
8Be 8He 

4He 

Tetraneutron 
proton 

neutron 

4He 

4He 

S. Shimoura
CNS, University of Tokyo

Tetra-neutron system populated by 
nuclear reactions using RI-beam

• Motivation
• Idea for populating 4n system at rest

• Exothermic double-charge exchange (8He,8Be) 
• Experimental result
• Analysis

• Continuum spectrum with correlation
• A simple picture of the reaction

• Remarks (my personal picture on reaction)





Volume 144B, number 5,6 PHYSICS LETTERS 6 September 1984 

~oo S~#~- 
> / / "  x / 

IO " /  / /i i,i 
~'/ ," 

0 5 I0 15 20 
Excilotion Energy (MeV) 

Fig. 3. The experimental results are plotted against the exci- 
tation of the final four-neutron state. The solid curve corre- 
sponds to the pure four-neutron phase space, while the dot-  
dashed and dashed curves are the four-neutron phase space 
curves with singlet state interactions in, respectively, one 
and both of the final state neutron pairs. 

ground subtraction, and where the non-zero cross 
section at rr + momenta above 230 MeV/c is due to 
imperfect rejection of  events in which the 7r + decayed 
inside the spectrometer. By contrast, fig. 2 shows the 
cross section for 12C(7r- ' rr+)l 2Be at 165 MeV and 
8 °, which we measured for the purpose of  energy cali- 
bration. The peak is due primarily to the transition 
to the 12Be ground state, with some contribution 
from the first two excited states as well. The size o f  
the cross section is typical o f  DCX transitions to 
bound states in light nuclei (the difference in ordinates 
of  figs. 1 and 2 should be noted). 

Turning our attention to the region of  the 7r + 
spectrum corresponding to unbound final states, fig. 
3 displays three curves corresponding to relativistic 
phase space distributions for four neutrons with no 
final state interaction, with an interaction in one of  
the neutron pairs, and with an interaction in both of  
the neutron pairs. A simple s-wave scattering length 
formula was used to represent the interaction. Al- 
though none of  these distributions is a very good fit, 
the shape of  the curve corresponding to two inter- 
acting neutron pairs is overwhelmingly favored over 
the other two. Kaufman et al. [ 11] and Statz et al. 
[12] conclude from spectrum shape fits at higher ex- 
citation energies that the best final state interaction 
treatment would involve only one interacting neutron 
pair rather than two (as preferred by our data). That 
conclusion is not inconsistent with our results 

because of  the relatively poor statistical precision of  
those data at the low excitation energies addressed 
in our work. At higher excitation energy one would 
expect (a) the final state interaction effects to be less 
important and (b) the momentum transfer dependence 
of  the DCX interaction itself to be more important. 
In any case, it seems clear that correct treatment o f  
the four-neutron final state is very important at low 
momentum transfer. 

The most thorough theoretical treatment of  
double-charge-exchange on 4He is that of  Gibbs et al. 
[17], in which the reaction is viewed as two successive 
p ion-nucleon single-charge-exchange scatterings. 
Using a separable form for the p ion-nucleon scat- 
tering amplitude, and taking full account of  Pauli 
principle effects, they have calculated spectra corre- 
sponding to the experimental conditions o f  Kaufman 
et al. and Gilly et al. 

Since the present data were obtained for T~r_ = 
165 MeV, a direct comparison with the Gibbs et al. 
calculations is not possible. It is worthwhile to note 
that their calculated cross section for T~- = 140 MeV 
and 0 = 20 ° is typically at least a factor o f  100 be- 
low our measured values. (They are in agreement with 
the Kaufman et al. data which are known to be in- 
correctly normalized by a large factor). 

