
The	  Vacuum	  State,	  	  
Dimensional	  Reduc5on	  at	  T=0,	  	  
and	  a	  Torelon	  Probe	  at	  High	  T	  

Jeff	  Greensite	  
	  talk	  at	  	  “Quarks	  etc.	  under	  Extreme	  Condi9ons”	  

Castle	  Rheinfels	  
St.	  Goar	  

March	  2011	  





an	  elementary	  formula….	  

Two	  ques)ons,	  in	  pure	  Yang-‐Mills	  theory:	  	  

  What	  is	  	  	  	  	  	  	  	  	  	  ?	  	  i.e.,	  in	  Schrodinger	  representa9on,	  	  what	  is	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

  What	  is	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ?	  

	  	  	  	  	  	  	  At	  low	  T,	  the	  relevant	  	  	  	  	  	  	  	  	  	  are	  just	  glueball	  crea9on	  operators.	  	  	  But	  what	  
are	  the	  relevant	  	  	  	  	  	  	  	  	  	  at	  high	  T,	  past	  the	  deconfinement	  transi9on?	  	  
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	  	  	  	  	  	  Confinement	  and	  chiral	  symmetry	  breaking	  are	  proper9es	  of	  the	  QCD	  vacuum.	  	  
Maybe	  we	  could	  learn	  more	  about	  them,	  if	  we	  knew	  the	  explicit	  form	  of	  the	  QCD	  
vacuum	  wavefunc9onal,	  sa9sfying	  

An	  old	  proposal:	  	  Perhaps,	  at	  large	  scales,	  the	  vacuum	  looks	  like	  	  

This	  state	  has	  the	  property	  of	  	  dimension	  reduc5on:	  	  	  large	  Wilson	  loops	  in	  3+1	  
dimensions	  can	  be	  computed	  in	  3	  Euclidean	  dimensions.	  

HΨ0[A] = E0Ψ0[A]

	  Confinement	  and	  Casimir	  Scaling	  
	  from	  Dimensional	  Reduc9on	  
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Dimensional	  reduc9on	  from	  D	  =	  	  4	  →	  3	  →	  2	  	  

for	  large	  spacelike	  Wilson	  loops	  

In	  D=2	  dimensions	  the	  Wilson	  loop	  can	  be	  calculated	  analy9cally,	  and	  we	  

know	  there	  is	  an	  area-‐law	  falloff,	  and	  Casimir-‐scaling	  string	  tensions.	  	  	  

 	  	  	  Is	  this	  the	  right	  explana9on	  for	  Casimir	  scaling?	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

 	  	  	  Can	  we	  test	  it?	  
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string	  tensions	  at	  intermediate	  
distances,	  prior	  to	  color	  screening,	  
are	  propor9onal	  to	  the	  quadra9c	  
Casimir	  of	  the	  color	  representa9on	  
of	  the	  sources.	  
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On	  the	  other	  hand,	  dimensional	  reduc9on	  can’t	  be	  exactly	  right:	  	  

 	  	  	  no	  color	  screening	  (in	  D=2+1),	  wrong	  N-‐ality	  proper9es	  

 	  	  	  wrong	  high	  momentum	  behavior	  

At	  strong	  couplings,	  it	  can	  be	  shown	  that	  small	  correc9ons	  to	  the	  
dimensional	  reduc9on	  wavefunc9on	  are	  responsible	  for	  color	  screening.	  

	  So	  what	  does	  the	  vacuum	  state	  look	  like	  at	  all	  scales,	  not	  just	  
large	  scales?	  	  

	  	  	  	  	  There	  are	  now	  a	  number	  of	  proposals	  on	  the	  table.	  	  I	  will	  concentrate	  on	  
D=2+1	  dimensions…	  



GO	  Wavefunc9onal	  	  	  	  	  	  	  	  	  	  	  	  (Olejnik	  &	  JG)	  

	  	  successes:	  	  mass	  gap,	  Coulomb	  ghost	  propagator	  

KKN	  Wavefunc9onal	  	  	  	  	  	  	  	  	  	  (Karabali,	  Kim&	  Nair)	  

	  successes:	  	  string	  tension	  
	  problem:	  	  not	  gauge-‐invariant	  

Hybrid	  Wavefunc9onal	  	  	  

	  	  	  	  	  	  	  	  	  	  	  D2	  is	  the	  covariant	  Laplacian,	  λ0	  is	  its	  lowest	  eigenvalue,	  m	  is	  a	  parameter	  	  
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Coloumb-‐Gauge	  	  Wavefunc9onal	  	  	  (Reinhardt	  et	  al,	  Szczepaniak	  	  et	  al)	  

where	  ω(k),	  χ(k)	  	  are	  determined	  by	  a	  set	  of	  integral	  equa9ons.	  

