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9. Quantum chromodynamics 155

are based on (at least) full NNLO QCD predictions, and are published
in peer-reviewed journals at the time of completing this Review.
These pre-averages are then combined to the final world average value
of αs(M2

Z), using the χ2 averaging method and error treatment as
described above. From these, we determine the new world average
value of

αs(M
2
Z) = 0.1181 ± 0.0011 , (9.23)

with an uncertainty of 0.9 %.∗∗∗ This world average value is in
reasonable agreement with that from the 2013 version of this Review,
which was αs(M2

Z) = 0.1185 ± 0.0006, however at a somewhat
decreased central value and with an overall uncertainty that has
almost doubled. These changes are mainly due to the following
developments:

- the uncertainty of the combined lattice result, now using the
same averaging procedure as applied to the other sub-fields, is
more conservative than that used in our previous Review, leading
to a larger final uncertainty of the new world average, and to a
reduced fixing power towards the central average value;

- the relatively low value of αs from hadron collider results, which
currently consists of only one measurement of the tt cross section
at

√
s = 7 TeV [370] that is likely to be a fluctuation to the low

side.

For convenience, we also provide the values for ΛMS which
correspond to the new world average:

Λ
(6)

MS
= (89 ± 6) MeV, (9.24a)

Λ
(5)

MS
= (210 ± 14) MeV, (9.24b)

Λ
(4)

MS
= (292 ± 16) MeV, (9.24c)

Λ
(3)

MS
= (332 ± 17) MeV, (9.24d)

for nf = 6, 5, 4 and 3 quark flavors, which are determined using the
4-loop expression for the running of αs according to Eq. (9.5) and
3-loop matching at the charm-, bottom- and top-quark pole masses
of 1.3, 4.2 and 173 GeV/c2, respectively. Note that for scales below a
few GeV, Eq. (9.5) starts to differ significantly from the exact solution
of the renormalization group equation Eq. (9.3) and the latter is then
to be preferred.

In order to further test and verify the sensitivity of the new
average value of αs(M2

Z) to the different pre-averages and fields of αs

determinations, we give each of the averages obtained when leaving
out one of the six input values, as well as the respective, initial value
of χ2 :

αs(M
2
Z) = 0.1179± 0.0011 (w/o τ results;

χ2
0/d.o.f. = 3.3/4), (9.25a)

αs(M
2
Z) = 0.1174± 0.0016 (w/o lattice results;

χ2
0/d.o.f. = 2.9/4), (9.25b)

αs(M
2
Z) = 0.1185± 0.0013 (w/o DIS results;

χ2
0/d.o.f. = 2.0/4), (9.25c)

αs(M
2
Z) = 0.1182± 0.0010 (w/o e+e− results;

χ2
0/d.o.f. = 3.5/4), (9.25d)

αs(M
2
Z) = 0.1184± 0.0012 (w/o hadron collider;

χ2
0/d.o.f. = 2.4/4) and (9.25e)

αs(M
2
Z) = 0.1180± 0.0010 (w/o e.w. precision fit;

χ2
0/d.o.f. = 3.4/4). (9.25f)

They are well within the uncertainty of the overall world average
quoted above. Note, however, that the average excluding the lattice
result is no longer as close to the value obtained from lattice alone as

∗∗∗ The weighted average, treating all inputs as uncorrelated mea-
surements with Gaussian uncertainties, results in αs(M2

Z) = 0.11810±
0.00078 with χ2/d.o.f. = 3.7/5. Requiring χ2/d.o.f. to reach unity
calls for an overall correlation factor of 0.28, which increases the over-
all uncertainty to ±0.00114.

was the case in the 2013 Review, but is now smaller by almost one
standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each
of the sub-fields summarised in this Review, the wealth of available
results provides a rather precise and reasonably stable world average
value of αs(M2

Z), as well as a clear signature and proof of the energy
dependence of αs, in full agreement with the QCD prediction of
Asymptotic Freedom. This is demonstrated in Fig. 9.3, where results
of αs(Q2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized. Thanks to the results
from the Tevatron and from the LHC, the energy scales at which αs is
determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  
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Figure 9.3: Summary of measurements of αs as a function of
the energy scale Q. The respective degree of QCD perturbation
theory used in the extraction of αs is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to leading order; res.
NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).
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are based on (at least) full NNLO QCD predictions, and are published
in peer-reviewed journals at the time of completing this Review.
These pre-averages are then combined to the final world average value
of αs(M2

Z), using the χ2 averaging method and error treatment as
described above. From these, we determine the new world average
value of

αs(M
2
Z) = 0.1181 ± 0.0011 , (9.23)

with an uncertainty of 0.9 %.∗∗∗ This world average value is in
reasonable agreement with that from the 2013 version of this Review,
which was αs(M2

Z) = 0.1185 ± 0.0006, however at a somewhat
decreased central value and with an overall uncertainty that has
almost doubled. These changes are mainly due to the following
developments:

- the uncertainty of the combined lattice result, now using the
same averaging procedure as applied to the other sub-fields, is
more conservative than that used in our previous Review, leading
to a larger final uncertainty of the new world average, and to a
reduced fixing power towards the central average value;

- the relatively low value of αs from hadron collider results, which
currently consists of only one measurement of the tt cross section
at

√
s = 7 TeV [370] that is likely to be a fluctuation to the low

side.

