g (∂νωa
i ) f abm (Dνc)b ϕm

i

)
Sγ = −γ2g

∫
d4x

(
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µ +

4
g

(
N2 − 1

)
γ2
)

The horizon condition is translated as

∂Γ
∂γ2 = 0

with Γ the quantum action defined as

e−Γ =
∫

[DΦ]e−S ,
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The Gribov-Zwanziger action: local
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The Gribov-Zwanziger action is renormalizable!
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The Gribov-Zwanziger action The gluon and the ghost propagator

The gluon propagator

The tree level gluon propagator in the Gribov-Zwanziger model:

〈
Aa

µAb
ν

〉
p
≡ δabD(p2)

(
δµν −

pµpν

p2

)
= δab p2

p4 + λ4

4

(
δµν −

pµpν

p2

)

Conclusion

The gluon propagator is:
infrared suppressed
positivity violating
vanishing at the origin ↔ lattice data
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The Gribov-Zwanziger action The gluon and the ghost propagator

The ghost propagator

The ghost propagator in the Gribov-Zwanziger model (up to one
loop):

G(k)k→0 ≡
512πγ2

21Ng2
1
k4

Conclusion

The ghost propagator is:
enhanced ↔ lattice data
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Adding a new mass term The modified GZ action

The modified GZ action

How to modify the GZ action?

SGZ = SYM + Sgf + Sϕϕωω + Sγ

with

Sϕϕωω =
∫

d4x
(

ϕa
i ∂ν (Dν ϕi)

a −ωa
i ∂ν (Dνωi)

a − g (∂νωa
i ) f abm (Dνc)b ϕm

i

)
Sγ = −γ2g

∫
d4x

(
f abcAa

µ ϕbc
µ + f abcAa

µ ϕbc
µ +

4
g

(
N2 − 1

)
γ2
)

An Aϕ-coupling at the quadratic level
A non-trivial effect in the ϕ-sector → A-sector

Proposition:

We add the following term to the GZ action with M2 = J a new source:

SM =
∫

d4x
(
−M2 (ϕa

i ϕa
i −ωa

i ωa
i )
)
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Adding a new mass term Renormalizability

Renormalizability

Is the action S′GZ = SGZ + SM renormalizable?

We are going to follow the algebraic renormalization procedure
We start with the action:

S′GZ = SYM + Sgf + Sϕϕωω + Sγ + SM

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Adding a new mass term Renormalizability

Step one:

Adding extra sources

We want to treat f abcAa
µ ϕbc

µ and f abcAa
µ ϕbc

µ as composite operators

Therefore we replace Sγ with

S′γ = −
∫

d4x
(

Mai
µ

(
Dµ ϕi

)a + Vai
µ

(
Dµ ϕi

)a + 4γ4(N2 − 1)
)

If we set the sources in the end:

Mab
µν

∣∣∣
phys

= Vab
µν

∣∣∣
phys

= γ2δabδµν

⇒ We didn’t change the theory

Action:

S′GZ = SYM + Sgf + Sϕϕωω + S′γ + SM
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Adding a new mass term Renormalizability

Step two:

BRST invariance

Algebraic renormalization procedure: we want the action to be
BRST invariant
Therefore we replace S′γ with

Ss = s
∫

d4x
(
−Uai

µ

(
Dµ ϕi

)a −Vai
µ

(
Dµωi

)a −Uai
µ Vai

µ

)
whereby

sAa
µ = −

(
Dµc

)a , sca =
1
2

gf abccbcc , sca = ba , sba = 0 ,

sϕa
i = ωa

i , sωa
i = 0 , sωa

i = ϕa
i , sϕa

i = 0 ,

sUai
µ = Mai

µ , sMai
µ = 0 , sVai

µ = Nai
µ , sNai

µ = 0

If we set the sources in the end:

Uai
µ

∣∣∣
phys

= Nai
µ

∣∣∣
phys

= 0

⇒ We didn’t change the theory

Action:

S′GZ = SYM + Sgf + Sϕϕωω + Ss + SM

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Adding a new mass term Renormalizability

Step two:

BRST invariance

Algebraic renormalization procedure: we want the action to be
BRST invariant
Therefore we replace S′γ with

Ss = s
∫

d4x
(
−Uai

µ

(
Dµ ϕi

)a −Vai
µ

(
Dµωi

)a −Uai
µ Vai

µ

)
If we set the sources in the end:

Uai
µ

∣∣∣
phys

= Nai
µ

∣∣∣
phys

= 0

⇒ We didn’t change the theory

Action:

S′GZ = SYM + Sgf + Sϕϕωω + Ss + SM

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Adding a new mass term Renormalizability

Step two:

BRST invariance

Algebraic renormalization procedure: we want the action to be
BRST invariant
Therefore we replace S′γ with

Ss = s
∫

d4x
(
−Uai

µ

(
Dµ ϕi

)a −Vai
µ

(
Dµωi

)a −Uai
µ Vai

µ

)
If we set the sources in the end:

Uai
µ

∣∣∣
phys

= Nai
µ

∣∣∣
phys

= 0

⇒ We didn’t change the theory

Action:

S′GZ = SYM + Sgf + Sϕϕωω + Ss + SM

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Adding a new mass term Renormalizability

Step three:

Adding an extra term Sext

An extra term is needed to define the nonlinear BRST
transformations of the gauge and ghost fields

Sext =
∫

d4x
(
−Ka

µ

(
Dµc

)a +
1
2

gLaf abccbcc
)

If we set the sources in the end:

Ka
µ

∣∣∣
phys

= La|phys = 0

⇒ We didn’t change the theory

Action:

S′GZ = SYM + Sgf + Sϕϕωω + Ss + SM + Sext
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Adding a new mass term Renormalizability

Step Four:

Ward identities

U(f ) invariance
The Slavnov-Taylor identity
Landau gauge condition and anti ghost equation
The ghost Ward identity
The lineary broken constraints
The exact Rij symmetry
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Adding a new mass term Renormalizability

Step Five:

The counterterm

At quantumlevel:

S′GZ → S′GZ + Σc

Counterterm
The Ward identities ⇒ constraints on the counterterm
Most general
Integrated local polynomial in the fields and sources
Dimension 4

⇒ Σc = a0SYM + a1

∫
d4x

(
Aa

µ
δSYM
δAa

µ
+ K̃a

µ∂µca + Ṽai
µ M̃ai

µ − Ũai
µ Ñai

µ

)

Counterterm has to be reabsorbed through renormalization of
fields and sources
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Adding a new mass term Renormalizability

Conclusion

S′GZ is renormalizable!
Only two independent renormalization factors (ZA and Zc)

Remark

S′GZ is not BRST invariant
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Adding a new mass term The gluon and the ghost propagator

The gluon propagator

The tree level gluon propagator in the extended GZ model:〈
Aa

µAb
ν

〉
p
≡ δabD(p2)

(
δµν −

pµpν

p2

)
with

D(p2) =
p2 + M2

p4 + M2p2 + 2g2Nγ2

Conclusion

The gluon propagator is:
infrared suppressed
positivity violating
nonvanishing at the origin ⇒ agrees with lattice data!
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Adding a new mass term The gluon and the ghost propagator

The ghost propagator

The ghost propagator in the extended GZ model (up to one loop):

G(k) ≡ 1
k2 (1 + σ)

with for k2 ≈ 0

σ ∼ 1 + g2M2 1
2
√

M4 − 8g2Nγ4
ln

(
M2 +

√
M4 − 8g2Nγ4

)
(

M2 −
√

M4 − 8g2Nγ4
) + order(k2)

Conclusion

The ghost propagator is:
not enhanced ⇒ agrees with lattice data!
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Adding a new mass term The gluon and the ghost propagator

Remark

Conclusion

Similar results are found in 3 dimensions!
work in preparation
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The variational principle What is the variational principle?

What is the variational principle?

A dynamical value for the mass M2

So far, M2 was put in by hand. How to obtain a dynamical value?
New approach: variational principle:

1 Assume we study a quantity Q

2 Write S′ = SM=0 + SM − `SM

3 We expand Q in powers of `

4 We set ` = 1: we did not change the massless theory

5 Minimal sensitivity approach : ∂Q
∂M2 = 0 ⇒ M2

min ⇒Q(M2
min)

FACC: We search for

min

∣∣∣∣∣Q(1) −Q(0)

Q(0)

∣∣∣∣∣
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The variational principle Applying the variational principle on the ghost propagator

More on the ghost propagator...

Applying the variational principle: results

0.55 0.60 0.65 0.70 0.75
M 2

3.7

3.8

3.9

4.0

Applying the FACC gives
M2 = 0.56Λ2

MS

g2N
16π2 = 0.90 ⇒ is smaller than one

G(k)k2≈0 = 3.57/k2 ⇒ no enhancement!
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The variational principle Applying the variational principle on the gluon propagator

More on the gluon propagator...

