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Outline

Introduction
e Chiral perturbation theory and its limitations
e Testing the chiral anomaly

Dispersion relations ...
e ... for two pions: pion vector form factor
e ... forthree pions: y# — 7w, w/¢p — 3w

e From hadronic decays to transition form factors: w/¢ — 70~*

Towards the =° transition form factor

Summary / Outlook
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Light mesons without modeling

Chiral perturbation theory (ChPT) ...
e Effective field theory: simultaneous expansion in
guark masses + small momenta

> systematically improvable
> well-established link to QCD: all symmetry constraints

> Interrelates many different observables
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Light mesons without modeling

Chiral perturbation theory (ChPT) ...
e Effective field theory: simultaneous expansion in
guark masses + small momenta

> systematically improvable
> well-established link to QCD: all symmetry constraints

> Interrelates many different observables

...and its limitations
e strong final-state interactions render corrections large

e physics of light pseudoscalars (7, K, n) only
> (energy) range limited by resonances: ¢(500), p(770) ...

> unitarity is only perturbatively fulfilled
> not applicable to decays of (e.g.) vector mesons at all

— find effective ways to resum rescattering / restore unitarity

— dispersion relations
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Testing the Wess—Zumino-Witten chiral anomaly

e controls low-energy processes of odd intrinsic parity

62

T A2
F.: pion decay constant — measured at 1.5% level PrimEx 2011

o ¥ decay ¥ — i Flo
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Testing the Wess—Zumino-Witten chiral anomaly

e controls low-energy processes of odd intrinsic parity

62

T A2
F.: pion decay constant — measured at 1.5% level PrimEx 2011

o ¥ decay ¥ — i Flo

e ~1 — 7 at zero energy: Fs, = — (9.78 + 0.05) GeV°

e
A2 F3
how well can we test this low-energy theorem?
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Testing the Wess—Zumino-Witten chiral anomaly

e controls low-energy processes of odd intrinsic parity

62

T A2
F.: pion decay constant — measured at 1.5% level PrimEx 2011

o ¥ decay ¥ — i Flo

e ~1 — 7 at zero energy: Fs, = — (9.78 + 0.05) GeV°

e
A2 F3
how well can we test this low-energy theorem?

Primakoff reaction e > an e 7l
-
T T
-0
e > > e
Fs. = (10.7 £1.2) GeV? Fi=(9.6+1.1)GeV*
Serpukhov 1987, Ametller et al. 2001 Giller et al. 2005

— I35, tested only at 10% level
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Chiral anomaly: Primakoff measurement

e previous analyses based on
> data in threshold region only Serpukhov 1987
> chiral perturbation theory for extraction

B. Kubis, Combining effective field theories with dispersion relations — p. 5



Chiral anomaly: Primakoff measurement

e previous analyses based on
> data in threshold region only Serpukhov 1987
> chiral perturbation theory for extraction

e Primakoff measurement
of whole spectrum
COMPASS, work in progress 600

COMPASS 2004

700 hadron data

counts

500

e Idea: use dispersion

relations to exploit all 400
data below 1 GeV for 300
anomaly extraction 200

e effect of p resonance 1w
included model- :

l\)IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII

I|IIII|IIII|IIII|IIII|IIIIII
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 11

Independently via anw M, [GeV]
P-wave phase shift

figure courtesy of T. Nagel 2009
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Dispersion relations on one page

t . analyticity & Cauchy’s theorem:
miz

1 T(z)dz
@S T(s) = 211 fg

> Re(z)

AM?

™
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Dispersion relations on one page
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analyticity & Cauchy’s theorem:

T(z)dz
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Dispersion relations on one page

analyticity & Cauchy’s theorem:

T(s) = i]{i T(z)dz
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Dispersion relations on one page

-7 I‘ ‘< 5 analyticity & Cauchy’s theorem:
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Dispersion relations on one page

analyticity & Cauchy’s theorem:

S T(S)_iéﬂT(z)dz

271 zZ— S

> 1 [ discT(z)dz

— —— Re(z) oy
AM2 2T Jappz 2 S
1 [ ImT(z)dz
- ™ Japnr2 <z — S
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Dispersion relations on one page

A analyticity & Cauchy’s theorem:

1 T(z)d
2T Joq 2 — S
1 [ discT(z)dz
2T Jappz 2 S
1 /OO Im T (z)dz
- 7 AM2 <z — S

e discT'(s) = 2iImT(s) calculable by "cutting rules":

e.q. if T'(s) is a mw partial wave —

disc T'(s)