For convenience, we also provide the values for ΛMS which
correspond to the new world average:

Λ
(6)

MS
= (89 ± 6) MeV, (9.24a)

Λ
(5)

MS
= (210 ± 14) MeV, (9.24b)

Λ
(4)

MS
= (292 ± 16) MeV, (9.24c)

Λ
(3)

MS
= (332 ± 17) MeV, (9.24d)

for nf = 6, 5, 4 and 3 quark flavors, which are determined using the
4-loop expression for the running of αs according to Eq. (9.5) and
3-loop matching at the charm-, bottom- and top-quark pole masses
of 1.3, 4.2 and 173 GeV/c2, respectively. Note that for scales below a
few GeV, Eq. (9.5) starts to differ significantly from the exact solution
of the renormalization group equation Eq. (9.3) and the latter is then
to be preferred.

In order to further test and verify the sensitivity of the new
average value of αs(M2

Z) to the different pre-averages and fields of αs

determinations, we give each of the averages obtained when leaving
out one of the six input values, as well as the respective, initial value
of χ2 :

αs(M
2
Z) = 0.1179± 0.0011 (w/o τ results;

χ2
0/d.o.f. = 3.3/4), (9.25a)

αs(M
2
Z) = 0.1174± 0.0016 (w/o lattice results;

χ2
0/d.o.f. = 2.9/4), (9.25b)

αs(M
2
Z) = 0.1185± 0.0013 (w/o DIS results;

χ2
0/d.o.f. = 2.0/4), (9.25c)

αs(M
2
Z) = 0.1182± 0.0010 (w/o e+e− results;

χ2
0/d.o.f. = 3.5/4), (9.25d)

αs(M
2
Z) = 0.1184± 0.0012 (w/o hadron collider;

χ2
0/d.o.f. = 2.4/4) and (9.25e)

αs(M
2
Z) = 0.1180± 0.0010 (w/o e.w. precision fit;

χ2
0/d.o.f. = 3.4/4). (9.25f)

They are well within the uncertainty of the overall world average
quoted above. Note, however, that the average excluding the lattice
result is no longer as close to the value obtained from lattice alone as

∗∗∗ The weighted average, treating all inputs as uncorrelated mea-
surements with Gaussian uncertainties, results in αs(M2

Z) = 0.11810±
0.00078 with χ2/d.o.f. = 3.7/5. Requiring χ2/d.o.f. to reach unity
calls for an overall correlation factor of 0.28, which increases the over-
all uncertainty to ±0.00114.

was the case in the 2013 Review, but is now smaller by almost one
standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each
of the sub-fields summarised in this Review, the wealth of available
results provides a rather precise and reasonably stable world average
value of αs(M2

Z), as well as a clear signature and proof of the energy
dependence of αs, in full agreement with the QCD prediction of
Asymptotic Freedom. This is demonstrated in Fig. 9.3, where results
of αs(Q2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized. Thanks to the results
from the Tevatron and from the LHC, the energy scales at which αs is
determined now extend up to more than 1 TeV♦.
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Figure 9.3: Summary of measurements of αs as a function of
the energy scale Q. The respective degree of QCD perturbation
theory used in the extraction of αs is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to leading order; res.
NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).
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Kousouris, M. Lüscher, Y. Ma, M. d’Onofrio, A. Ramos, S. Sharpe,
R. Sommer, G. Sterman, D. Treille, N. Varelas, M. Wobisch, W.M.
Yao, C.P. Yuan, and G. Zanderighi for discussions, suggestions and
comments on this and earlier versions of this Review.

References:
1. R.K. Ellis, W.J. Stirling, and B.R. Webber, “QCD and collider

physics,” Camb. Monogr. Part. Phys. Nucl. Phys. Cosmol. 81
(1996).

2. C.A. Baker et al., Phys. Rev. Lett. 97, 131801 (2006).
3. H.-Y. Cheng, Phys. Reports 158, 1 (1988).
4. G. Dissertori, I.G. Knowles, and M. Schmelling, “High energy

experiments and theory,” Oxford, UK: Clarendon (2003).
5. R. Brock et al., [CTEQ Collab.], Rev. Mod. Phys. 67, 157

(1995), see also http://www.phys.psu.edu/~cteq/handbook/
v1.1/handbook.pdf.