A calculation by Germond and Wilkin [ 18] of  the 
total DCX cross section on 4He gives better agree- 
ment with total cross section data than the Gibbs 
et al. calculation. Germond and Wilkin assume that 
the pion scatters from a virtual pion in a single step 
with the amplitude deduced from soft pion theorems. 
This procedure seems to result in larger cross sec- 
tions, but  they did not include final state interaction 
or Pauli principle, effects which appear necessary at 
the low momentum transfers present in this experi- 
ment. Nevertheless, a calculation of our experimental 
results (and those o f  ref. [12]) using this "pion cloud" 
mechanism would appear warranted. In addition, a 
detailed reevaluation of  the two step 4He(rr-, rr+)4n 
calculations is indicated, and if these calculations 
prove to consistently underpredict the experimental 
cross sections, it will be strong evidence that either 
more exotic mechanisms are at work in DCX, or that 
the unbound four-neutron system is inadequately de- 
scribed in these treatments. 

This work was supported in part by the National 
Science Foundation and the Department of  Energy. 

335 

Volume 144B, number 5,6 PHYSICS LETTERS 6 September 1984 

similar experiment at 20 ° and T~r = 140 MeV, but 
their results have since been shown to be incorrect 
[12]. Gilly et al. [13] measured the production of  
176 MeV zr + from 4He(Tr-, 7r+)4n at 0 ° as a function 
of  bombarding energy, and found no structure in- 
dicative of  tetraneutron production at the 200 nb/sr 
level. Recent measurements [ 14] o f  the DCX transi- 
tions to bound states o f  other light nuclei have shown, 
however, that these cross sections are typically of  the 
order of  200 nb/sr or smaller. In addition, the angular 
distributions for ZXL = 0 transitions are rather sharply 
forward peaked [14],  and so the relevance o f  previ- 
ous data [ 11,12] on A = 4 at 20 ° - 3 0  ° to tetraneu- 
tron production is at best ambiguous. A measurement 
at the 20 nb/sr level and 0 ° would have been far more 
significant. 

We have measured the momentum spectrum of  7r + 
produced at 0 ° by  165 MeV n -  on 4He. A ,5,PIP = 
1% beam of  106 7r- per second was provided by the 
p3 line o f  the Los Alamos Meson Physics Facility, 
and a cell o f  910 mg/cm 2 liquid 4He with windows of  
18 mg/cm 2 Kapton served as the target [ 15]. An 
empty, but  otherwise identical cell was employed for 
background subtraction purposes. 

The momentum spectrum of  the zr + was measured 
with the Large Acceptance Spectrometer (LAS) 
[16], which has a momentum acceptance of  ,5,P/P = 
+25% and solid angle acceptance of  25 msr. A circular 
dipole magnet was mounted immediately downstream 
of the target to deflect the incident beam, while di- 
recting the 0 ° 7r + into LAS. Introduction of  the di- 
pole affected the spectrometer optics somewhat, and 
the ray tracing software was modified accordingly. 

A major background was due to positrons, largely 
generated in the bombardment o f  target nuclei by 
beam contaminant electrons, with resultant pair pro- 
duction. A Cerenkov counter mounted in the focal 
plane was used to reject positron events. The ~erenkov 
radiator was a 9 cm thick layer o f  Silica Aerogel (in- 
dex of  refraction = 1.05). The 99% efficiency of  the 
~erenkov detector for positron detection, coupled 
with time-of-flight information from the spectrometer 
trigger scintillators, reduced the positron count rate 
by a facto) of  104, at which level it no longer posed a 
significant problem. 

The beam current was monitored by a pair o f  
decay-muon scintillator telescopes mounted by symmet- 
rically to the right and left of  the beam line. The ab- 
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Fig. 1. The da/d~2dP (lab frame) data plotted versus n + mo- 
mentum, with arrows indicating the region in which counts 
corresponding to a bound tetraneutron would be expected. 

solute cross section was fixed by normalizing relative 
to 7r-p elastic scattering at 165 MeV. 