27

_ 2¢x

ImT(s) e (5 — 4M7)|T(s) ]
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Dispersion relations on one page

analyticity & Cauchy’s theorem:

T(s) = ié T(z)dz

27 Joq z—s

1 [ discT(z)dz

> Re(z) oy

27'(-@ 4M2 Z — S

1 /OO Im T'(2)dz

T AM?2 Z — S

e discT'(s) = 2iImT(s) calculable by "cutting rules":

inelastic intermediate states (KK, 47)
suppressed at low energies
— will be neglected in the following
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Warm-up: pion form factor from dispersion relations

e just two particles in final state: form factor; from unitarity:

— _ J—

disc

L N

Z%,discF[(s) My (s)

— final-state theorem: phase of Fj(s) is just ;(s)

Fr(s) x 0(s—4 M2) x sin d;(s) e~ 101()

Watson 1954
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Warm-up: pion form factor from dispersion relations

e just two particles in final state: form factor; from unitarity:

Ve

o

disc

1 . |
?dISCF[(S) = IMF;(s) = Fi(s)x0(s—4M?2)xsind;(s)e 1)
i

— final-state theorem: phase of F;(s) is just d;(s)  Watson 1954
e solution to this homogeneous integral equation known:

S

Fr(s) = Pr(s)Q(s), Qi(s) = eXp{_ /OO s’ S/EZ/(S—/)S)}

v AM2

Pr(s) polynomial, ©2;(s) Omnes function Omnés 1958

e today: high-accuracy = phase shifts available
Ananthanarayan et al. 2001, Garcia-Martin et al. 2011

e constrain P;(s) using symmetries (normalisation at s = 0 etc.)
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Pion vector form factor from dispersion relations

e pion vector form factor clearly non-perturbative: p resonance

ChPT at one loop

dataonete — w1t~

Omnés representation

-02 0 02 04 06 08 1
S [Gevz] Stollenwerk et al. 2012
Tt

— Omnes representation vastly extends range of applicability
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Dispersion relations for 3 pions

e ~m — wm particularly simple system: odd partial waves
— P-wave interactions only (neglecting F- and higher)

e decay amplitude decomposed into single-variable functions

M(Sa t ’LL) — ieuuaﬁnup;—l-pi—pio F(Sa t ’LL)

F(s,t,u) = F(s)+ F(t) + F(u)

Unitarity relation for  F(s):
disc F(s) = 2i{ F(s) + F(s) } x 0(s —4M2) x sin 1 (s) e~ 101 (s)
P

right-hand cut  left-hand cut
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Dispersion relations for 3 pions

Unitarity relation for  F(s):
disc F(s) = 2i{ F(s) + F(s) } x 0(s —4M2) x sin 41 (s) e~ 191 ()
N =

right-hand cut  left-hand cut
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Dispersion relations for 3 pions

Unitarity relation for  F(s):
disc F(s) = 2’i{ F(s) } x (s — 4 M?) x sin 61 (s) e~ 101 (5)
N——

right-hand cut

e right-hand cut only — Omnes problem

F(s) = P(s)Q(s) , Q(s):exp{ifoo ds’ 5%(8’)}

I !
T Japz 8 8" —s

— amplitude given in terms of pion vector form factor

T Tt T
F(s,t,u) = wv.< + «/\/v.< + wv.<
0 a0 a0
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Dispersion relations for 3 pions

Unitarity relation for  F(s):
disc F(s) = 2”&{ F(s)+ ﬁ(S) } x (s — 4 M?) x sin 67 (s) e~ 191(5)
\\,./ N——

right-hand cut  left-hand cut

e inhomogeneities F(s): angular averages over the F(t), F(u)

(1) (2) > ds’' sindq (s C (s
T 0-000+ Goer L [ )

™

&
||
2

KP]
~—~
VA
~—
|
DO | R

/_1 dz (1 — 2°)F(t(s, 2))

F(s) = wv<+wv@+w‘</\ v
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Dispersion relations for 3 pions

Unitarity relation for  F(s):
disc F(s) = 2”&{ F(s)+ ﬁ(S) } x (s — 4 M?) x sin 67 (s) e~ 191(5)
\\,./ N——

right-hand cut  left-hand cut

e inhomogeneities F(s): angular averages over the F(t), F(u)

