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— Dirac equation in non-covariant form: 10 o0 o0
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Ih% ’l/)(t) = ﬁm02¢(t) = m02 0 0 —1 0 1/)(1‘)

00 0 -1

» linear independent solutions:

1 0
0 _ i mc? 1 iR
Pty = | o | e "™, v@ = |, | e n™t,
0 0
0 0
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e_r%mczt, p@ = e‘%mczt, @ = e*%mczf, @ = gt Emet

¢<1> -

[=Ne N
OO =0
= NeNe)]
- o oo

» energy eigenvalues:

Ev=ihZy
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» energy eigenvalues:
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» energy eigenvalues:

9 +mc?  for 12
Eg=indey = E = { T for o

= The problem of negative energies remains!
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P = 8 e~ Hmt @ = (1) e~ Hmt W = (1) et hmt @ = 8 ot Eme’t
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» energy eigenvalues:

8 +mc? for (12
Eg=indey = E = { T for o

= The problem of negative energies remains!

(But Dirac found a way out, see later ...)
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2. Arbitrary momenta:

» free Dirac equation: (i — %¢)¢ =0
» free particles = conserved 4-momentum — plane-wave ansatz
i) positive energies

Ansatz: ¢(x) = P (x) = (“”(p )) e~ #PX,  E=p°>0,

e = () - ()
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2. Arbitrary momenta:

» free Dirac equation: (i — %¢)¢ =0
» free particles = conserved 4-momentum — plane-wave ansatz
i) positive energies
Ansatz: ¢(x) = P (x) = (“”(p )) e~ wPX  E=p®>0,
_ (%’1 ) _ (X1 )
v = w2 )’ X= X2

i A—Lpx i —Lp,x* _ i v\ p—Epx _ 1 —Lpx
iPe=mPX = iytd, e iPX = iyt (—ip, 61) e nPX = Lge P
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2. Arbitrary momenta:

» free Dirac equation: (i — %¢)¢ =0
» free particles = conserved 4-momentum — plane-wave ansatz
i) positive energies
Ansatz: ¢(x) = P (x) = (“”(p )) e~ wPX  E=p®>0,
_ (%’1 ) _ (X1 )
v = w2 )’ X= X2
iPetor = ind, kP < iy (~Lp, dy) e HPX = L gemhex

= 0= (id—2)v(x) = +(p— me) v (x)
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p—vpu—vcvp—<5?5 _§>

E _ —g-n
_ (p_mc)<“’(5)) ) ( c-me —d-p >(s0(p)> o
x(P) o-p —5;—mc x(p)

— coupled equations:

(E —mc?)p(p) —3-pex(p) = 0

- pcy(p) — (E+mc®) x(p) = 0
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w(ﬁ)) (E—mc -7-p >(<P(P)>
_ = C“ - = O
= (p=mo) (x(p) 78 —E-me )\ xp

— coupled equations:
(E—mc®) p(p) —d-pcx(p) = O
d-pcp(p) — (E+mc?) x(p) = 0
limit p — 0:  (E — mc?) ¢(E,0) = (E+mc?)x(E,0) = 0
E>0 = E=mc?, x=0 V
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— coupled equations:
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— coupled equations:
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—

= #.3G-b = & boko! = §~b+i(§xb).5

—

= (7-Pf°=p?
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» Product of two Pauli matrices: o*o'! = ¥ + ickimgm

—

= #.3G-b = & boko! = §~b+i(axb).5

= (F-P)?=p2
2 2 B
= 0= (E N m02 - lEFirrrc;CZ) (P(p) = ﬁ (E2 — m204 _ pZCZ) <P(p)
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» Product of two Pauli matrices: o*o'! = ¥ + ickimgm

—~ 7.36-b = & b oko! = §~b+i(axb).5
) )
= (@-p°=p
2

=~ 0= (E —me? — ¢ ) PP) = Eomz (E* — mPc’ — B2¢?) ¢(p)

E+mc?

always fulfilled for £2 = m?c* + p2¢?
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2

=~ 0= (E —me? — ¢ ) PP) = Eomz (E* — mPc’ — B2¢?) ¢(p)

E+mc?

always fulfilled for £2 = m?c* + p2¢?

— two linear independent solutions:

1 0
or =N <0) , oo =N (1 ) N = normalization factor
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» Product of two Pauli matrices: o*o'! = ¥ + ickimgm

—~ 7.36-b = & b oko! = §~b+i<é'><b)~6
= \2 =2
= (@-P°=p

2

= 0L (E-me — B ) olp) = gtz (2~ et — 5°60) o0

always fulfilled for £2 = m?c* + p2¢?