6. A.S. Kronfeld and C. Quigg, Am. J. Phys. 78, 1081 (2010).
7. T. Plehn, Lect. Notes Phys. 844, 1 (2012).
8. J. Campbell, J. Huston, F. Krauss “The Black Book of

Quantum Chromodynamics, a Primer for the QCD Era,” Oxford
University Press, UK (2017).

♦ We note, however, that in many such studies, like those based on
exclusive states of jet multiplicities, the relevant energy scale of the
measurement is not uniquely defined. For instance, in studies of the
ratio of 3- to 2-jet cross sections at the LHC, the relevant scale was
taken to be the average of the transverse momenta of the two leading
jets [434], but could alternatively have been chosen to be the transverse
momentum of the 3rd jet.

[P
DG

, 2
01

8]

Perturbative methodsLow-energy 
effective theories ‣ quarks and gluons 

as only d.o.f.'s

‣ weak coupling 

expansion

[Gorda et al., PRL (2018)]60n0 .
<latexit sha1_base64="G6F4bbb4qiyJfMUwIrnsGfmGOLI=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwICWpRT0WvHisYD+gCWGz3bRLN5uwuxFL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwpQzpR3n21pb39jc2i7tlHf39g8O7aNKRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh+Hbmdx+pVCwRD3qSUj/GQ8EiRrA2UmBXrhzkXSAROB6nSikWo8CuOjVnDrRK3IJUoUArsL+8QUKymApNOFaq7zqp9nMsNSOcTstepmiKyRgPad9QgWOq/Hx++xSdGWWAokSaEhrN1d8TOY6VmsSh6YyxHqllbyb+5/UzHd34ORNppqkgi0VRxpFO0CwINGCSEs0nhmAimbkVkRGWmGgTV9mE4C6/vEo69Zp7WavfN6rNRhFHCU7gFM7BhWtowh20oA0EnuAZXuHNmlov1rv1sWhds4qZY/gD6/MH1aeS/A==</latexit>

‣ effective degrees of 
freedom (d.o.f.'s)

p

n
n

π
π

π

⇡
2

The QCD phase diagram
and the cold dense equation of state

3

(see also Sec. III.A). This illustrates that they are not
subject to a significant bias arising from the choice of
basis functions, and a posteriori strengthens the conclu-
sions made in previous works [16–18, 43, 44, 46]. As the
three interpolations agree, in the following, we choose to
use the speed-of-sound interpolation. We note that the
added benefit of this method is that it allows one to keep
track of the sti↵ness of the EoS in a natural way.

III. CONSTRAINING THE NS-MATTER EOS

The next two sections are devoted to a detailed analy-
sis of our ensemble of NS-matter EoSs, constructed with
the speed-of-sound method. As detailed in Appendix A,
the approximately 570.000 EoSs are built from randomly
generated functions c2s(µB), containing up to 5 linear in-
tervals, whereafter we vary the outlier EoSs to make sure
that the boundaries of the EoS band are stable. Note
that while we do not add discontinuous first-order tran-
sitions to our EoSs by hand, our interpolation functions
allow crossover transitions that may be arbitrarily strong,
thus closely mimicking discontinuous phase transitions
and mixed phase constructions [50].

A. Properties of the EoS band

In Fig. 2, we display our ensemble of NS-matter EoSs
obtained with the speed-of-sound interpolation method.
In deriving the result, we have required that the EoSs
support a 1.97M� NS [6, 7] and that the tidal deformabil-
ity ⇤ for a 1.4M� star satisfy 70 < ⇤(1.4M�) < 580, con-
sistent with the LIGO/Virgo bound from the GW170817
observation [18]. As noted earlier (see, e.g., [16, 44]), the
two-solar-mass constraint forces the EoS to be relatively
sti↵ at low densities, which is reflected in the rapid rise of
the interpolation functions for the pressure as a function
of energy density. At the same time, the constraint on
⇤(1.4M�) sets an upper limit for the sti↵ness, constrain-
ing the EoS band in a complementary direction.

While the astrophysical observations significantly con-
strain the behavior of the EoS in the intermediate-density
region, and the new band is more restrictive than, e.g.,
that of [16], the range of allowed EoSs still remains rel-
atively wide. A partial reason for this is the high versa-
tility of our interpolation method, which allows for very
complex structures and extreme states of matter, some
of which are unlikely to appear in Nature. Instead of im-
posing a theoretical bias and restricting the set of EoSs
by hand, we have chosen to classify the functions based
on their extremeness as quantified by the maximum value
that the speed of sound reaches and the level of fine struc-
ture that each EoS contains.