(1) (2) > ds’' sindq (s C (s
Fo) = { G- 0 + Grar T [ e

1

Fl(s) = §/ dz (1 — z2),7:(t(s,z))

e admits crossed-channel scattering between s-, t-, and u-channel
(left-hand cuts)
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Omnes solution for ~ymw — T

o5V
3

3777 S 7 1 )

CéQ) s2 [ ds siné%(s’)]:"(s’)}

F(s) = Q(s){ (1 —Q(0)s) +

e important observation: F(s) linear in C\"

F(s) = O3V FO(s) + O F@(s)
— basis functions F((s) calculated independently of C\”
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Omnes solution for ~ymw — T

O (2 g5’ sin 61 (') F(s’
7o) =) - (1 9(0)8) + Lol [C L ey

mz 82 [Q()[(s" = )
e important observation: F(s) linear in C\"

F(s) = O3V FD(s) + 05 FO(s)
— basis functions 7 (s) calculated independently of Céi)

35—

e representation of cross | oG
section in terms of two [ 129G
parameters ol

. o 20t
— fit to data, extract =
SIETE
1 2 I
Fap = Oy = C5Y 4 5 M2 .
Al
— o oc (C)* also in p region /I B e v

Vs | GeV
Hoferichter, BK, Sakkas 2012
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Extension to decays: w/¢ — 37

e identical quantum numbers to vr — 7

e beyond ChPT: copious efforts to develop EFT for vector mesons
Bijnens et al.; Bruns, Meil3ner; Lutz, Leupold; Gegelia et al.; Kampf et al....

e vector mesons highly important for (virtual) photon processes
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Extension to decays: w/¢ — 37

e identical quantum numbers to v — 7w

e beyond ChPT: copious efforts to develop EFT for vector mesons
Bijnens et al.; Bruns, Meil3ner; Lutz, Leupold; Gegelia et al.; Kampf et al....

e vector mesons highly important for (virtual) photon processes

e w/¢ — 3w analyzed in terms of KLOE 2003, CMD-2 2006
sum of 3 Breit-Wigners (p™, p—, p")
+ constant background term

/0 v

+ crossed + w ™
w T
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Extension to decays: w/¢ — 37

e identical quantum numbers to v — 7w

e beyond ChPT: copious efforts to develop EFT for vector mesons
Bijnens et al.; Bruns, Meil3ner; Lutz, Leupold; Gegelia et al.; Kampf et al....

e vector mesons highly important for (virtual) photon processes

e w/¢ — 3w analyzed in terms of KLOE 2003, CMD-2 2006

sum of 3 Breit-Wigners (o™, p—, p°)
+ constant background term

T T
P
+ crossed + w ™
w T
T T

Problem:

— unitarity fixes Im/Re parts

— adding a contact term destroys this relation
— reconcile data with dispersion relations?
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w/qb — 37t dispersive solution, Dalitz plots

f<s>:asz<s>{1+i [ sin 01 (5/) F (") }

7 Juz 5 1N — s — 00

e fixatow/¢ — 3r partial width(s) — Dalitz plots predicted

e analytic structure of F (s) complicated by 3-particle cuts
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w/qb — 37t dispersive solution, Dalitz plots

f<8>=aﬂ<s>{1+i [ sin 61 () (5 }

7 Juz 5 1N — s — 00

e fix atow/¢p — 3m partial width(s) — Dalitz plots predicted

e analytic structure of F(s) complicated by 3-particle cuts

W — 37 : ¢ — 3
0.8 T T T 125 0.8 T T T T T T T T 16
06 | 06 14
i 1.2
0.4 0.4 0
02 F 02 F
L15 I
0F 0F
> > 0.8
02 F - 02 F
r 1.1 L 0'6
04 F 04 F
L 404
-06 B L 4 105 -06 B
08 + 08 F 702
-l | | ] | L1 l _1 | | | | | | | ] | L1 0
1 08 06 04 02 0 02 04 06 08 1 4 08 06 04 02 0 02 04 06 08 1
X X