successes:	  	  enhancement	  of	  the	  Coulomb	  ghost	  propagator,	  confining	  Coulomb	  
poten9al.	  	  	  

problem:	  	  no	  area	  law	  for	  spacelike	  Wilson	  loops
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The	  YM	  ground	  state	  is	  soluble	  in	  three	  different	  limits:	  

1.  free	  field,	  

2.  laace	  strong-‐coupling	  (which	  has	  the	  dimensional	  reduc9on	  form)	  	  

3.  zero	  mode:	  	  Ak(x)	  independent	  of	  x	  ,	  	  V	  is	  the	  volume	  of	  space	  
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The	  	  	  	  	  	  	  	  	  	  	  	  	  proposal	  is	  obtained	  by	  looking	  for	  the	  simplest,	  gauge-‐invariant	  
wavefunc9onal	  which	  obtains	  dimensional	  reduc9on	  at	  large	  scales,	  and	  agrees	  
with	  the	  two	  other	  analy9c	  solu9ons	  in	  the	  appropriate	  limits.	  	  In	  2+1	  dimensions,	  
the	  proposal	  is	  

where	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  the	  color	  magne9c	  field	  strength	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  	  the	  covariant	  Laplacian	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  the	  lowest	  eigenvalue	  of	  	  -‐D2	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  a	  parameter	  with	  dimensions	  of	  mass	  

We	  have	  a	  finite	  string	  tension	  	  
(from	  dimensional	  reduc9on)	  if	  m>0	  
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Change	  variables	  from	  	  Aμa	  	  to	  gauge-‐invariant	  	  Ja,	  	  the	  tradeoff	  is	  local	  gauge	  invariance	  
for	  local	  holomorphic	  invariance	  under	  

KKN	  wavefunc9on	  in	  new	  (J-‐field)	  and	  old	  (A-‐field)	  variables:	  

where	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  	  	  If	  we	  just	  throw	  away	  	  	  	  	  	  	  	  	  	  	  to	  get	  to	  the	  dimensional	  reduc9on	  
form,	  then	  the	  predicted	  string	  tension	  is	  

in	  excellent	  agreement	  with	  numerical	  simula9ons	  extrapolated	  to	  large	  N.	  
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ΨKKN = exp

�
− 2π2

g2C2
A

�
d2xd2y ∂Ja(x)

�
1√

−∇2 +m2 +m

�

xy

∂Ja(y)

�

= exp

�
− 1

2g2

�
d2xd2y Ba(x)

�
1√

−∇2 +m2 +m

�

xy

Ba(y)

�

J → hJh−1 +
CA

π
∂hh−1

m = g2CA/2π −∇2

σ =
g4

8π
(N2 − 1)



	  The	  problem	  with	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  that	  in	  new	  variables	  the	  bilinear	  is	  not	  holomorphic	  
	  invariant,	  and	  in	  old	  variables	  it	  is	  not	  gauge-‐invariant.	  	  

The	  wavefunc9onal	  is	  therefore	  not	  a	  physical	  state	  as	  it	  stands,	  and	  the	  use	  of	  	  
dimensional	  reduc9on	  to	  compute	  the	  string	  tensions	  is	  ques9onable.	  	  	  
Some	  gauge-‐invariant	  comple5on	  is	  required.	  

So	  we	  look	  for	  a	  wavefunc9onal	  with	  the	  following	  proper9es:	  

1.  Gauge-‐invariant	  
2.  has	  the	  dimensional	  reduc9on	  property	  
3.  reduces	  to	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  on	  abelian	  configura9ons	  

Hybrid	  	  Wavefunc9onal	  
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	  	  	  	  The	  approach	  was	  ini9ated	  by	  Szczepaniak	  and	  collaborators	  (Indiana),	  and	  
refined/corrected	  by	  Reinhardt	  and	  collaborators	  (Tübingen).	  	  Here	  we	  follow	  
Feuchter	  and	  Reinhardt.	  	  	  The	  proposal	  to	  be	  tested	  is	  

where	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  to	  be	  determined	  by	  minimizing	  the	  vacuum	  energy	  to	  one	  loop.	  	  
The	  result	  is	  a	  complicated	  set	  of	  integral	  equa9ons	  which	  are	  solved	  numerically.	  