Applying the variational principle: results

0.55 0.60 0.65 0.70 0.75
M 2

1.8

1.9

2.0

2.1

2.2

2.3

Applying the FACC gives
M2 = 0.55Λ2

MS

g2N
16π2 = 0.88 ⇒ is smaller than one

D(0) = 34.72/k2 ⇒ is not equal to zero!
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The variational principle Applying the variational principle on the gluon propagator

More on the gluon propagator...

Positivity violation of the gluon propagator

The temporal correlator at tree level:

C(t) =
∫ +∞

0
dMpρ(M2

p)e−Mpt =
1

2π

∫ +∞

−∞
e−iptD(p)dp

For each t, apply the principle of minimal sensitivity

2 4 6 8 10 12
t HfmL

-0.05

0.05

0.10

CHtL HfmL
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The variational principle Applying the variational principle on the gluon propagator

More on the gluon propagator...

Positivity violation of the gluon propagator

If we compare lattice data [P. J. Silva. and O. Oliveira (2006)] and our results:

1 Same shape
2 Both show a positivity violation from t ∼ 1.5 fm
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Conclusion

Formulation of a problem + solution

Recent lattice data show:

A gluon propagator D(p)
which is

infrared suppressed
nonvanishing at zero
momentum:

D(0) 6= 0

positivity violating

A ghost propagator G(p)
which is:

not enhanced

GZ adapted approach gives:

A gluon propagator D(p)
which is

!
!

!

A ghost propagator G(p)
which is:

!

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Conclusion

Formulation of a problem + solution

Recent lattice data show:

A gluon propagator D(p)
which is

infrared suppressed
nonvanishing at zero
momentum:

D(0) 6= 0

positivity violating

A ghost propagator G(p)
which is:

not enhanced

GZ adapted approach gives:

A gluon propagator D(p)
which is

!
!

!

A ghost propagator G(p)
which is:

!

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Conclusion

Formulation of a problem + solution

Recent lattice data show:

A gluon propagator D(p)
which is

infrared suppressed
nonvanishing at zero
momentum:

D(0) 6= 0

positivity violating

A ghost propagator G(p)
which is:

not enhanced

GZ adapted approach gives:

A gluon propagator D(p)
which is

!
!

!

A ghost propagator G(p)
which is:

!

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Conclusion

Formulation of a problem + solution

Recent lattice data show:

A gluon propagator D(p)
which is

infrared suppressed
nonvanishing at zero
momentum:

D(0) 6= 0

positivity violating

A ghost propagator G(p)
which is:

not enhanced

GZ adapted approach gives:

A gluon propagator D(p)
which is

!
!

!

A ghost propagator G(p)
which is:

!

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Conclusion

Formulation of a problem + solution

Recent lattice data show:

A gluon propagator D(p)
which is

infrared suppressed
nonvanishing at zero
momentum:

D(0) 6= 0

positivity violating

A ghost propagator G(p)
which is:

not enhanced

GZ adapted approach gives:

A gluon propagator D(p)
which is

!
!

!

A ghost propagator G(p)
which is:

!

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Conclusion

Formulation of a problem + solution

Recent lattice data show:

A gluon propagator D(p)
which is

infrared suppressed
nonvanishing at zero
momentum:

D(0) 6= 0

positivity violating

A ghost propagator G(p)
which is:

not enhanced

GZ adapted approach gives:

A gluon propagator D(p)
which is

!
!

!

A ghost propagator G(p)
which is:

!

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Conclusion

Formulation of a problem + solution

Recent lattice data show:

A gluon propagator D(p)
which is

infrared suppressed
nonvanishing at zero
momentum:

D(0) 6= 0

positivity violating

A ghost propagator G(p)
which is:

not enhanced

GZ adapted approach gives:

A gluon propagator D(p)
which is

!
!

!

A ghost propagator G(p)
which is:

!

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Conclusion

Formulation of a problem + solution

Recent lattice data show:

A gluon propagator D(p)
which is

infrared suppressed
nonvanishing at zero
momentum:

D(0) 6= 0

positivity violating

A ghost propagator G(p)
which is:

not enhanced

GZ adapted approach gives:

A gluon propagator D(p)
which is

!
!

!

A ghost propagator G(p)
which is:

!

Nele Vandersickel The IR Behavior of the Gluon and the Ghost Propagator in the Landau Gauge within the Gribov-Zwanziger Framework.



Conclusion

The End

Questions?
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