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Phase diagrams of QCD-like theories  
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[How to use]  

1. Identify a discrete global symmetry S of a theory P (parent). 

  

2. Eliminate all the d.o.f.s of parent not invariant under S (projection). 

  

3. This gives a new theory D (daughter). 

  

4. A class of observables are identical between P and D at large Nc or MFA. 

 Valid as long as S is not broken spontaneously. 

 

Refs: Bershadsky-Johansen (1998); Kovtun-Ünsal-Yaffe (2003, 2005, 2006); 

 Generalization w/ fermions at finite μ/T, Hanada-NY (JHEP, 2012). 

Orbifold equivalence 



[How to use]  

1. Identify a discrete global symmetry S of a theory P (parent). 

 Jc = -iσ2×1Nc ∈SO(2Nc),   ω = eiπ ∈ U(1)B 

2. Eliminate all the d.o.f.s of parent not invariant under S (projection). 

 Aμ
SO = Jc Aμ

SOJc 
-1,   ψSO = ωJc ψ

SO 

3. This gives a new theory D (daughter). 

  D = SU(Nc) QCD. 

4. A class of observables are identical between P and D at large Nc or MFA. 

 Valid as long as S is not broken spontaneously. 

 

Refs: Bershadsky-Johansen (1998); Kovtun-Ünsal-Yaffe (2003, 2005, 2006); 

 Generalization w/ fermions at finite μ/T, Hanada-NY (JHEP, 2012). 

Orbifold equivalence 



Universality of phase diagrams 

SO(Nc) or Sp(Nc) YM + μB 

SU(Nc) QCD + μB SU(Nc) QCD + μI 

sign-free 

sign-free 

Hanada-NY (JHEP, 2012) 



SO(Nc) or Sp(Nc) YM + μB 

SU(Nc) QCD + μI 

outside diquark cond. 

outside pion cond. 

everywhere 

sign-free 

sign-free 

Universality of phase diagrams 

SU(Nc) QCD + μB 

Hanada-NY (JHEP, 2012) 



arXiv:1205:1030 (PRD, 2012) 



Intuitive derivation 

 Consider 〈qq〉 in QCD at finite μI or μB with Nf = 2 (u & d). 
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Intuitive derivation 

 Consider 〈qq〉 in QCD at finite μI or μB with Nf = 2 (u & d). 

 

  

 〈qq〉(μB)  =             = f(μu) + f(μd) = f(μu) + f(-μd) = 〈qq〉(μI) 

 

       see also T. D. Cohen (2004) 

 

 For gluonic observables, equivalence holds up to O(Nc
-2). D. Toublan (2005) 

 

 Not applicable when u & d are mixed → MFA outside π condensation 

 

 Orbifold equivalence: more systematic for a larger class of theories.    



Lattice results 

Allton et al. (Bielefeld-Swansea collaboration), 2005, PRD 

Pressure Chiral condensate 



Where are QCD critical point(s)? 

Summarized in 

M. Stephanov, hep-lat/0701002 

Baym-Hatsuda-Tachibana-NY 

(PRL, 2006) 



A theorem 

 π± are the lightest in QCD at finite μI Son-Stephanov (2001) 

 ∵ QCD inequalities: π± propagator ≧ any meson propagator, 

 which follows from τ1γ5Dγ5τ1=D† and Cauchy-Schwarz inequality. 

 

  mσ≧mπ > 0 for mq>0 outside π condensation phase. 

 

 QCD critical point (ξ=∞ or mσ=0) is prohibited there. 

 → Via the orbifold equivalence, it also holds in QCD at finite μB. 

 Hidaka-NY (PRL, 2012) 

 

 The only assumption: suppression of disconn. diagrams (OZI rule) 



 QCD critical point in QCDB can only be inside π condensation of QCDI 

where reweighting method breaks down. 

A theorem 
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Model results (Nf=2) 

onset of pion condensation phase 

Random matrix model: Han-Stephanov (2008) 

 Similar result in PNJL model: Sakai-Sasaki-Kouno-Yahiro (2010) 

NJL model: Andersen-Kyllingstad-Splittorff (2009) 

〈e2iθ〉 



 Universality of  phase diagrams in QCD and QCD-like theories 

 Importance of disconn. diagrams beyond MFA → DS & Functional RG? 

 Many more applications of the orbifold equivalence. 

 Challenge for theory: physics inside π condensation. 

Summary & Outlook 
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Back up slides 



 At  MFA, chiral transition cannot be 1st outside π condensation. 

 → only beyond-MFA effects can make it 1st. 

Discussion 



 At  MFA, chiral transition cannot be 1st outside π condensation. 

 → only beyond-MFA effects can make it 1st. 

 

 

 quark mass weakens the chiral transition (1st → 2nd → crossover) 

 

 At μB = 0, chiral transition is crossover; beyond-MFA effects < quark mass. 

 

 QCD critical point is accessible on the lattice (outside π condensation) if 

beyond-MFA effects are enhanced at μB ≠ 0 for some reason. 

Discussion 

competition 



A counter example? 

 Columbia plot: 

 

 

 

 

 

 

 

 

 One can make the critical point on the T-axis (outside the pion condensation) 

by fine tuning mq ～ anomaly. 
 

 Ignoring disconn. diagrams: anomaly < mq 

axial anomaly (disconnected diagrams) 



QCD at finite isospin density 

mI 

Finite μI=2μ: chemical potentials μ & -μ for u & d quarks  

→ Dirac eigenvalues for u & d are complex conjugate. 

→ Positive fermion determinant (no sign problem) 

chiral? 

BEC region BCS region 

T 
Son-Stephanov (’01); 

de Forcrand et al. (‘07) 



SO & Sp gauge theories at μB>0  

mB 

SO(2Nc): real → positive fermion determinant (no sign problem) 

(similarly for pseudo-real Sp(2Nc) with even Nf) 

chiral? 

BEC region BCS region 

T 



Start with SO(2Nc) gauge theory at μB>0. 

1. Discrete symmetry:  
 

 

2. Projection: 
 

3. Daughter theory: U(Nc) ≈ SU(Nc) gauge theory at μI>0. 

 

 
 

4. Orbifold equivalence:                                  etc. 
 

[Caution]   

• Z4 ∈SU(2)iso unbroken from SO(2Nc) to QCD at μI>0 everywhere. 

From SO(2Nc) to SU(Nc) at finite μI 



Perturbative proof 

Generally,                                                 for any planar diagrams.  

• Insert  

 for each propagator. 

• Take the same ‘t Hooft coupling. 

• Difference comes from color factors. 

• Condition:                    when 

Bershadsky-Johansen (’98)  



 Not all the quantities are equivalent in the orbifold equivalence. 

 Projection symmetry must be unbroken. 

 Observables must keep the projection symmetry (neutral). 

 Symmetry breaking patterns, quantum numbers of the condensates 

can be different, but their magnitudes are the same. 

 Example: BCS gap (inside the BEC-BCS crossover) 

What are (aren’t) equivalent? 

‘t Hooft limit (large Nc, g2Nc fixed) 



QCD inequality 

 Correlation function:  

 

 

 

 

 

 

 

 Inequality saturated when Γ = iγ5. 

 

 Cauchy-Schwarz inequality: 

  