Niecknig, BK, Schneider 2012
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w/qb — 37t dispersive solution, Dalitz plots

f<8>=aﬂ<s>{1+i [ sin 61 () (5 }

7 Juz 5 1N — s — 00

e fix atow/¢p — 3m partial width(s) — Dalitz plots predicted

e analytic structure of F(s) complicated by 3-particle cuts

W — 37 : ¢ — 3
0.8 T T T 125 0.8 T T T T T T T T 16
06 | 06 14
i 1.2
0.4 0.4 0
02 F 02 F
L15 I
0F 0F
> > 0.8
02 F - 02 F
r 1.1 L 0'6
04 F 04 F
L 404
-06 B L 4 105 -06 B
08 + 08 F 702
-l | | ] | L1 l _1 | | | | | | | ] | L1 0
1 08 06 04 02 0 02 04 06 08 1 4 08 06 04 02 0 02 04 06 08 1
X X

Niecknig, BK, Schneider 2012
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Experimental comparison to

KLOE Dalitz plot: 2 - 10° events, 1834 bins

¢ — 37

Niecknig, BK, Schneider 2012

8000- -
| fe -
eooo- ¥ ¢ 0 N T t - ITY , \ o ¢ 0 YA
4000} ‘ .
2000} ] [ -
L /' “‘\\ ; Y
055 800 850 500 950 1000 1050 00— 150 1200 1250
bin number
F=0
x?/ndof  1.71...2.06
s [ ds'6{(s)
F(s)=aQd(s) =aexp |— ——
T AM?2 S S — S
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Experimental comparisonto @ — 37

KLOE Dalitz plot: 2 - 10° events, 1834 bins  Niecknig, BK, Schneider 2012

8000 -
o SR A U S R B LS R T G T
[ / \\ ! / \ // \ : \ | \‘ / \ / \\

I 1 | L
400017 [ ] ] ‘ ;J L .\\ /, ] \i\ / ;
/ g ] ] - - \ };/ L \

2000} i [ ] L . ‘\5 ) \, / \\ /,;i"‘ \'ji}\ N
I : }t \\ ] \\ I \\ | ! / \ // 1 /1 \Q\

2 I i . I 3 T i \\ [ -

] . \V/| . ] \\'/ . ] \‘-/. ] . \”/ ] . \ﬁ/ . ] \/ . ] \v/ ] . \\

0 750 800 850 900 950 1000 1050 1100 1150 1200 1250
bin number
F=0 once-subtracted

x?/ndof  1.71...2.06 1.17...1.50

F(s)=aQ(s) |1+ 2 / T ds’ () sindy(s')

T Jamz 8" [QUs")|(s" = 5)
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Experimental comparisonto @ — 37

KLOE Dalitz plot: 2 - 10° events, 1834 bins  Niecknig, BK, Schneider 2012

8000 L der AL ome i
6000; /-\\ /-—\ s |
4000t |
2000 ‘ |
0956 80 ~ 80 900 950 b‘in nluog% . 1050 1100 1150 1200 1250
F=0 once-subtracted twice-subtracted
x?/ndof  1.71...2.06 1.17...1.50 1.02...1.03

1+bs+£ > ds;ﬁ(s’)sin&}(s’)
T Janz s [Qs)|(s" = )

F(s) = afd(s)
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Experimental comparisonto @ — 37

KLOE Dalitz plot: 2 - 10° events, 1834 bins  Niecknig, BK, Schneider 2012

8000 L der AL ome i
6000; /-—\ f-—\ s |
4000t |
2000 ‘ |
0956 80 ~ 80 900 950 b‘in nlljo;%% . 1050 1100 1150 1200 1250
F=0 once-subtracted twice-subtracted
x?/ndof  1.71...2.06 1.17...1.50 1.02...1.03

e perfect fit respecting analyticity and unitarity possible
e contact term emulates neglected rescattering effects
e NO need for "background" — inseparable from "resonance"
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Meson transition form factors and (g — 2),

Czerwinski et al., arXiv:1207.6556 [hep-ph]
e |leading and next-to-leading hadronic effects in (¢ — 2),,:

‘o T

— hadronic light-by-light soon dominant uncertainty
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Meson transition form factors and (g — 2),

Czerwinski et al., arXiv:1207.6556 [hep-ph]

e |leading and next-to-leading hadronic effects in (¢ — 2),,:

‘o T

— hadronic light-by-light soon dominant uncertainty

e Important contribution: pseudoscalar pole terms
singly / doubly virtual form factors

Fpo(g%,0) and Fpo« (g7, ¢3)

™, n, 7
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Meson transition form factors and (g — 2),

Czerwinski et al., arXiv:1207.6556 [hep-ph]

e |leading and next-to-leading hadronic effects in (¢ — 2),,:

‘o T

— hadronic light-by-light soon dominant uncertainty

e Important contribution: pseudoscalar pole terms
singly / doubly virtual form factors
Fpyy-(q%,0) and Fpyy (F,63)

e for specific virtualities: linked to
vector-meson conversion decays

™, n, 7

— e.g. Fo+ (g7, M?2) measurable in w — 7’¢* ¢~ etc.
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Transition form factor w — wo€T €~

o 10 — ~*4* form factor linked to w(¢) — 7~* transition:
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Transition form factor w — wo€T €~

o 10 — ~*4* form factor linked to w(¢) — 7~* transition:
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Transition form factor w — wo€T €~

o 7V — ~*4* form factor linked to w(¢) — 7’~* transition:

— W — »
disc 'M/ =

e w transition form factor related to

pion vector form factor x w — 37 decay amplitude

Ve

calculate like p— 37

o form factor normalization yields rate I'(w — 7%)
(2nd most important w decay channel)
— works at 95% accuracy Schneider, BK, Niecknig 2012
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Numerical results: w — 7TO[J,+[,L_

9
100} — 8 ]
i 4 NAG60 '09 ] :
[ 4 NA60'11 1 37 N
- ++ Lepton-G : éD 5 i
-- VMD L
— TerschlUsen et al. = 5 N
= fi(s) =af(s) =, i
== full dispersive N
+1 3 |
%
12 i
—
e

[N

e unable to account for steep
rise in data (from heavy-ion
collisions) NAG0 2009, 2011

e Mmore "exclusive" data?! cLas?

e w — 37w Dalitz plot?
KLOE, WASA-at-COSY, CLAS?
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Numerical results: ¢ — w00 €~

100— - - - - - . . . T

VMD
fi(s) = a(s) |
once subtracted f(s)
twice subtracted f1(s)

10

| Fymo (5)]?

0 01 02 03 04 05 06 07 08
Vs [GeV]
e measurement would be extremely helpful: p in physical region!

e partial-wave amplitude backed up by experiment
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One step further: eTe™ — 3w, eTe™ — w'y

e decay amplitude for w/¢ — 3 My g < F

romtofie2 [ 4 mECI)

s

a, /4 adjusted to reproduce total width w/¢ — 3w
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One step further: eTe™ — 3w, eTe™ — w'y

e PR 7TO
Ve
7
7T+
et T

e decay amplitude for ete™ — 3w M- x F(s) + F(t) + F(u)
> ds’ sindi(s")F (s, )}
vz s |Q(s)[(s" = s)

a.+.-(¢*) adjusted to reproduce spectrum ete™ — 3w
contains 37 resonances —> no dispersive prediction

F(5,0%) = e (q°) Qs ){1 = A
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One step further: eTe™ — 3w, eTe™ — w'y

e PR 7T0
Ve
7
7T+
et T

e decay amplitude for ete™ — 3w M- x F(s) + F(t) + F(u)
> ds’ sindi(s")F (s, )}
vz s |Q(s)[(s" = s)

a.+.-(¢*) adjusted to reproduce spectrum ete™ — 3w
contains 37 resonances —> no dispersive prediction

F(5,0%) = e (q°) Qs ){1 = A

e parameterise e.g. in terms of (dispersively improved)

w + ¢ Breit-Wigner propagators with good analytic properties
Lomon, Pacetti 2012; Moussallam 2013
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One step further: eTe™ — 3w, eTe™ — w'y

e decay amplitude for ete™ — 3w M- x F(s) + F(t) + F(u)
> ds’ sindi(s")F (s, )}
vz s |Q(s)[(s" = s)

a.+.-(¢*) adjusted to reproduce spectrum ete™ — 3w
contains 37 resonances —> no dispersive prediction

F(5,0%) = e (q°) Qs ){1 = A

e parameterise e.g. in terms of (dispersively improved)

w + ¢ Breit-Wigner propagators with good analytic properties
Lomon, Pacetti 2012; Moussallam 2013

o fitto ete™ — 37 data — prediction for isoscalar eTe™ — 7¥7:

Fren(q%,0) = Fus(q?,0) + Fus(0, ¢°)
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w0 — v*(qg%)v*(q?) transition form factor

70 = ete ete™
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w0 — v*(qg%)v*(q?) transition form factor

x FJ, x T'(ym — 7o)