In Fig. 2, the speed-of-sound classification is performed
following a coloring scheme where EoSs corresponding to
a lower maximal value of c2s are drawn on top of the
higher ones. While we are not aware of a proven theo-

102 103 104

100

101

102

103

104

FIG. 2: The family of all possible NS-matter EoSs, obtained
with the speed-of-sound interpolation method introduced in
this paper. The color coding refers to the maximal value that
c2s reaches at any density, while the black lines denote the
extrapolations of the low- and high-density theoretical bands
to higher/lower densities [33, 56]. The rough location of the
deconfinement transition in hot QGP is indicated as ✏QGP.

rem that would exclude speeds of sound exceeding the
conformal value c2s = 1/3 (see, however, [51] for an at-
tempt in this direction), we note that the bound appears
to be a very nontrivial one to break. In hot QGP, nonper-
turbative lattice simulations have shown that the speed
of sound remains subconformal [52], and in QCD mat-
ter at asymptotically high energy density the quantity is
known to approach the conformal limit from below [31].
In holographic calculations the bound has been violated,
but only in finely tuned constructions that do not di-
rectly correspond to quantum field theories realized in
Nature [53, 54]. As discussed in [55], having c2s > 1/3
furthermore corresponds to matter in which the number
of degrees of freedom decreases as a function of energy
density, which strongly goes against the partonic picture
of hadrons arising from QCD. Based on these consid-
erations, we conclude that there is a strong theoretical
reason to expect that the speed of sound never exceeds
the conformal value by a sizable amount in QCD matter.
As seen from Fig. 2, excluding those EoSs for which the
conformal limit is strongly violated, say c2s > 0.6, would
lead to significantly tighter limits for the allowed EoSs.
Another way in which some of the EoSs generated

by the speed-of-sound interpolation method are extreme
is that the interpolation functions allow for very quick
changes in the material properties of the medium in ar-
bitrarily small density windows. While such versatility is
in principle a desirable feature of the interpolator, these
structures are clearly not very likely to appear in Na-
ture. To quantify the level of local structure in our EoSs,
we classify them according to the smallest (logarithmic)
energy density interval where structures appear. In prac-
tice, this is implemented by demanding that the energy
densities at two successive inflection points ✏i and ✏i+1

where the speed of sound changes its behavior, satisfy

[Annala et al., 2019],

see also, e.g., 

[Greif et al., 2019] 
[Tews et al., 2018]

[Hebeler et al., 2010]
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are based on (at least) full NNLO QCD predictions, and are published
in peer-reviewed journals at the time of completing this Review.
These pre-averages are then combined to the final world average value
of αs(M2

Z), using the χ2 averaging method and error treatment as
described above. From these, we determine the new world average
value of

αs(M
2
Z) = 0.1181 ± 0.0011 , (9.23)

with an uncertainty of 0.9 %.∗∗∗ This world average value is in
reasonable agreement with that from the 2013 version of this Review,
which was αs(M2

Z) = 0.1185 ± 0.0006, however at a somewhat
decreased central value and with an overall uncertainty that has
almost doubled. These changes are mainly due to the following
developments:

- the uncertainty of the combined lattice result, now using the
same averaging procedure as applied to the other sub-fields, is
more conservative than that used in our previous Review, leading
to a larger final uncertainty of the new world average, and to a
reduced fixing power towards the central average value;

- the relatively low value of αs from hadron collider results, which
currently consists of only one measurement of the tt cross section
at

√
s = 7 TeV [370] that is likely to be a fluctuation to the low

side.

For convenience, we also provide the values for ΛMS which
correspond to the new world average:

Λ
(6)

MS
= (89 ± 6) MeV, (9.24a)

Λ
(5)

MS
= (210 ± 14) MeV, (9.24b)

Λ
(4)

MS
= (292 ± 16) MeV, (9.24c)

Λ
(3)

MS
= (332 ± 17) MeV, (9.24d)

for nf = 6, 5, 4 and 3 quark flavors, which are determined using the
4-loop expression for the running of αs according to Eq. (9.5) and
3-loop matching at the charm-, bottom- and top-quark pole masses
of 1.3, 4.2 and 173 GeV/c2, respectively. Note that for scales below a
few GeV, Eq. (9.5) starts to differ significantly from the exact solution
of the renormalization group equation Eq. (9.3) and the latter is then
to be preferred.

In order to further test and verify the sensitivity of the new
average value of αs(M2

Z) to the different pre-averages and fields of αs

determinations, we give each of the averages obtained when leaving
out one of the six input values, as well as the respective, initial value
of χ2 :

αs(M
2
Z) = 0.1179± 0.0011 (w/o τ results;

χ2
0/d.o.f. = 3.3/4), (9.25a)

αs(M
2
Z) = 0.1174± 0.0016 (w/o lattice results;

χ2
0/d.o.f. = 2.9/4), (9.25b)

αs(M
2
Z) = 0.1185± 0.0013 (w/o DIS results;

χ2
0/d.o.f. = 2.0/4), (9.25c)

αs(M
2
Z) = 0.1182± 0.0010 (w/o e+e− results;

χ2
0/d.o.f. = 3.5/4), (9.25d)

