
Quantisierung des Dirac-Feldes

I Hamilton-Operator:

H =
∫

d3x ψ†(~x) ĤD ψ(~x) =
∫ d3p

(2π)3

∑
s

Ep
(
as
~p
†as
~p − bs

~pbs
~p
†)

Þ Antikommutator:

{ψa(~x);ψ†b(~y )} = δ3(~x − ~y )δab , {ψa(~x);ψb(~y )} = {ψ†a(~x);ψ†b(~y )} = 0

{ar
~p, as

~q
†} = {br

~p, bs
~q
†} = (2π)3δ3(~p − ~q) δrs

{ar
~p, bs

~q
†} = ( alle anderen) = 0

I Feldoperatoren im Heisenberg-Bild:

ψ(x) =
∫ d3p

(2π)3
1√
2Ep

∑
s

(
as
~p us(~p) e−ip·x + bs

~p
† vs(~p) eip·x)

ψ(x) =
∫ d3p

(2π)3
1√
2Ep

∑
s

(
bs
~p vs(~p) e−ip·x + as

~p
† ūs(~p) eip·x)
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∫ d3p

(2π)3

∑
s

Ep


(
as
~p
†as
~p − bs

~p
†bs
~p + (2π)3δ3(~0)

)
(
as
~p
†as
~p + bs

~p
†bs
~p − (2π)3δ3(~0)

) ,,-”

,,+”
Þ Antikommutator:

{ψa(~x);ψ†b(~y )} = δ3(~x − ~y )δab , {ψa(~x);ψb(~y )} = {ψ†a(~x);ψ†b(~y )} = 0

{ar
~p, as

~q
†} = {br

~p, bs
~q
†} = (2π)3δ3(~p − ~q) δrs

{ar
~p, bs

~q
†} = ( alle anderen) = 0

I Feldoperatoren im Heisenberg-Bild:

ψ(x) =
∫ d3p

(2π)3
1√
2Ep

∑
s

(
as
~p us(~p) e−ip·x + bs

~p
† vs(~p) eip·x)

ψ(x) =
∫ d3p

(2π)3
1√
2Ep

∑
s

(
bs
~p vs(~p) e−ip·x + as

~p
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Einteilchen-Zustände

I Energie: H =
∫ d3p

(2π)3

∑
s

Ep
(
as
~p
†as
~p + bs

~p
†bs
~p

)
(ohne Vakuum-Energie)

I Impuls: ~P =
∫

d3x ψ†(~x) (−i ~∇)ψ(~x) =
∫ d3p

(2π)3

∑
s
~p
(
as
~p
†as
~p + bs

~p
†bs
~p

)
I L = ψ(i /∂ −m)ψ invariant unter ψ → e−iαψ(x)

I Noether-Strom: jµ(x) = ψ(x)γµψ(x)

I erhaltene Ladung: Q =
∫

d3x ψ†ψ =
∫ d3p

(2π)3

∑
s

(
as
~p
†as
~p − bs

~p
†bs
~p

)
(+ unendl. Vakuum-Beitrag)

⇒ as
~p
† erzeugt Teilchen, bs

~p
† Antiteilchen mit Impuls ~p und Energie Ep.

I Antivertauschungsrelationen ar
~p
†as
~q
† = −as

~q
†ar
~p
† Þ Fermi-Dirac-Statistik
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Spin

I Gesamtdrehimpuls (=̂ erhaltene Noetherladungen zur Rotationsinvarianz):

~J =
∫

d3x ψ†
(
~x × (−i ~∇)︸ ︷︷ ︸
Bahndrehimpuls

+
1
2
~Σ︸︷︷︸

Spin

)
ψ

I Spinmatrizen: Σk =
(
σk 0
0 σk

)
, εijkΣk = σij ≡ i

2 [γ i , γ j ] ≡ 2Sij

I ruhende Teilchen / Antiteilchen:

Jz as
0
†|0〉 =

{
+ 1

2 as
0
†|0〉 für ξs =

(
1
0

)
− 1

2 as
0
†|0〉 ” ξs =

(
0
1

)
Jz bs

0
†|0〉 =

{
− 1

2 bs
0
†|0〉 für ηs =

(
1
0

)
+ 1

2 bs
0
†|0〉 ” ηs =

(
0
1

)
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Dirac-Propagator

I Dirac-Amplituden:
I 〈0|ψa(x)ψb(y )|0〉 =

(
i /∂x + m

)
ab D(x − y ) Propagation von Teilchen

I 〈0|ψb(y )ψa(x)|0〉 = −
(
i /∂x + m

)
ab D(y − x) Prop. von Antiteilchen

I D(x − y ) = 〈0|φ(x)φ(y )|0〉 Klein-Gordon-Amplitude

I Feynman-Propagator:

SF (x − y ) = 〈0|Tψ(x)ψ(y )|0〉

≡

{
〈0|ψ(x)ψ(y )|0〉 falls x0 > y0

−〈0|ψ(y )ψ(x)|0〉 ” y0 > x0

= i
∫

d4p
(2π)4

/p + m
p2 −m2 + iε

e−ip·(x−y )
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