Coulomb	  Gauge	  	  Wavefunc9onal	  
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Here	  is	  the	  set	  of	  equa9ons	  determining	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  are	  renormaliza9on	  constants.	  	  	  Given	  those	  constants,	  the	  set	  is	  solved	  
numerically.	  	  
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In	  this	  approach,	  the	  color	  Coulomb	  poten9al	  

rises	  almost	  (but	  not	  quite)	  linearly	  in	  2+1	  dimensions.	  

Spacelike	  Wilson	  loops,	  however,	  

do	  not	  seem	  to	  obtain	  the	  required	  area	  law	  falloff;	  this	  would	  require	  some	  
refinement	  going	  beyond	  the	  Gaussian	  ansatz.	  	  	  	  	  
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A	  modified	  Monte	  Carlo:	  	  on	  9me-‐slice	  t=0,	  restrict	  the	  available	  configura9ons	  
to	  some	  subset	  

and	  select	  them,	  at	  t=0,	  via	  the	  Metropolis	  algorithm.	  

Let	  	  Nm	  	  
be	  the	  number	  of	  9mes	  the	  m-‐th	  configura9on	  is	  generated.	  	  	  In	  the	  

limit	  that	  	  Nm,n	  
→	  ∞	  

	  Tes9ng	  Vacuum	  Proposals	  by	  Measurement	  of	  the	  Vacuum	  	  

U ≡ {U (m)
k (x),m = 1, 2, ...,M}

����
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Ψ0[U (n)]

����
2

=
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So,	  given	  

with	  anybody’s	  proposal	  for	  R[U]	  	  ,	  all	  we	  have	  to	  do	  is	  to	  plot	  

If	  the	  proposal	  is	  right,	  then	  the	  data	  should	  fall	  on	  a	  straight	  line,	  	  
with	  slope	  =	  1.	  	  

− log
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	  Reason:	  	  	  Start	  with	  the	  iden9ty	  

where	  

This	  is	  a	  sta9s9cal	  system	  with	  the	  t=0	  9meslice	  restricted	  to	  a	  set	  of	  M	  laaces.	  	  The	  
system	  can	  be	  simulated	  numerically,	  and	  
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	  Since	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  just	  a	  rescaling	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  	  it	  follows	  that	  �Ψ0[U ] Ψ0[U ]
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Abelian	  laace	  configura9on:	  	  	  [U1,U2]=0,	  	  variable	  amplitude.	  
Oscilla9on	  in	  the	  y-‐direc9on	  with	  wavelength	  equal	  to	  the	  laace	  length	  L:	  

squared	  laace	  momentum	  

For	  physical	  units,	  set	  	  string	  tension	  	  	  	  σ	  =	  (440	  ΜeV)2	  

laace	  spacing	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  as	  usual.	  	  
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Abelian	  Plane	  Waves	  
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	  Predic9ons:	  

where	  

For	  CG,	  a	  numerical	  solu9on	  is	  required.	  	  However,	  	  ωCG(0)	  =	  0	  	  if	  	  c1=0,	  
otherwise	  	  ωCG(0)	  >	  0.	  	  	  

ω(k2) =






1
g2

k2
√
k2+m2 GO

1
g2

k2
√
k2+m2+m

KKN

− log

�
Nj

Ntot

�
= 2(α+ γj)ω(�k2) + r0



Fit	  the	  Monte	  Carlo	  data	  to	  

	  slope	  is	  ωMC(k2)	  

− log

�
Nj

Ntot

�
= 2(α+ γj)ωMC(�k2) + r0

Compare	  to	  the	  predicted	  values	  for	  ω(k2).	  	  	  	  	  	  	  



Results:	  

GO,	  KKN	  both	  work	  well,	  and	  are	  indis9nguishable	  in	  this	  range	  of	  momenta.	  
CG	  also	  works	  well,	  for	  the	  choice	  (shown	  here)	  of	  	  c1=0.	  

g2/m	  is	  the	  
fiang	  parameter	  
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	  For	  abelian	  plane	  waves	  in	  the	  low-‐momentum	  limit,	  	  	  for	  	  GO,	  KKN,	  and	  CG,	  

and	  it	  is	  just	  a	  ques9on	  of	  how	  much	  the	  ω(k2)	  	  agree	  in	  the	  given	  range	  
studied.	  

In	  contrast	  for	  weak-‐field,	  non-‐abelian	  constant	  configura9ons	  

In	  this	  case,	  	  GO	  &	  hybrid	  are	  qualitaAvely	  different	  from	  CG.	  