B. Kubis, Combining effective field theories with dispersion relations — p. 19



w0 — v*(qg%)v*(q?) transition form factor

x F§ x T(ym — 7m)
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Towards a dispersive analysis of eteT — 71'0')/

et
>/\/\/\/% | VaVavl \
¢ 7! er v Y
ot y e>m< 0
VK N /
e -0

.
e combine isoscalar and contributionto eTe~ — 7V~

Fﬂ"Y*’Y(q27 O) — FUS(()? q2) +

00 =3
_ L d /qg(sl) iy -~ (QQ,S/) X FV*( ,)
- 127T2 AM2 ? \/; s’ ! 2 0
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Fitto eTe~™ — 37 data

1035— =
102§ =
e) i
=’ -
510 -
T
Lol
@ 10 E
S
10 — dispersive Fit
— SND
10°E =
10'3_| 1 | 1 | I | I | I | I | I
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2
q [GeV]

Hoferichter, BK, Leupold, Niecknig, Schneider preliminary

e oOne subtraction/normalisation at ¢ = 0 fixed by v — 37
e fitted: w, ¢ residues, one additional (linear) subtraction
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Comparisonto ete™ — 71'0')/ data

—~ VEPP-2M
i . CMD-2
10 3
10_3 ] 1 | 1 | 1 | 1 | 1 | 1
05 0.6 0.7 0.8 0.9 1 11
q|GeV]

Hoferichter, BK, Leupold, Niecknig, Schneider preliminary

e "prediction"—no further parameters adjusted
e data well reproduced
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Summary / Outlook

Dispersion relations for light-meson processes
e based on unitarity, analyticity, crossing symmetry
e extends range of applicability (at least) to full elastic regime
e matching to ChPT where it works best

Primakoff reaction ~nm — &
e enable improved extraction of F3, from data up to 1 GeV

Vector meson decays w/¢ — 3w, w0~*
e perfect analytic-unitary description of ¢ — 37 Dalitz plot

70 transition form factor
o successful description of eTe™ — 7'~
e goal: doubly-virtual 7° transition form factor

— Interrelate as much experimental information as possible
to constrain hadron physics in (g — 2),,
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Spares
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Transition form factor beyond the 7w threshold

100F .. Na60-09 } E
[~ NA60'11 ]
| —— Lepton-G : |
L CMD-2 5 I
. —— VMD :

—— Terschlusen et al. {
10 == fi(s) =aQ(s) E
: 3
1
| | . | | | | | | | I | 1
o902 04 06 08 1 12 14

Vs [GeV]
e full solution above naive VMD, but still too low

e higher intermediate states (47 / mw) more important?
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Improved Breit—Wigner resonances

Lomon, Pacetti 2012; Moussallam 2013
e “standard” Breit—Wigner function with energy-dependent width

1
B M2 o q2 _ iMresré (q2)

res res

Mres ( q2 T 4M7%
\/ q2 Mr2es o 4M7%

> Nno correct analytic continuation below threshold ¢* < 4M?2
> wrong phase behaviour for ¢ > 1:

L) :
lim arg B'(¢®) ~ 7 — arctan —— lim arg B=2(¢%) =
q?—00 res q*— o0

B*(¢?)

14
I (q2) — e(qz — 4M73) ) FreS(]wrzes)

(')

N X

e remedy: reconstruct via dispersion integral

- 1 (% Im B%(s")ds’
BK(QQ) — —/ m B(s')ds > lim arng(q2) =X

T Janz 8 — @2 5—>00
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On the approximation for the 3-pion cut

Compare:

et er 8
v M
6— 7_(_0 e_ 77_0

— Isoscalar contribution looks simplistic; why not instead

er 8

W — contains amplitude 37 — ~7
- 0

v
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On the approximation for the 3-pion cut

Compare:

et er 8
; fy
€ 7_‘_0 e : 77-0

— Isoscalar contribution looks simplistic; why not instead

et 8

s L — contains ampiude i 31
e 0

s

Our approximation:

et et

7 includes
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On the approximation for the 3-pion cut

Compare:

et er 8
v M
e 71_0 e ,77-0

— Isoscalar contribution looks simplistic; why not instead

er 8

W — contains amplitude 37 — ~7
- 0

v

Our approximation:

€+ €+
W@w 7 includes >/\/\/v€;l/\m v
€ ﬂ_o € 7_‘_0

— simplifies left-hand-cut structure in 37 — ~x to pion pole terms
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Application: 1, ' — wT Ty

e n) — 11—~ driven by the chiral anomaly, =+ 7~ in P-wave
— final-state interactions the same as for vector form factor

e ansatz: A7 = A x P(srr) X EY (8727), P(85r) =1+ as

Ty
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Application: n, n’ — 7T+7T_‘7
e n) — 11—~ driven by the chiral anomaly, =+ 7~ in P-wave
— final-state interactions the same as for vector form factor
e ansatz: Aﬁ(/) = A X P(Sﬂ'ﬂ') X FX(STFW)’ P(Sﬂ'ﬂ') =1+ a(/)sﬂ'ﬂ'

Ty

e spectra with fitted normalisation and slope(s) a!”)