— two linear independent solutions:

1 0
or =N <0) , oo =N (1 ) N = normalization factor

» corresponding lower components of the Dirac spinor: x(p) = E‘i‘,ﬁ; (p)

(nonrelativistically suppressed — “small components”)
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» only place where before E > 0 was used: elimination of x

— E < 0: same ansatz, but eliminate ¢

» alternative ansatz: ¢ (x) = w;,’)(x) = <(p(p)) ethPx
x(p)

—

» we still write: p-x=FEt—p-X
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i) negative energies
» only place where before E > 0 was used: elimination of x

— E < 0: same ansatz, but eliminate ¢

» alternative ansatz: ¢ (x) = w;,’)(x) = <(p(p)) ethPx
x(p)

—

» we still write: p-x=FEt—p-X
|
= ihZyi)(x) = —E¢y'(x) = energy=—-E < 0= E>0
?ﬁwf,_)(x) = —ﬁwé,_)(x) — momentum =—p

» replacement (E, p) — (—E, —p) < exchange ¢ + x
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i) negative energies
» only place where before E > 0 was used: elimination of x

— E < 0: same ansatz, but eliminate ¢

» alternative ansatz: ¢ (x) = w;,’)(x) = <(p(p)) ethPx
x(p)

—

» we still write: p-x=FEt—p-X
|
= ihZyi)(x) = —E¢y'(x) = energy=—-E < 0= E>0
?ﬁwf,_)(x) = —ﬁwé,_)(x) — momentum =—p

» replacement (E, p) — (—E, —p) < exchange ¢ + x

L . 0 1 5.
= lin. indep. solutions: x4 = N(1 ) X = N(o>; e(p) = £5% x(p)
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» positive energy:

UENX) = us(P) e 7P

() = ( L Lrdp)

Ermc2 P14 (P)

» negative energy:
UEI(X) = vs(p) €7

. _G-pc_ . /0 . L (1
vio(P) = (02 ’”;“’3’), x+(P) =N(p)< ) x1(B) =N(p)( )
X1.4(P) 1 0

» inbothcases: p-x = Et—p-X mit E=+/p2c2+mic*
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> explicitly:

U'5=U1Px+azpy+03pz= ( Pz ,Dxlpy>

Px + ipy —Pz

1 0

. ﬁ 0 . . 1
= w(p) = N(p) p:C , W(p) = N(P) | Gipe
E+mc? E+mc?

(Px""pv)c —pzC

E+mc? E+mc?

(px—ipy)c pzC

E+mc? E+mc?
N —PzC (px+ipy)c
vi(P) = N(P) E+8702 . wva(p) = N(p) ETCZ

1 0
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Yl = P09 = 10 with the 4-current j# = cyyiy
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Yl = P09 = 10 with the 4-current j# = cyyiy
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— should transform proportionally to p° = E, e.g., %'y = -5
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Yl = P09 = 10 with the 4-current j# = cyyiy

— should transform proportionally to p° = E, e.g., ¢fy = -5
» positive energies:

)
ATl
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Yl = P09 = 10 with the 4-current j# = cyyiy

— should transform proportionally to p° = E, e.g., ¢fy = -5
» positive energies:

AT+ . o
Wt Sk = ul(B) us(p)
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» Probability density:

Yl = P09 = 10 with the 4-current j# = cyyiy

— should transform proportionally to p° = E, e.g., ¢fy = -5
» positive energies:

o« = = -, - &.Bc @s(ﬁ)
bk = d @) us®) = (D) PSS ) ( @)

E+mc? Ps
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» Probability density:
Yl = P09 = 10 with the 4-current j# = cyyiy
— should transform proportionally to p° = E, e.g., ¢fy = -5

. from oode 4,05([_5)
(st(p)i SOS(p) E+m02) < E(:n;;cz @s(ﬁ))

» positive energies:

AT+ . o
Wt Sk = ul(B) us(p)

52
(1 + (,:—JrTcz) ls(P) |
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Yl = P09 = 10 with the 4-current j# = cyyiy
— should transform proportionally to p° = E, e.g., ¢fy = -5

. from oode 4,05([_5)
(st(p)i SOS(p) E+m02) < E(:n;;cz @s(ﬁ))

» positive energies:
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» Probability density:

Yl = P09 = 10 with the 4-current j# = cyyiy

— should transform proportionally to p° = E, e.g., ¢fy = -5
» positive energies:

AT+ . o
Wt Sk = ul(B) us(p)

1= t,=\ &-pe @s(ﬁ)
(o dpgze) (20 )

E+mc2 Ps

(1 + E+mc2 )|<,05(P| = E+mc2 |N ,0)|2

» analogously for negative energies: w;);)f%;) = vg(ﬁ) vs(P) =

02 |N |

E+m
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» Probability density:
Yl = P09 = 10 with the 4-current j# = cyyiy
— should transform proportionally to p° = E, e.g., ¢fy = -5

o= toy &P Ws(ﬁ)
(£, ohor 5z ) ( e (5))

E+mc? Ps

» positive energies:

AT+ . o
Wt Sk = ul(B) us(p)

(1 + E+m02 )|<‘OS('D| = E+mc2 |N ,0)|2

» analogously for negative energies: %;)%;) = vg(ﬁ) vs(P) =

02 |N |

E+m

> requirement: ul(B) us(B) = V() vs(P) = £: = N(B) = /B2
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With the normalization