	  	  Non-‐Abelian	  Constant	  Configura9ons	  

R[A] ∝






( �A1 × �A2) · ( �A1 × �A2) GO, hybrid

ω(0)( �A1 · �A1 +
�A2 · �A2) CG

R[A] ∝ ω(k2)( �A1 · �A1 + �A2 · �A2)



fixed	  amplitude,	  variable	  “non-‐abelianicity”	  controlled	  by	  angle	  θ	  

for	  small	  α	  ,	  

and	  this	  is	  easy	  to	  check,	  since	  we	  should	  have	  

U (n)
1 =

�
1− α2

2 + iασ1

U (n)
2 =

�
1− α2

2 + iα(cos(θn)σ1 + sin(θn)σ2)

RGO,hybrid[U
(n)] ∝ sin2(θn)

RCG[U
(n)] ∝ ω(0)

− log[Nn/Ntot] = R[U (n)] + r0

13

In terms of the parameters g2,m in the GO row of Table I, we
use ! = 4/(g2a) and mL = ma, where a is the lattice spacing.
For comparison with the Monte Carlo data generated at the
lattice coupling !E of the Wilson action, we determine a from
eq. (79). It is important to note that while we expect !/!E → 1
in the continuum limit, this ratio need not be exactly equal to
one at any finite !E .
In the same way, the latticized “hybrid” wavefunctional is

Rhybrid [U (n)]

=
!
4 "x "y

Ba(x)



 1√
−D2−#0+m2L+mL




ab

xy

Bb(y) ,

(95)

with ! ,mL determined using the parameters g2,m in the KKN
row of Table I, and the lattice spacing from eq. (79).
We will consider first the configurations of eq. (66), with

fixed amplitude and variable “non-abelianicity” specified by
the $ parameter. If the amplitude is chosen small enough,
then −D2− #0 is negligible compared to m2, and the kernel
reduces to

(
1√

−D2−#0+m2

)ab

xy

=
1
m
%xy% ab (96)

for the GO wavefunctional, and
(

1√
−D2−#0+m2+m

)ab

xy

=
1
2m

%xy% ab (97)

for the hybrid. This is the dimensional reduction limit, and in
either case, for the configurations (66), R[U ]& (A1×A2)2, or

RGO,hybrid [U (n)] & sin2($n) (98)

For the Coulomb gauge wavefunctional, however, R[U ] &
A21+ A22, and hence, since the amplitudes of A1 and A2 are
fixed in the set (66),

RCG[U (n)] & '(0) (99)

independent of the angle $n. If '(0) = 0, which seems opti-
mal for agreement with the plane wave data, then RCG would
also be independent of the amplitude of the gauge fields.
However, it is important to recall that the Coulomb gauge
wavefunctional should not be evaluated outside the first Gri-
bov horizon. So even if '(0) = 0, the restriction to the Gri-
bov region amounts to a cutoff in the amplitude of non-abelian
constant configurations.
TheMonte Carlo simulation was carried out on a 123 lattice

at !E = 6, with the t = 0 configurations chosen from

U (n)
1 =

√
1−(2 2+ i()1

U (n)
2 =

√
1−(2 2+ i((cos($n))1+ sin($n))2) (100)

with ( = 0.193, and $n = (n− 1)*/38. By explicitly calcu-
lating numerically the lowest lying eigenvalues of the lattice

Faddeev-Popov operator, we have checked that these lattice
configurations are all inside the first Gribov horizon.
In Fig. 5 it can be seen that the logarithm of the wavefunc-

tional is indeed proportional to sin2($ ), as one would expect
from the GO and hybrid wavefunctionals in the dimensional
reduction limit. The data does not seem to be compatible,
however, with the $ -independence (99) of the CG wavefunc-
tional (51).
We recall that if +[U ] = exp[− 1

2R(U)] is the true vacuum
state, then the data points for − log(Nn/NT ) vs. R[Un] should
fall on a straight line, with unit slope. Plotting the data for
− log(Nn/NT ) against RGO[Un], as in Fig. 6, we find the slope
obtained from a linear fit through the data is indeed close to
unity. In the GO case the slope is 1.02(6); a similar analysis
for the hybrid wavefunctional results in a slope of 1.12(7).
Some numerical details concerning the simulations are found
in the Appendix.
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GO	  and	  hybrid	  are	  fine,	  

CG	  doesn’t	  work.	  





variable	  amplitude,	  maximal	  “non-‐abelianicity”	  θ=π/2	  

We	  plot	  	  	  

The	  proposal	  	  Ψ[U]	  =	  exp[-‐R[U]]	  	  works	  if	  

1.  	  the	  data	  in	  this	  plot	  falls	  on	  a	  straight	  line	  
2.  	  with	  slope	  =	  1	  