αs(M
2
Z) = 0.1184± 0.0012 (w/o hadron collider;

χ2
0/d.o.f. = 2.4/4) and (9.25e)

αs(M
2
Z) = 0.1180± 0.0010 (w/o e.w. precision fit;

χ2
0/d.o.f. = 3.4/4). (9.25f)

They are well within the uncertainty of the overall world average
quoted above. Note, however, that the average excluding the lattice
result is no longer as close to the value obtained from lattice alone as

∗∗∗ The weighted average, treating all inputs as uncorrelated mea-
surements with Gaussian uncertainties, results in αs(M2

Z) = 0.11810±
0.00078 with χ2/d.o.f. = 3.7/5. Requiring χ2/d.o.f. to reach unity
calls for an overall correlation factor of 0.28, which increases the over-
all uncertainty to ±0.00114.

was the case in the 2013 Review, but is now smaller by almost one
standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each
of the sub-fields summarised in this Review, the wealth of available
results provides a rather precise and reasonably stable world average
value of αs(M2

Z), as well as a clear signature and proof of the energy
dependence of αs, in full agreement with the QCD prediction of
Asymptotic Freedom. This is demonstrated in Fig. 9.3, where results
of αs(Q2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized. Thanks to the results
from the Tevatron and from the LHC, the energy scales at which αs is
determined now extend up to more than 1 TeV♦.
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Figure 9.3: Summary of measurements of αs as a function of
the energy scale Q. The respective degree of QCD perturbation
theory used in the extraction of αs is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to leading order; res.
NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).
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are based on (at least) full NNLO QCD predictions, and are published
in peer-reviewed journals at the time of completing this Review.
These pre-averages are then combined to the final world average value
of αs(M2

Z), using the χ2 averaging method and error treatment as
described above. From these, we determine the new world average
value of

αs(M
2
Z) = 0.1181 ± 0.0011 , (9.23)

with an uncertainty of 0.9 %.∗∗∗ This world average value is in
reasonable agreement with that from the 2013 version of this Review,
which was αs(M2

Z) = 0.1185 ± 0.0006, however at a somewhat
decreased central value and with an overall uncertainty that has
almost doubled. These changes are mainly due to the following
developments:

- the uncertainty of the combined lattice result, now using the
same averaging procedure as applied to the other sub-fields, is
more conservative than that used in our previous Review, leading
to a larger final uncertainty of the new world average, and to a
reduced fixing power towards the central average value;

- the relatively low value of αs from hadron collider results, which
currently consists of only one measurement of the tt cross section
at

√
s = 7 TeV [370] that is likely to be a fluctuation to the low

side.

For convenience, we also provide the values for ΛMS which
correspond to the new world average:

Λ
(6)

MS
= (89 ± 6) MeV, (9.24a)

Λ
(5)

MS
= (210 ± 14) MeV, (9.24b)

Λ
(4)

MS
= (292 ± 16) MeV, (9.24c)

Λ
(3)

MS
= (332 ± 17) MeV, (9.24d)

for nf = 6, 5, 4 and 3 quark flavors, which are determined using the
4-loop expression for the running of αs according to Eq. (9.5) and
3-loop matching at the charm-, bottom- and top-quark pole masses
of 1.3, 4.2 and 173 GeV/c2, respectively. Note that for scales below a
few GeV, Eq. (9.5) starts to differ significantly from the exact solution
of the renormalization group equation Eq. (9.3) and the latter is then
to be preferred.

In order to further test and verify the sensitivity of the new
average value of αs(M2

Z) to the different pre-averages and fields of αs

determinations, we give each of the averages obtained when leaving
out one of the six input values, as well as the respective, initial value
of χ2 :

αs(M
2
Z) = 0.1179± 0.0011 (w/o τ results;

χ2
0/d.o.f. = 3.3/4), (9.25a)

αs(M
2
Z) = 0.1174± 0.0016 (w/o lattice results;

χ2
0/d.o.f. = 2.9/4), (9.25b)

αs(M
2
Z) = 0.1185± 0.0013 (w/o DIS results;

χ2
0/d.o.f. = 2.0/4), (9.25c)

αs(M
2
Z) = 0.1182± 0.0010 (w/o e+e− results;

χ2
0/d.o.f. = 3.5/4), (9.25d)

αs(M
2
Z) = 0.1184± 0.0012 (w/o hadron collider;

χ2
0/d.o.f. = 2.4/4) and (9.25e)

αs(M
2
Z) = 0.1180± 0.0010 (w/o e.w. precision fit;

χ2
0/d.o.f. = 3.4/4). (9.25f)

They are well within the uncertainty of the overall world average
quoted above. Note, however, that the average excluding the lattice
result is no longer as close to the value obtained from lattice alone as

∗∗∗ The weighted average, treating all inputs as uncorrelated mea-
surements with Gaussian uncertainties, results in αs(M2