> Uus(P) us(B) = @Vs(P) = L

one finds the orthonormalization relations

> U(P)us(B) = —W(P)vs(P) = ds = | Us(P)us(p) = 1,

Vs(P)vs(P) = —1

> U(P)vs(P) = ¥ (p)us(P) = O
» u(P)us(P) = vi(B)Tvs(P) = miz Ors
> U (B) vs(—P) = vi(P)Tus(—p) = 0
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> (i — Z0)p(x) = 0, p(x) = Y5A(x) = us(B) € FP* = pus(P) =  me us(P)
Y(x) = Y5 (X) = vs(B) € P* = pvs(B) = —me vs(p)
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> (i = 52)(0) =0, ¥(X) = Upalx) = us(P) e P¥ = pus(p
Y(X) = Vs (0) = vs(P) e TP = pye(p

+p+mc

— Projectors onto positive / negative energies: Ay = ==

= AP Us(P) = us(B),  A.(P) vs(P) = O
A-(P) us(P) = 0, A—(P) vs(p) = vs(P)
A=A, AN =A, A\ =AA=0

+

= mc us(P)

) = —mc vs(P)
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> (i — ) p(x) =0, P(x) = yH(x) = us(B) e~ FP¥ = pus(P)= mc us(p)

X) = U3 (X) = vs(B) €' 7PX = pvs(B) = —moc vs(P)

— Projectors onto positive / negative energies: Ay = if;’cnc
= AP us(P) = us(P),  A(P)vs(P) =0
A_(p) us(p) = 0, A—(P) vs(P) = vs(P)
A=A, AN =A, M =AA, =0

> On the other hand we obtain from the orthonormalization relations:

2
Z ur(P) Ur(P) us(P) = us(P Z ur(P) Ty () vs(P) = 0 = A.(B) = > ur(P)ur(P)
%/—’

r=1 %,—/ r=1
=5rs =0

analogously: A_(p) = {23 v, (D) (P)
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> (i — ) p(x) =0, P(x) = yH(x) = us(B) e~ FP¥ = pus(P)= mc us(p)
D(x) = P53 (x) = ve(B) € 5P* = ps(P) = —mc vs(P)

— Projectors onto positive / negative energies: Ay = if;’cnc

= AP Us(P) = us(B),  A.(P) vs(P) = O
A-(P) us(P) = 0, A—(P) vs(p) = vs(P)
A=A, AN =A, A\ =AA=0

» On the other hand we obtain from the orthonormalization relations:

2 2
A(P) = ; u () (p),  A—(P) =_; v(P) 7 (P)

=52>+mc . p—mc
2me

= |3 uB)a(d)
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» massless particles: m=0 = % diverges
— choose a different normalization, e.g., ul(B)us(8) = vi(B)vs(B) = 2E

= Us(B)us(P) = Vs(P)vs(P) = 0
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» massless particles: m=0 = -£; diverges

— choose a different normalization, e.g., ul(B)us(8) = vi(B)vs(B) = 2E

= = =,

= Us(P)Us(P) = Vs(P)vs(p) = 0

» Often one still needs to normalize the probability to find a particle within a
certain volume (or the entire space) in a given frame:

[ d®xapiy =1
v

In this case one still keeps the normalization of the us and v and introduces
additional normalization factors.
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» Dirac equation: (i — 7)Y =0 linear and homogeneous
= Superpositions of solutions are also solutions.
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» Dirac equation: (i — 7)Y =0 linear and homogeneous
= Superpositions of solutions are also solutions.

— Wave packet'

v = [z 3%;( us(B) €~ FP + d* (B, ) vs(p) €7P)

» Fourier coefficients b(g, s), d(3, s)

» complex conjugation d*: here convention, gets a meaning in QFT
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v = [z 3%;( us(B) €~ FP + d* (B, ) vs(p) €7P)

» Fourier coefficients b(g, s), d(3, s)

» complex conjugation d*: here convention, gets a meaning in QFT
» Lorentz invariant integral measure:
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» Dirac equation: (i — 7)Y =0 linear and homogeneous
= Superpositions of solutions are also solutions.

— Wave packet'
v = [z 3%;( us(B) €~ FP + d* (B, ) vs(p) €7P)

» Fourier coefficients b(g, s), d(3, s)
» complex conjugation d*: here convention, gets a meaning in QFT

» Lorentz invariant integral measure:

f & ’",:92 2rhme [ 2‘::5 5(p® — mPc®)  with E =+/p2c®+ mect

(@nh)

» Normalization: [ d®x 9T (x)y(x) 21

15/12/2022 | Michael Buballa | 13



I
Wave packets

4 TECHNISCHE
UNIVERSITAT
DARMSTADT

» Dirac equation: (i — 7)Y =0 linear and homogeneous
= Superpositions of solutions are also solutions.

— Wave packet'

v = [z 3%;( us(B) €~ FP + d* (B, ) vs(p) €7P)

» Fourier coefficients b(g, s), d(3, s)
» complex conjugation d*: here convention, gets a meaning in QFT

» Lorentz invariant integral measure:

f & ’",:92 2rhme [ 2‘::5 5(p® — mPc®)  with E =+/p2c®+ mect

(@nh)

» Normalization: f ABx T (x)(x) = 1

o [ e X (106,

)2 +]d(p,s)[?) = 1 time independent v/
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