8 ] 20 I l I l I I
Zo S -
o m}

. 5 — 2 F .
e - 4 ©
E4_— ] 310 —
o 3 =4 @ .
o - 1 ©
o 2 = 5+ _|
o B 01 o
= — - :
0 0! N
0 0.2 0 0.1 0.2 0.3 0.4

EY [GeV]

Stollenwerk et al. 2012
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Application: n, n’ — 7T+7T_‘7
e n) — nt7~~ driven by the chiral anomaly, #* 7~ in P-wave

— final-state interactions the same as for vector form factor
e ansatz: A7 = A x P(srr) X EY (8727), P(85r) =1+ as

Ty

e divide data by pion form factor — P(s,x)

P(sTm)

I L L

=2 I B

O 005 01 015 02 025 03 0 :
sm[GeVZ] sm[GeVZ]

Stollenwerk et al. 2012
— exp.: apass = (1.89 +0.64) GeV %, ax o = (1.31 £ 0.08) GeV ™~

— interpret o) by matching to chiral perturbation theory
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77t scattering constrained by analyticity and unitarity

Roy equations = coupled system of partial-wave dispersion relations
+ crossing symmetry + unitarity

e twice-subtracted fixed-t dispersion relation:

T(s,1) = e(t) + ~ / N ds’{8,2 (82 + 2 (52_ u)}ImT(s’,t)

™ Japn2 s/ —S)

e subtraction function ¢(¢) determined from crossing symmetry
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77t scattering constrained by analyticity and unitarity

Roy equations = coupled system of partial-wave dispersion relations
+ crossing symmetry + unitarity

e twice-subtracted fixed-t dispersion relation:

T(s, 1) <t>+1/wd’ o T (s
s, t) =c - s m
’ T Jans s2(s' —s)  §2(s' —u) v

e subtraction function ¢(¢) determined from crossing symmetry

e project onto partial waves ¢/ (s) (angular momentum J, isospin 1)
— coupled system of partial -wave integral equations

th(s) = ki (s) + Z Z/ ds' K15, (s, s")Imt?, (s')

=0J'=
Roy 1971

e subtraction polynomial k% (s): mr scattering lengths
can be matched to chiral perturbation theory  Colangelo et al. 2001

o kernel functions K7, (s, s') known analytically
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77t scattering constrained by analyticity and unitarity

e elastic unitarity — coupled integral equations for phase shifts

e modern precision analyses:
> 7 scattering Ananthanarayan et al. 2001, Garcia-Martin et al. 2011
> K scattering Bittiker et al. 2004

e example: 7w I = 0 S-wave phase shift & inelasticity

7 T * R — T
300
I/‘, T —

7 60(0) 114 p! ] ] 0 R % o [ L .
250 |— B> el

r — CFD oy i L] e

e OldK decay data 3 i

i o Nadsi2 1 i
200 — A K->2 711 decay ‘}

- v Kaminski et al. b

< Grayeretad. Sol.B b ! -

- o Grayeretd. Sol.C ] | y
150; + Grayereta. Sol.D ]

L = Hyamseta.73 b 05 + T

i i v Cohenetal.

L . L o Etkineta. [ mmesKK
100 ty = o Wetzel et dl.

i i ] L | » Hyamsetd.75

I 023 ) Aol Kaminski et al.

ol ool % B I » Hyamsetd.73  |[-Te>
I 8 t v Protopopescu et al.
i } - CFD
O 1 l 1 1 1 l 1 1 1 l 1 1 1 l 1 1 1 l 1 1 1 l; 0 l L l L l L l L
400 600 800 1000 1200 1400 1000 1100 1200 1300 1400
i 12
s (MeV) s (MeV)

Garcia-Martin et al. 2011
e strong constraints on data from analyticity and unitarity!
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