Z) = 0.11810±
0.00078 with χ2/d.o.f. = 3.7/5. Requiring χ2/d.o.f. to reach unity
calls for an overall correlation factor of 0.28, which increases the over-
all uncertainty to ±0.00114.

was the case in the 2013 Review, but is now smaller by almost one
standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each
of the sub-fields summarised in this Review, the wealth of available
results provides a rather precise and reasonably stable world average
value of αs(M2

Z), as well as a clear signature and proof of the energy
dependence of αs, in full agreement with the QCD prediction of
Asymptotic Freedom. This is demonstrated in Fig. 9.3, where results
of αs(Q2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized. Thanks to the results
from the Tevatron and from the LHC, the energy scales at which αs is
determined now extend up to more than 1 TeV♦.
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Figure 9.3: Summary of measurements of αs as a function of
the energy scale Q. The respective degree of QCD perturbation
theory used in the extraction of αs is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to leading order; res.
NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).

9.5. Acknowledgments

We are grateful to J.-F. Arguin, G. Altarelli, D. Britzger, J.
Butterworth, M. Cacciari, L. del Debbio, D. d’Enterria, P. Gambino,
C. Glasman Kuguel, N. Glover, M. Grazzini, A. Kronfeld, K.
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are based on (at least) full NNLO QCD predictions, and are published
in peer-reviewed journals at the time of completing this Review.
These pre-averages are then combined to the final world average value
of αs(M2

Z), using the χ2 averaging method and error treatment as
described above. From these, we determine the new world average
value of

αs(M
2
Z) = 0.1181 ± 0.0011 , (9.23)

with an uncertainty of 0.9 %.∗∗∗ This world average value is in
reasonable agreement with that from the 2013 version of this Review,
which was αs(M2

Z) = 0.1185 ± 0.0006, however at a somewhat
decreased central value and with an overall uncertainty that has
almost doubled. These changes are mainly due to the following
developments:

- the uncertainty of the combined lattice result, now using the
same averaging procedure as applied to the other sub-fields, is
more conservative than that used in our previous Review, leading
to a larger final uncertainty of the new world average, and to a
reduced fixing power towards the central average value;

- the relatively low value of αs from hadron collider results, which
currently consists of only one measurement of the tt cross section
at

√
s = 7 TeV [370] that is likely to be a fluctuation to the low

side.

For convenience, we also provide the values for ΛMS which
correspond to the new world average:

Λ
(6)

MS
= (89 ± 6) MeV, (9.24a)

Λ
(5)

MS
= (210 ± 14) MeV, (9.24b)

Λ
(4)

MS
= (292 ± 16) MeV, (9.24c)

Λ
(3)

MS
= (332 ± 17) MeV, (9.24d)

for nf = 6, 5, 4 and 3 quark flavors, which are determined using the
4-loop expression for the running of αs according to Eq. (9.5) and
3-loop matching at the charm-, bottom- and top-quark pole masses
of 1.3, 4.2 and 173 GeV/c2, respectively. Note that for scales below a
few GeV, Eq. (9.5) starts to differ significantly from the exact solution
of the renormalization group equation Eq. (9.3) and the latter is then
to be preferred.

In order to further test and verify the sensitivity of the new
average value of αs(M2

Z) to the different pre-averages and fields of αs

determinations, we give each of the averages obtained when leaving
out one of the six input values, as well as the respective, initial value
of χ2 :

αs(M
2
Z) = 0.1179± 0.0011 (w/o τ results;

χ2
0/d.o.f. = 3.3/4), (9.25a)

αs(M
2
Z) = 0.1174± 0.0016 (w/o lattice results;

χ2
0/d.o.f. = 2.9/4), (9.25b)

αs(M
2
Z) = 0.1185± 0.0013 (w/o DIS results;

χ2
0/d.o.f. = 2.0/4), (9.25c)

αs(M
2
Z) = 0.1182± 0.0010 (w/o e+e− results;

χ2
0/d.o.f. = 3.5/4), (9.25d)

αs(M
2
Z) = 0.1184± 0.0012 (w/o hadron collider;

χ2
0/d.o.f. = 2.4/4) and (9.25e)

αs(M
2
Z) = 0.1180± 0.0010 (w/o e.w. precision fit;

χ2
0/d.o.f. = 3.4/4). (9.25f)

They are well within the uncertainty of the overall world average
quoted above. Note, however, that the average excluding the lattice
result is no longer as close to the value obtained from lattice alone as

∗∗∗ The weighted average, treating all inputs as uncorrelated mea-
surements with Gaussian uncertainties, results in αs(M2

Z) = 0.11810±
0.00078 with χ2/d.o.f. = 3.7/5. Requiring χ2/d.o.f. to reach unity
calls for an overall correlation factor of 0.28, which increases the over-
all uncertainty to ±0.00114.