Fig. 1 shows the 4He(Tr-, 7r+)4n differential cross 
section, with the region corresponding to tetraneutron 
binding energies of  between 0 and 3.1 MeV delimited. 
Summing events in this region yields a cross section 
of  7 +- 15 nb/sr for tetraneutron production by 
4He(Tr-, zr+)4n at 165 MeV and 0 °, where the uncer- 
tainty in this figure comes primarily from the back- 
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Fig. 2. The dcr/dI2dP (lab frame) data for 12COt- ' ~r+)12Be 
at 8 ° and T~ = 165 MeV. The peak corresponding to the 
transition to the 12Be ground and first two excited states 
has been indicated. 
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similar experiment at 20 ° and T~r = 140 MeV, but 
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the 12Be ground state, with some contribution 
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similar experiment at 20 ° and T~r = 140 MeV, but 
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however, that these cross sections are typically of the 
order of 200 nb/sr or smaller. In addition, the angular 
distributions for ZXL = 0 transitions are rather sharply 
forward peaked [14], and so the relevance of previ- 
ous data [ 11,12] on A = 4 at 20 °-30 ° to tetraneu- 
tron production is at best ambiguous. A measurement 
at the 20 nb/sr level and 0 ° would have been far more 
significant. 
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18 mg/cm 2 Kapton served as the target [ 15]. An 
empty, but otherwise identical cell was employed for 
background subtraction purposes. 
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[16], which has a momentum acceptance of ,5,P/P = 
+25% and solid angle acceptance of 25 msr. A circular 
dipole magnet was mounted immediately downstream 
of the target to deflect the incident beam, while di- 
recting the 0 ° 7r + into LAS. Introduction of the di- 
pole affected the spectrometer optics somewhat, and 
the ray tracing software was modified accordingly. 

A major background was due to positrons, largely 
generated in the bombardment of target nuclei by 
beam contaminant electrons, with resultant pair pro- 
duction. A Cerenkov counter mounted in the focal 
plane was used to reject positron events. The ~erenkov 
radiator was a 9 cm thick layer of Silica Aerogel (in- 
dex of refraction = 1.05). The 99% efficiency of the 
~erenkov detector for positron detection, coupled 
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by a facto) of 104, at which level it no longer posed a 
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decay-muon scintillator telescopes mounted by symmet- 
rically to the right and left of the beam line. The ab- 
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Double charge exchange (DCX) reaction of HI
3.9 微分断面積 33

図 3.12 12C(18O, 18Ne)12Be反応の微分断面積。2.2 MeVは複数の状態を含んでいる。

図 3.13 12C(18O, 18F)12B反応の微分断面積。

Stable 18O beam (80A MeV) (Takaki et al.)

HI DCX reaction can be used for 
spectroscopy for exotic nuclei
(q is not so small >80 MeV/c)

(p-,p+) 

12C -> 12Be

~70nb/sr (Gnd)
~200nb/sr (~2MeV)

The peak is due primarily to the transition to the 12Be ground state, 
with some contribution from the first two excited states as well. 
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Background process: 
Breakup of two 8He in the same beam 
bunch to two alpha particle
Identified by multi-hit in F6-MWDC

Backgrounds after analysis:
Finite efficiency of multi-hit events at F6-MWDC 
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FIG. 1. (color line). Left: A schematic picture of the exper-
imental setup for downstream of F6. Right: The momentum
correlation between 8He beam (p8He) at F6 and 8Be ejectile
(p8Be) at S2 for the candidate events. The p8He = p8Be = 0%
corresponds to the central position of the focal plane. The
shaded diagonal line shows the energy threshold of the four-
neutron decay. The diagonal axis corresponds to energy of
tetra-neutron system, where E8Be is the energy of 8Be, E8He

is the energy of 8He and Q is Q-value of the reaction.

We used the double-charge exchange (DCX)
4He(8He,8Be) reaction at forward angles to popu-
late tetra-neutron state near the threshold. This
particular reaction is extremely efficient in producing
the tetra-neutron system at an almost recoil-less condi-
tion. The recoil-less condition is inevitable to populate
very weakly bound systems. The condition can be
uniquely fulfilled by the DCX reaction with positive
Q-value where the transferred energy is converted from
the large internal energy in the unstable 8He nucleus.
This feature makes the DCX (8He,8Be) reaction a quite
unique probe to the tetra-neutron system, especially at
a low excitation energies.

