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The QCD Face Diagram

Courtesy M. Nahrgang
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A long story....
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gets more colorful ...
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RHIC AND LHC

Alice
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The Paradigm

T

 ε/T4 RHIC LHC

Seems in good shape
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So how about the other side?  

T

 ε/T4 RHIC LHC

Can we establish that there is indeed a transition?
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What we know from the Lattice

+ Cross over transition at zero net baryon density

Wuppertal/Budpest

μ=0 only
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What we always see.... What it really means....

The Lattice EOS

“T
c
” ~ 160 MeV
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T
c

T
c

2nd order 6th order

4th order0th order

Derivatives
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How to measure derivatives

Z=tr e−
E /T /T N B

At μ = 0: 〈E 〉=
1
Z
tr E e−

E /T/T N B=− ∂
∂1 /T

ln Z 

〈 E 2〉=〈E 2〉−〈E 〉2=− ∂
∂1 /T 

2
ln Z =− ∂

∂1 /T 〈E 〉

〈 E n〉=− ∂
∂1/T 

n−1

〈E 〉

Cumulants of Energy measure the derivatives of the EOS
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T
c

T
c

2nd order 6th order

4th order
0th order

Fluctuations / Cumulants
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Generic Phase Diagram

T

μ
T,μ

σ, ρ

“Simply” use appropriate combination of T and μ

Requires: 〈 E n〉 〈 N B
n
〉 〈 E m N B

n
〉 Mixed cumulants!
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Another way

F=F (r ) , r=√T 2+aμ2

T

μ

a~ curvature of critical line

∂μ
2 F (T ,μ)μ=0=

a
T
∂T F (T ,0)

∂μ
4 F (T ,μ)μ=0=3

a2

T
(T ∂T

2−∂T)F (T ,0)

Baryon number cumulants give same 
info. Less problem with flow etc. 



/home/vkoch/Documents/talks/2013_St_Goar/StGoar.odp 14

The critical Point
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Is there a critical point?

m
u,d

m
s

Cross Over

1storder
pure glue

1storder

The world
we live in
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Lattice and the critical point
Forcrand, Philipsen

Favored by Lattice QCD

Note: Surface may bend back!!!
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Two Critical Points ?!
M. Pinto et al, Phys.Rev. C82 (2010) 055205

M
π
~30 MeV

Two flavors

Seen in both Nambu and Linear Sigma Model
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Measuring
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p+pbar
=
const
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Higher cumulants are promising!



/home/vkoch/Documents/talks/2013_St_Goar/StGoar.odp 22

D-
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Higher Moments probe the tails

n=6

n=4

n=2

P n x= x
n Prob x

x

Gaussian with width = 4.2, 
corresponds roughly to STAR net proton distribution at 200 GeV



“Charge” fluctuations

y

dN /dy

}
∆ Y

accept

∆ Y
coll

Conditions for “charge” fluctuations:  
0)∆ Y

corrrelation  <<  ∆ Y
accept

    (catch the physics)

2)∆ Y
total   

>>  ∆ Y
accept

  >>  ∆ Y
coll  

(keep the physics)

∆Y
correlation



“Charge” fluctuations at SPS and 
below

y

dN /dy

}
∆ Y

accept

∆ Y
coll

Conditions for “charge” fluctuations:  
0)∆ Y

corrrelation  <<  ∆ Y
accept

    (catch the physics)

2)∆ Y
total   

>>  ∆ Y
accept

  >>  ∆ Y
coll  

(keep the physics)

∆Y
correlation



“Charge” fluctuations at SPS and 
below

y

dN /dy

}
∆ Y

accept

∆ Y
coll

Conditions for “charge” fluctuations:  
0)∆ Y

corrrelation  <<  ∆ Y
accept

    (catch the physics)

2)∆ Y
total   

>>  ∆ Y
accept

  >>  ∆ Y
coll  

(keep the physics)

∆Y
correlation



Baryon number (+ Charge) conservation!