U (m)
1 (n1, n2) =

�
1− (a(m))2 2 + ia(m)σ1

U (m)
2 (n1, n2) =

�
1− (a(m))2 2 + ia(m)σ2

a(m) =

�
α+ γm

20L2

�1/4

− log(Nn/Ntot) vs. R[U (n)]



Both	  GO	  and	  hybrid	  work	  well:	  

slope	  =	  0.98	  in	  this	  case	  

slope	  is	  close	  to	  unity	  over	  
a	  wide	  range	  of	  R[U]	  

β=12	  



	  It	  is	  also	  possible	  to	  simulate	  the	  probability	  distribu9on	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  for	  the	  GO	  and	  
hybrid	  proposals.	  	  	  Olejnik	  &	  JG	  	  PRD77	  (2008)	  

Using	  this	  method,	  one	  can	  compute	  the	  	  

1.  Coulomb	  gauge	  ghost	  propagator	  

2.  color	  Coulomb	  poten9al	  

3.  mass	  gap,	  	  extracted	  from	  	  

	  	  Numerical	  Simula9on	  of	  the	  GO/hybrid	  Wavefunc9onals	  

Ψ2
0[U ]

G(R) = −
�

1

∇ ·D

�aa

|x−y|=R

VC(R) = −
�

1

∇ ·D (−∇2)
1

∇ ·D

�aa

|x−y|=R

�
Tr[F 2

12(x)]Tr[F
2
12(y)]

�
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agreement	  with	  the	  Coulomb	  poten9al	  is	  not	  as	  good,	  but	  the	  disagreement	  stems	  from	  
rare	  “excep9onal”	  configura9ons,	  for	  which	  the	  Fadeev-‐Popov	  operator	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  has	  an	  
unusually	  small	  eigenvalue.	  	  The	  Coulomb	  poten9al	  is	  more	  sensi9ve	  to	  these	  than	  the	  
ghost	  propagator.	  	  When	  excep9onal	  configura9ons	  are	  excluded,	  agreement	  is	  restored.	  	  

−∇ ·D

VC(R) = −
�

1

∇ ·D (−∇2)
1

∇ ·D

�aa

|x−y|=R



  Both	  	  GO	  and	  Hybrid	  (=KKN	  for	  abelian)	  fit	  the	  data	  almost	  perfectly,	  for	  both	  
abelian	  plane	  wave	  and	  non-‐abelian	  constant	  laace	  configura9ons.	  

  The	  Coulomb	  gauge	  proposal	  also	  works	  for	  abelian	  plane	  waves,	  if	  we	  choose	  
c1=0.	  	  	  It	  fails	  on	  non-‐abelian	  constant	  configura9ons.	  

  So	  far,	  we	  cannot	  dis9nguish	  the	  GO	  from	  the	  Hybrid	  proposal.	  	  Will	  need	  to	  go	  
to	  shorter	  wavelengths.	  

  Physics	  conclusion:	  	  There	  is	  some	  truth	  to	  	  Dimensional	  Reduc5on	  in	  the	  
Infrared.	  	  Long	  wavelength	  vacuum	  fluctua9ons	  in	  2+1	  at	  fixed	  9me	  resemble	  
fluctua9ons	  in	  a	  two-‐dimensional	  Euclidean	  theory.	  	  (Explains	  Casimir	  scaling.)	  

  Next	  step:	  	  D=3+1	  dimensions.	  

Conclusions	  at	  T=0	  



	  We	  assume	  that	  at	  any	  temperature,	  energy	  eigenstates	  have	  the	  general	  form	  

where	  Qn	  is	  some	  gauge-‐invariant	  operator.	  	  	  The	  possibili9es	  are	  infinite.	  	  We	  can	  always	  
build	  gauge-‐invariant	  operators	  from,	  e.g.	  	  

1.  eigenstates	  and	  eigenvalues	  of	  covariant	  differen9al	  operators	  

2.  transforma9ons	  g[x;A]	  which	  take	  the	  gauge	  field	  A	  to	  a	  physical	  (e.g.	  
Coulomb)	  gauge,	  i.e.	  

	  What	  are	  the	  important	  high-‐T	  states?	  

|n� = Qn|0�

F [φa
n(x)φ

a
m(x);λn] where −D2φn = λnφn

G
�
g[x;A] ◦Ak(x)

�



	  There	  are	  also	  

 	  	  Wilson	  loop	  operators	  	  W(C)	  	  	  -‐	  	  create	  electric	  flux	  tubes;	  	  

 	  	  ‘t	  Hoo�	  loop	  operators	  	  B(C)	  	  -‐	  	  	  create	  magne9c	  flux	  tubes.	  