The experiment was carried out at the RI Beam Fac-
tory (RIBF) [21] at RIKEN using the SHARAQ spec-
trometer [22] with liquid He target system [23]. A pri-
mary beam of 18O of 230 MeV/u produced was bom-
barded onto a 20-mm-thick Be target at the focal plane
F0 of BigRIPS [24]. The secondary beam of 8He of
186 MeV/u was transported to a liquid He target with a
thickness of 136 mg/cm2 at SHARAQ-S0. The 8He beam
intensity was 2 × 106 counts/second with a bunch struc-
ture synchronizing the radio frequency of the cyclotrons
of 13.7 MHz. The purity of the 8He achieved 99.3%.

In order to obtain missing-mass spectrum of the
tetra-neutron system with about 1 MeV resolution, the
SHARAQ spectrometer was used at 0 degree to mea-
sure the momenta of two α particles, which are the de-
cay product of 8Be. The SHARAQ spectrometer was
designed for the high-resolution spectroscopy in com-
bined with a RI beam. The momentum distribution of
the secondary beam was about ±1% which is consider-
able larger than the resolution of the SHARAQ spec-
trometer. Therefore, we measured the momentum of
the beam particle on an event-by-event basis. A High-

Resolution-Achromatic transport [25] was employed at
the BigRIPS and High-Resolution-Beamline. The mo-
mentum of 8He was measured by Multi-Wire Drift Cham-
bers (MWDCs) [26] at BigRIPS-F6, which is the dis-
persive focal plane in BigRIPS. For the reaction prod-
ucts, the SHARAQ spectrometer was operated in Large-
Momentum-Acceptance mode to have a momentum ac-
ceptance of about ±2.5%, which covered momentum
range of ±0.74% for the two α particles and ±1% of the
beam. This ion optical transport satisfies effective solid
angle 4.3 msr for the ground state of 8Be and momen-
tum resolution, which gives about 1 MeV missing-mass
resolution. To cover the maximum size of the spread of
two α particles sufficiently and to obtain detection effi-
ciency as much as possible for two α particles with small
spread, Cathode-Readout Drift Chambers (CRDCs) were
used [27] at the S2, which is a final focal plane of the
SHARAQ spectrometer. Using CRDC, two particles can
be successfully identified for events which are separated
more than 5 mm in vertical and 10 mm in horizon-
tal direction, respectively. A schematic picture of the
experimental setup for downstream of F6 is shown in
Fig. 1 (Left).

Experimental advantage of the (8He,8Be) reaction with
the beam of 186 MeV/u by using the SHARAQ spectrom-
eter is a good signal-to-noise ratio. It can be achieved by
requiring two α particles detection in coincidence at the
final focal plane. A spread of two α particles in space
from the ground state of 8Be with the incident 8He beam
energy of 186 MeV/u is smaller than the acceptance of
the SHARAQ spectrometer. On the other hand, the ac-
ceptance for detecting the two α particles from the ex-
cited states of 8Be is about 1/100 times smaller than the
ground state.

Since cross section of DCX reaction was expected to be
small, good signal-to-noise ratio necessary for selection
of events in the data analysis. We selected events which
satisfy the conditions of 1) time-of-flight measurement
between FH10 and S2 plastic scintillator and energy loss
at S2 plastic scintillators, 2) rejection of events of multi-
particle in one-bunch, 3) identification of two α particles
at final focal plane in coincidence and 4) confirmation of
the hitting position of the target. Under high-rate condi-
tion of the secondary beam such as 2×106 counts/second,
the bunch of triggered particles of about 15% comprise
more than two particles (multi-particle). Events of multi-
particle in triggered bunch were excluded from the anal-
ysis of MWDC at F6. Right panel of Fig. 1 shows the
momentum correlation between 8He beam (p8He) and
8Be ejectile (p8Be) for the candidate events. The shaded
diagonal line corresponds to the threshold for the four-
neutron decay. A reasonable correlation of the deference
of an amount of events on the threshold was obtained.
A preliminary result is described in [27]. The missing
mass was calculated on an event-by-event basis from the
momentum of 8He at F6 and the center-of-mass momen-
tum of the two α particles at S2. Its overall resolution
was estimated to be 1.2 MeV (σ) by using ion-optical
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Experimental Results