B=200, Q=100, Z
1
(nucleons)=40, Z

1
(pion)=500

Protons = ALL baryons
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p
B
, p

B_bar

Baryon Number Conservation
A. Bzdak, V. Skokov, VK,  Phys.Rev. C87 (2013) 014901

Protons only: < 1/2 
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“Avoid” conservation Laws

Define:

D=R5,1−R3,1[1−3
4
13−] γ=√1+8R3,1

D = 0 for ALL values of p, B, … 
          in ABSENCE of any correlations

A.Bzdak,VK,V.Skokov arXiv:1203.4529

No physics

Rm ,n=
Cm

C n
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Finite Acceptance
A. Bzdak, VK; Phys.Rev. C86 (2012) 044904

Effect of conservation laws get reduced with finite acceptance:
“Equilibration via ignorance”

Model with binomial distribution: p
1,2

 = probability to see particle, antiparticle 

True distribution
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Finite Acceptance

True

Measured

Due to “acceptance” not only Cumulants of the the true distribution enter

N=N 1+N 2
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Finite Acceptance

K
4
/K

2
=5

STAR 
acceptance

(protons)

Fraction of BARYONS
observed

K
4
/K

2
=1

K
4
/K

2
=-1

K
4
/K

2
=-5

Spoils the fun for Baryon cumulants

Electric Charge cumulants better. 
BUT issue with separation of (rapidity scales)  at low energies
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Requires measurement of factorial moments, f
20

, f
02

, f
21

,....  with 
GOOD precision 

Finite Acceptance

Unfolding?
Can be done (in principle)
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Help from Theory?

Can we calculate the necessary factorial moments?

Simple example:

Lattice:  NO

Maybe some Model can do that?

〈B+ B̄ 〉 or 〈 p+ p̄ 〉
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Help from Theory?

Can we calculate this in the various models?
  
Can we establish that these are sensitive to critical phenomena?

No or smaller and better controlable acceptance effects: 
N-particle densities

dN
dp1 dp2…dpn

∼〈a pn
+ …a p2

+ a p1

+ a pn…a p2
a p1

〉
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Co-existence region

T

ρ

Spinodal
Region

System should spent long time
in spinodal region

Spinodal instability:
Mechanical instability

∂ p
∂

0

Exponential growth of clumping

Non-equilibrium phenomenon!
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Different approach

Even if total baryon number does
not fluctuate the baryon density does

Therefore measure production of NUCLEI: d, 3He, 4He, 7Li....

〈d 〉~〈B
2
〉 〈

3He 〉~〈B
3
〉 〈

7 He〉~〈B
7
〉

Extracts higher moments of the baryon density at freeze out

Nice Idea, but does not seem to work......



A note on the Phasediagram

T

P(T)
co-exist

 > 0!!!

T

P(T)
co-exist

 = 0

Droplets are stable in vacuum No stable droplets in vacuum

(SB )gas>(
S
B )liquid ( SB )hadron−gas<(

S
B )QGP−liquid
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Difference between Liquid Gas 
and QCD PT

One check on models: Does pressure increase along the critical line as 
one goes away from critical point?

Dexheimer et al, arXiv:1302.2835



Issues
● Impact parameter (volume) fluctuations

– C(4)/C(2) is independent of volume but NOT of 
volume fluctuations (see Skokov et al)

● Initial state fluctuations
– At high energy large fraction of baryons/charges 

not part of the system

– Can be addressed with transport (in principle)

● Can we unfold the effects of charge 
conservation?

– Maybe.... vary acceptance (rapidity)



Summary
● Need to measure cumulants (or equivalent) in order to 

really say something about phase boundary

– Higher cumulants are very sensitive to trivial effects
● Charge conservation
● Efficiency fluctuations
● Initial state fluctuations

– Proton cumulants are not a good proxy for baryon 
cumulants. Need to measure additional fact. moments.

● Can we help from theory?

– Calculate factorial moments

– Calculate n-particle densities
● Verify the EOS is not of liquid gas type!!!



BACKUP



Spinodal Multifragmentation

Ph Chomaz, M Colonna, J Randrup  
Nuclear Spinodal Fragmentation
Physics Reports 389 (2004) 263

Fragments
≈ equal!

Highly non-statistical   =>   Good candidate signature

Nuclear EoS: Spinodal region:

1st order phase transtion

Spinodal instability

Density undulations
may be amplified

Growth rates:

Spinodal pattern:

T
e

m
pe

ra
tu

re
 T

 (
M

e
V

)

J. Randrup
CLUMPING of Baryon Density



Input required for realistic estimate of 
conservation effects

Note: This is likely only to work at lower energies where we 
have baryon stopping
Note: at low energies anti-protons likely to be irrelevant

Need: 
●Total number of protons and (anti-protons)  (4 Pi)
●Number of protons and (anti-protons) actually measured 
●Total number of charged particles

Big Question: Over what rapidity range are the various charges conserved?
● Balance Functions? Only averages!
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QCD vs HRG

QCD

“HRG” 