These	  are	  “local”	  in	  the	  sense	  that	  their	  construc9on	  does	  not	  require	  solving	  
differen9al	  equa9ons	  in	  the	  full	  volume	  of	  space.	  	  	  	  

Also,	  in	  fixed	  gauges,	  electric	  and	  magne9c	  flux	  tubes	  are	  seen	  (in	  numerical	  
simula9ons)	  to	  have	  a	  cons9tuent	  structure	  



Gluon-‐Chain	  Model	  	  (Thorn	  &	  JG,	  1980’s)	  	  -‐	  	  	  in	  Coulomb	  gauge,	  electric	  flux	  
	  tubes	  appear	  as	  a	  chain	  of	  cons9tuent	  gluons,	  bound	  by	  confining	  
	  Coulombic	  forces.	  

Recent	  numerical	  inves9ga9on:	  	  Olejnik	  &	  JG	  	  PRD	  79	  (2009)	  

A	  similar	  picture	  was	  advocated	  at	  
high	  temperatures,	  T>TC,	  by	  	  	  
Shuryak	  and	  Liao	  (2006).	  



Center	  vor9ces	  	  (magne9c	  flux	  tubes)	  in	  maximal	  center	  gauge:	  
a	  monopole-‐an9monopole	  chain.	  

There	  is	  quite	  a	  lot	  of	  numerical	  evidence	  that	  these	  objects	  play	  a	  role	  in	  	  
genera9ng	  a	  confining	  force	  which	  respects	  N-‐ality.	  	  	  (review:	  	  hep-‐lat/0301023)	  



So	  one	  guess,	  at	  high	  T,	  is	  

Low	  T:	  	  	  	  only	  small	  electric	  flux	  tubes	  (low-‐lying	  glueballs)	  	  -‐	  	  would	  be	  
important.	  	  	  Center	  vor9ces	  are	  only	  vacuum	  fluctua9ons.	  

As	  T	  increases:	  	  longer	  electric	  flux	  tubes	  (excited	  glueball	  states)	  -‐	  are	  not	  so	  
much	  suppressed.	  

At	  	  T	  >	  TC	  	  ,	  what	  happens?	  	  	  Do	  electric	  flux	  tubes	  just	  disappear?	  Or	  percolate?	  	  
Do	  they	  eventually	  “melt”?	  	  	  	  	  	  	  	  	  	  

(for	  electric/magne9c	  
pictures	  of	  the	  SQGP,	  cf.	  
Chernodub	  &	  Zakharov	  	  
and	  Shuryak)	  

|n� = {electric flux tube operators}
× {magnetic flux tube operators}|0�



Ideally,	  one	  would	  like	  to	  compute	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  where	  

for	  long	  flux	  tubes,	  e.g.	  winding	  through	  the	  periodic	  laace	  in	  the	  z-‐direc9on,	  
such	  that	  only	  excited	  states	  containing	  at	  least	  one	  long	  flux	  tube	  would	  contribute	  
to	  the	  thermal	  average.	  

I	  don’t	  know	  of	  any	  operator	  which	  does	  exactly	  this.	  	  	  	  

Next	  best	  thing	  is	  the	  adjoint	  torelon	  operator	  	  	  	  	  	  	  	  	  	  	  .	  	  	  	  	  	  

	  	  Adjoint	  Torelon	  Operators	  

�Y �thermal

Y = (flux tube creation operator)× (flux tube destruction operator)

LA



where	  

and	  

	  	  	  	  	  	  	  transforms	  non-‐trivially	  under	  center	  transforma9ons.	  	  If	  we	  (for	  
convenience)	  let	  “torelon”	  refer	  to	  a	  line	  of	  electric	  flux	  along	  the	  posi9ve	  z-‐
direc9on,	  then	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  creates	  a	  torelon,	  	  destroys	  an	  an9torelon	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  creates	  an	  an9torelon,	  destroys	  a	  torelon	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

L

L†

LA = Tr[L†]Tr[L]− 1

L = Tr P exp

�
ig

� lz

0
dzAz(00z0)

�
= Tr

�
Nz�

nz=1

Uz(00nz0)

�

L



processes	  contribu9ng	  to	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  

z=y=0	  slice	  (schema9c)	  

	  	  	  	  	  	  	  	  	  	  strong-‐coupling	  diagrams:	  

(contribute	  to	  	  <LA>vac	  )	  

�LA�thermal

t = T/2 

t = − T/2

t = 0

A t=0

t = T/2

t = − T/2

L LA x	  

t	  

z	  



	  Adjoint	  torelon	  in	  the	  z-‐direc9on,	  fixed	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  vary	  

Uses	  Luscher-‐Weisz	  noise	  reduc9on,	  one	  level,	  3	  spacings	  per	  level.	  	  