3

analysis.
For the calibration of the energy of tetra-neutron sys-

tem E4n, the 1H(8He,8Li(1+))n reaction from the plastic
scintillator around target area was measured by changing
the magnetic field of the SHARAQ spectrometer. From
the peak position of the 8Li and the ratio of the field
integrals of the magnets, the missing mass of the DCX
reaction was calibrated. The systematic error due to the
calibration was estimated to be 1.25 MeV.

We obtained 27 events produced by the 4He(8He,8Be)
reaction in the energy −25 < E4n < 65 MeV region.
Figure 2 (a) shows the obtained missing-mass spectrum
of tetra-neutron system. The energy of E4n = 0 MeV
corresponds to the threshold of four-neutron decay. The
acceptance of the spectrometer was constant in the region
of the spectrum.
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FIG. 2. (color line). (a) The missing-mass spectrum of the
tetra-neutron system. The solid (red) line represents the
curve, which is sum of the result of the calculation and the
estimated background (see text). The dashed (blue) line rep-
resents the curve, which is ten times of the estimated back-
ground. The schematic picture of the decay mode is discussed
in text. (b) Evaluation of the goodness-of-fit for each bin us-
ing likelihood ratio test. The si were defined in Eq. (3).

We estimated the shape and yields of a background in
the missing-mass spectrum. The multi-particle in a trig-
gered bunch was considered a possible source of a back-
ground. A large fraction of these events were rejected
using the MWDC at F6. However, since the detection ef-
ficiency of the MWDC was limited, multi-particle events
contribute to the background in cases where one of the
particles is detected while the other was not. Further-
more, events with multi-particle in same space separated
from wires of the MWDC were not identified as two par-

ticles. Another possible sources of the background are es-
timated to be negligible, which are, for instance, events
misidentified to α particle, events produced by the foil
of the detectors. The magnitude was estimated to be
2.2 ± 1.0 events in the spectrum by using the measured
magnitudes of the detection efficiency of MWDCs. The
shape of the background was reconstructed by using a
spectrum of single-alpha events identified at S2, which
is consistent with the missing-mass spectrum of two al-
phas for the events identified as the multi-particle in a
triggered bunch. The dashed line (blue) in Fig. 2 (a)
represents the estimated background magnified by 10 for
visualization purpose.

While the statistics is small, there seems to be two
components in this spectrum. One is the continuum in
the E4n > 2 MeV region. The other is the strength at
the low energy region 0 < E4n < 2 MeV. In order to
interpret this spectrum, we assume two different decay
modes of the populated tetra-neutrons. One is the direct
decay with the final-state interaction between the two
correlated neutron pairs. This direct decay makes a con-
tinuum in the spectrum. The other is possible resonant
or bound state of the tetra-neutron system.

The shape of the continuum of the tetra-neutron sys-
tem produced by reactions was discussed by Grigorenko
et al [28]. In their paper, energy spectrum is calculated
assuming that the wave packet of the tetra-neutron sys-
tem just after the reaction is considered to be the source
evolving by the four-body Hamiltonian. For the case of
the knockout reaction of 8He, the peak position of the
continuum is predicted to be about 12 MeV (4 MeV) for
the source size of 5.6 fm (8.9 fm). On the other hand, for
the pion DCX reaction on the 4He, the peak position is
expected to be 30–40 MeV because of the compact source
from the tightly bound 4He.