was the case in the 2013 Review, but is now smaller by almost one
standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each
of the sub-fields summarised in this Review, the wealth of available
results provides a rather precise and reasonably stable world average
value of αs(M2

Z), as well as a clear signature and proof of the energy
dependence of αs, in full agreement with the QCD prediction of
Asymptotic Freedom. This is demonstrated in Fig. 9.3, where results
of αs(Q2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized. Thanks to the results
from the Tevatron and from the LHC, the energy scales at which αs is
determined now extend up to more than 1 TeV♦.
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Figure 9.3: Summary of measurements of αs as a function of
the energy scale Q. The respective degree of QCD perturbation
theory used in the extraction of αs is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to leading order; res.
NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).
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Constraints on the equation of State at Higher Densities from the FRG

3

Outline

• Functional Renormalization Group


• Four-quark self-interactions


Ab initio: dynamic gauge fields


• Structure of β functions


• Symmetry breaking patterns at finite T 


• Dominant low-energy d.o.f’s at zero T


Connecting to the low-energy regime


• Quark-meson-diquark truncation


• Findings on the equation of state (EOS)


Conclusions and outlook
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From high to low energies in QCD
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see also [Son, 1999], [Pisarski and Rischke, 1999]
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[J. Braun, ML, M. Pospiech, PRD 97, 076010 (2018)]
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RG flow equation:

[BCS theory]

[Schmitt, Wang, Rischke, 2002]
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• Functional Renormalization Group


• Four-quark self-interactions


Ab initio: dynamic gauge fields


• Structure of β functions


• Symmetry breaking patterns at finite T 


• Dominant low-energy d.o.f’s at zero T


Connecting to the low-energy regime


• Quark-meson-diquark truncation


• Findings on the equation of state (EOS)


Conclusions and outlook
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Constraints on the equation of State at Higher Densities from the FRG
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Structure of the  functions and formation of condensatesβ
RG flow equation:
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Running gauge coupling:
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Structure of the  functions and formation of condensatesβ
RG flow equation:
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chiral 

condensation

diquark 

condensation

μχ

‣ Gluodynamics essential at high 


‣ Natural emergence of dominances


‣ Remarkable robustness of phase boundary, 
dominances and         quark dynamics

μ

μχ [Braun, ML, Pospiech, arXiv: 1909.06298]



Dominance pattern
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in the zero-temperature limit at finite densities
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‣ UA(1) symmetry artifact             green lines suppressed in case of explicit UA(1) breaking


‣ Dominant d.o.f.’s: � ⇠ h ̄ i
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Connecting to the low-energy regime
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‣Pass on values of four-quark 
couplings at transition scale Λ0: 
determine parameters of QMD

‣Parameters density dependent


‣Circumvent limit of accessible 
range of external parameters 

‣Minimization of thermodynamic 

potential: size of gaps, pressure, 
density, …
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Pressure as a function of the density

‣ EOS computation within FRG framework directly based on fundamental quark-gluon dynamics

‣ Diquark condensation as non-perturbative effect essential at intermediate densities

‣ Compatible with calculations based on chiral EFT interactions [Drischler et al., PRL (2019)] 

toward lower densities and with perturbative QCD [Gorda et al., PRL (2018)] at high density

[ML, Pospiech, Schallmo, Braun, Drischler, Hebeler, Schwenk, arXiv:1907.05814]
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Speed of sound at intermediate densities

[ML, Pospiech, Schallmo, Braun, Drischler, Hebeler, Schwenk, arXiv:1907.05814]

‣ Natural emergence of maximum in speed of sound

‣ Peak position shows dependence on transition scale , magnitude insensitive 

‣ Maximum in speed of sound of neutron matter necessary to support observed heavy 

neutron star masses [e.g. Tews et al., ApJ (2018)] 

Λ0

Ecker et al. 2017). We refer the reader to Bedaque & Steiner
(2015) for a more detailed discussion of this conjecture and
known exceptions (see also Hoyos et al. 2016 and Ecker
et al. 2017).

For QCD at finite baryon density, we are unaware of
compelling reasons to expect that c 1 3S

2 � , and based on the
preceding arguments, we will consider two minimal scenarios,
which are illustrated in Figure 1. The scenario labeled
(a) corresponds to the case when we assume that QCD obeys
the conformal limit c 1 3S

2 � at all densities, and scenario
(b) corresponds to QCD violating this conformal bound. The
behavior of cS at low and high density is constrained by theory,
and we shall show that NS observations, when combined with
improved ab initio calculations of PNM, can distinguish
between these two scenarios, and provide useful insights about
matter at densities realized inside NSs.