	  	  Numerical	  Result,	  	  β=2.5115	  
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peak	  at	  T=TC	  is	  
an	  order	  of	  
magnitude	  
higher	  than	  at	  
low	  T.	  



	  The	  peak	  suggests	  that	  the	  contribu9on	  of	  long	  flux	  tubes	  is	  enhanced,	  as	  T	  
increases,	  to	  a	  maximum	  at	  T=TC	  	  ,	  	  persists	  at	  T>TC	  ,	  	  and	  disappears	  for	  T	  >	  3TC	  
or	  so.	  

Why	  disappear?	  

From	  the	  point	  of	  view	  of	  the	  gluon	  chain	  model,	  a	  flux	  tube	  seen	  in	  Coulomb	  
gauge	  is	  a	  chain	  of	  gluons,	  held	  together	  by	  the	  color-‐Coulombic	  poten9al	  

Maybe	  the	  Coulombic	  force,	  which	  is	  confining	  at	  T=0,	  is	  non-‐confining	  at	  	  
high	  T?	  

VC(R) = −
�

1

∇ ·D (−∇2)
1

∇ ·D

�aa

|x−y|=R



	  Define	  the	  9me-‐like	  Wilson	  line	  of	  9me-‐extent	  t	  	  	  	  (not	  a	  Polyakov	  line)	  

It	  is	  not	  hard	  to	  show	  that	  (also	  at	  finite	  temperature)	  

On	  the	  laace	  

Coulomb	  string	  tension	  at	  high-‐T	  

L(x, t) ≡ P exp

�
i

� t

0
dx0 A0(x, x0)

�

G(R, t) ≡
�
Tr

�
L(0, t)L†(R, t)

��

VC(R) = − lim
t→0

d

dt
log[G(R, t)]

VC(R) = − log
�
Tr

�
U0(0, 0)U0(R, 0)

��



	  zero-‐temperature	  result:	  	  the	  color-‐Coulomb	  poten9al	  is	  linearly	  confining,	  
with	  a	  string	  tension	  about	  three	  9mes	  larger	  than	  the	  asympto9c	  string	  
tension.	  

Olejnik	  &	  JG	  (2003)	  



	  This	  is	  the	  result	  at	  finite	  temperatures,	  with	  the	  spa9al	  string	  tension	  shown	  
for	  comparison:	  

Like	  the	  spa9al	  string	  tension,	  the	  Coulomb	  string	  tension	  σC(T)	  increases	  with	  
temperature.	  
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  The	  adjoint	  torelon	  observable	  	  has	  a	  pronounced	  peak	  at	  T=TC	  ,	  	  and	  runs	  to	  
zero	  around	  T	  =	  3TC	  or	  so.	  

  The	  sugges9on	  is	  that	  long	  electric	  flux	  tubes	  persist,	  in	  thermal	  ensembles,	  
beyond	  the	  cri9cal	  temperature,	  and	  then	  disappear.	  	  	  

  The	  color-‐Coulomb	  string	  tension,	  like	  the	  spacelike	  string	  tension,	  actually	  
increases	  with	  T>TC	  .	  	  So	  this	  does	  not	  explain	  flux	  tube	  disappearance.	  	  

	  	  	  	  Perhaps	  gluon	  chains	  “melt”	  into	  their	  cons9tuent	  gluons	  at	  high	  T,	  as	  the	  
overall	  density	  of	  gluons	  becomes	  large.	  	  That	  means:	  	  many	  gluons,	  but	  the	  
organiza9on	  of	  gluons	  into	  chains	  (i.e.	  correla9on	  of	  color	  indices	  with	  
spa9al	  posi9on)	  is	  lost.	  	  	  	  

Conclusions	  at	  High	  T	  



Ψ
0
	  has	  the	  dimensional	  reduc9on	  form	  at	  large	  scales	  

2D	  Yang-‐Mills	  -‐-‐>	  	  Casimir	  scaling.	  

However,	  Casimir	  scaling	  in	  D=2+1	  and	  3+1	  	  does	  not	  hold	  asympto9cally	  for	  
all	  group	  representa9ons.	  	  At	  large	  enough	  scales,	  the	  string	  tension	  should	  
depend	  only	  on	  the	  N-‐ality	  of	  the	  sta9c	  color	  charges,	  due	  to	  color	  screening	  
by	  gluons.	  