This paper is structured as follows. In Section 2, we present
constraints on the speed of sound from nuclear physics. In
Section 3, we extend the speed of sound to higher densities. In
Section 3.1, we study the EOS under the assumption that the
conformal limit is obeyed and the speed of sound is bounded
by 1 3 . For this case, we find that cS needs to increase very
rapidly above 1–2n0 to stabilize a 2Me NS. Such a rapid
increase likely signals the appearance of a new form of strongly
coupled matter where the nucleon is no longer a useful degree
of freedom. In Section 3.2, we release this assumption but
still find that models in which cS increases rapidly, reaching
values close to c, are favored. We study correlations in our
parameterization in Section 3.3. In Section 4, we derive the
smallest possible radius for NSs consistent with nuclear physics
and observations. We then investigate the impact of possible
additional observations in Section 5. Finally, we summarize our
main findings in Section 6.

2. EOS and Speed of Sound from Nuclear Physics

2.1. The EOS of Neutron Matter

In this work, we use auxiliary-field diffusion Monte Carlo
(AFDMC) to find the many-body ground state for a given
nonrelativistic nuclear Hamiltonian(Carlson et al. 2015). In
general, the nuclear Hamiltonian contains two-body (NN),
three-body (3N), and higher many-body (AN) forces,

, 2NN 3N AN , . . .� � � � ( )
which can be obtained from chiral effective field theory (EFT)
at low-density (see, for instance, Epelbaum et al. 2009 and

Machleidt & Entem 2011). Chiral EFT is a systematic
framework for low-energy hadronic interactions, that naturally
includes both two-body and many-body forces and allows for
systematic uncertainty estimates. It has been successfully used
to calculate nuclei and nuclear matter, see, for instance, Hebeler
et al. (2015) and references therein.
In this paper, we extend the AFDMC calculations of PNM of

Lynn et al. (2016) with recently developed local chiral N2LO
interactions, including two- and three-body forces of Gezerlis
et al. (2013, 2014) and Tews et al. (2016), to higher densities.
We find that, despite the rapid increase of the error estimates,
EFT-based interactions remain useful up to n=0.32 fm−3 and
our results for the energy per particle in neutron matter are
shown in Figure 2. We plot the results for local chiral
interactions at LO, NLO, and N2LO with three different 3N
interactions defined in Lynn et al. (2016): 3N interactions with
only the two-pion exchange (TPE-only), and 3N interactions
containing the TPE plus shorter-range contact terms with two
different spin-isospin operators (TPE+VE,� and TPE+VE,τ),
see Lynn et al. (2016) for details. The uncertainty bands for
the individual N2LO interactions are obtained as suggested by
Epelbaum et al. (2015), i.e., the uncertainty X N LO2% at
order N2LO is given by

X Q X X Q X

X Q X X

max ,

, , 3

N LO 4 LO free 2 NLO

LO N LO NLO

2

2

% � �

� �

( ∣ ∣ ∣
∣ ∣ ∣) ( )

and similar for lower orders. The dimensionless expansion
parameter Q is given by Q=max(p/ΛB, mπ/ΛB) with p being

Figure 1. Two possible scenarios for the evolution of the speed of sound in
dense matter.

Figure 2. Neutron-matter EOSs used in this work. We show the AFDMC
results for local chiral Hamiltonians with three different 3N short-range
operators: TPE-only (green middle band), TPE+VE,� (red upper band), and
TPE+VE,τ (blue lower band), see Lynn et al. (2016) for details. For
comparison, we also show results for the phenomenological AV8′+UIX
interactions (black line), for AV8′ (dotted line), as well as LO (dashed line) and
NLO (dashed–dotted line) results for the local chiral interactions of Gezerlis
et al. (2014) with R0=1.0 fm.

2

The Astrophysical Journal, 860:149 (14pp), 2018 June 20 Tews et al.

[Tews et al., ApJ (2018)]
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Phase structure Equation of state

‣ Dynamical generation of four-quark 
interactions by two-gluon exchange


‣ Importance of Fierz completeness at high 
quark chemical potential


‣ Natural emergence of dominances, formation 
of diquark condensate favored at high 
densities


‣ Remarkable robustness of phase boundary 
and dominances, dynamics within quark 
sector play decisive role

‣ Higher density regime accessed by utilizing 
RG flow of four-quark couplings in QCD


‣ Incorporation of low-energy fluctuations with 
quark-meson-diquark truncation


‣ EOS of symmetric nuclear matter from first 
principles


• Compatible with chiral EFT data as well as 
perturbative QCD


• Condensation effects becoming essential 
at intermediate densities


‣ Maximum in the speed of sound exceeding 
the non-interacting limit


[Braun, ML, Pospiech, PRD (2017)]

[Braun, ML, Pospiech, PRD (2018)]

[Braun, ML, Pospiech, arXiv:1909.06298]

[Braun, ML, Pawlowski, SciPost (2019)]

[ML, Pospiech, Schallmo, Braun, Drischler,  
 Hebeler, Schwenk, arXiv:1907.05814]

Conclusions
Thank you very much for your attention!