	  	  	  	  	  So	  -‐	  	  what	  about	  color	  screening?	  

	  	  IFTT	  #1:	  	  color	  screening	  at	  strong	  coupling	  

Ψeff
0 [A] = N exp

�
−1

2
µ

�
d3x Tr[F 2

ij ]

�



How	  is	  this	  problem	  solved	  at	  strong	  couplings,	  where	  we	  can	  solve	  for	  the	  ground	  
state	  analy9cally?	  	  (JG,	  1980)	  

The	  vacuum	  is	  

where,	  up	  to	  O(	  	  	  	  )	  

Ψ0[U ] = eR[U ]



The	  1X2	  rectangle	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  screens	  adjoint	  loops.	  	  

It	  also	  gives	  the	  leading	  correc9on	  to	  
dimensional	  reduc9on.	  

Expansion	  in	  powers	  of	  laace	  spacing:	  

where	  	  	  (Guo	  et	  al,	  94)	  	  

Note!	  Leading	  correc9on	  comes	  from	  
the	  rectangle	  
(	  	  	  	  	  	  	  	  	  	  )	  



	  	  IFTT	  #2:	  	  Probability	  distribu9on	  of	  Polyakov	  lines	  

Do	  the	  eigenvalues	  of	  Polyakov	  lines,	  in	  the	  confined	  phase,	  a�ract	  or	  repel?	  	  Some	  
extremes:	  

1.   Center	  projected	  SU(N)	  gauge	  theory:	  
	  	  	  	  	  	  	  	  P(x)	  =	  a	  center	  element.	  	  	  <Tr[P]>=0	  because	  of	  fluctua9ons	  among	  	  
	  	  	  	  	  	  	  	  center	  elements.	  	  
2.   Dilute	  gas	  of	  dyons	  	  	  	  (Diakonov	  &	  Petrov),	  trace	  deforma5ons	  	  (Unsal)	  :	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  Polyakov	  lines	  are	  mostly	  near	  Tr[P]=0	  in	  each	  configura9on.	  

In	  the	  actual	  vacuum	  state	  there	  is	  a	  broad	  probability	  distribu9on	  for	  P(x).	  	  But	  we	  can	  	  
ask	  whether	  that	  distribu9on	  is	  (slightly)	  peaked	  at	  zero	  -‐	  eigenvalues	  “repel”	  -‐	  	  or	  at	  
center	  elements	  -‐	  eigenvalues	  “a\ract”.	  

Let	  ρ(g)	  =	  prob	  density	  that	  P(x)=g	  .	  	  Then	  in	  SU(2)	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  where	  TrA[g]	  =	  χ1[g]	  

ρ(g) =
�
δ[P (x)− g]

�

=
�

j

�χj [P (x)]�χj(g)

≈ 1 + �TrA[P (x)]�TrA[g]



But	  if	  

it	  means	  that:	  

1.  probability	  is	  peaked	  at	  center	  elements	  if	  

2.  probability	  is	  peaked	  at	  Tr[P]=0	  	  if	  	  

The	  numerical	  result	  is	  that	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  and	  therefore	  the	  first	  
alterna9ve	  (“eigenvalues	  a�ract”)	  is	  the	  correct	  one.	  	  	  	  	  	  

ρ(g) ≈ 1 + �TrA[P (x)]�TrA[g]

�TrA[P (x)]� > 0

�TrA[P (x)]� < 0

�TrA[P (x)]� > 0



IIb.	  	  Abelian	  plane-‐wave	  configura)ons	  	  (same	  amplitude,	  different	  λ)	  

parameters	  κ=1	  ,	  β=6,	  	  L=48,	  m=1-‐10	  

wavelengths	  	  λ	  =	  4.8	  -‐	  48	  

the	  slope	  is	  1.1	  ±	  0.02	  .	  



The	  cutoff	  mode	  sum	  defines	  the	  “slowly	  varying”	  B-‐field.	  	  Choosing	  	  n
max	  

such	  that	  

Dimensional	  Reduc5on:	  	  	  	  	  Expand	  B(x)	  in	  eigenmodes	  of	  the	  covariant	  
Laplacian:	  	  



So	  the	  part	  of	  the	  squared	  wavefunc9onal	  that	  involves	  Bslow	  is	  

which	  is	  the	  probability	  distribu9on	  of	  D=2	  dimensional	  Yang-‐Mills	  (i.e.	  dimensional	  
reduc9on).	  	  The	  string	  tension	  σ	  can	  be	  calculated	  analy9cally;	  in	  laace	  units	  it	  is	  