We applied this idea to the DCX reaction of
4He(8He,8Be). The calculation allows to incorporate the
initial structure of target nuclei, reaction mechanism,
few-body effects and final-state interaction in studies
of unbound states for analyzing the present data. The
initial-state of the wave function of 4He was assumed to
be Φ[(0s)4]. After the DCX reaction, the four-neutron
wave packet with angular the momentum J = 0 is as-
sumed to be Φ[(0s)2(0p)2]. Here, we consider the double-
dipole nature in the DCX reaction due to the Pauli block-
ing effect. The final-state interaction between the two
neutrons in the 1S0 neutron pair (di-neutron) and be-
tween two di-neutrons are taken into account.

In the result of the calculation, the peak position
of the continuum of about 30 MeV is well reproduced
for the data. The spectral shape near the threshold
(E4n < 4 MeV) is approximated by Eα (α ∼ 3) similar
to the index α = 7/2 for the four-body phase space. It is
noted that the calculation without a long-lived resonance
predicts very small contribution near the threshold.

In order to demonstrate the significance of the yields
near the threshold, we fitted the experimental data with a
trial function assuming neither resonant state nor bound
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NN case with FSI
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Figure 1: Left: 1S0 phase shift of the nucleon-nucleon systems. SAID program is used for the pp and the
pn pair, whereas the effective range with higher order coefficients (c4 = −0.18 fm3 and c6 = 0.38 fm5) is
used for the nn pair (denoted by “delta efr46”). Right: Neutron-neutron wave functions using eq. (47) with
the phase shifts shown in the left panel. Numbers in the legend (0.03, 0.37, 0.79, and 1.19) denote the wave
numbers in fm−1.

where parameters K0 and R are determined to be 0.5563 fm−1 and 2.6723 fm, respectively, from the scatter-
ing length as and the effective range re by solving

re = R

⎡
⎢⎢⎢⎢⎢⎣1 −

1
2 (K0R)2 ·

R
as
− 1

6

(
R
as

)2⎤⎥⎥⎥⎥⎥⎦ (48)

K0cot (K0R) =
1

R − as
. (49)

See also Appendix A.3. The phase shift δk may be taken from the experimental data or evaluated by eq. (46)
as shown in the left panel of Fig. 1. Examples of eq. (47) are also shown in Fig. 1.

The density of states D1s(2s)(ϵnn) for the two-neutron wave packets, ψ1s(2s)(rnn) = u1s(2s)(rnn)/rnn, are
expressed by the coefficients Â1s(2s)(k) for expansion with the correlated two neutron wave function φk(rnn):

Dns (ϵnn) =

∣∣∣Âns (k)
∣∣∣2

k
(for n = 1, 2) ; ϵnn =

!2k2

mN
(50)

Â1s (k) =
∫ ∞

0
dr r ψ1s (r) φk (r) = 2

(
1√
πa3

)1/2

k A1s (k) (51)

Â2s (k) =
∫ ∞

0
dr r ψ2s (r) φk (r) = 2

√
2
3

(
1√
πa3

)1/2

k A2s (k) , (52)

where

A1s (k) =
1
k

∫ ∞

0
dr r exp

[
− r2

2a2

]
φk (r) (53)

A2s (k) =
1
k

∫ ∞

0
dr r

(
r2

a2 −
3
2

)
exp

[
− r2

2a2

]
φk (r) . (54)

Equation (47) may be used for φk(r).
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Â2s (k) =
∫ ∞

0
dr r ψ2s (r) φk (r) = 2

√
2
3

(
1√
πa3

)1/2

k A2s (k) , (52)

where

A1s (k) =
1
k

∫ ∞

0
dr r exp

[
− r2

2a2

]
φk (r) (53)

A2s (k) =
1
k

∫ ∞

0
dr r

(
r2

a2 −
3
2

)
exp

[
− r2

2a2

]
φk (r) . (54)

Equation (47) may be used for φk(r).

5

0"

0.2"

0.4"

0.6"

0.8"

1"

1.2"

1.4"

0" 0.2" 0.4" 0.6" 0.8" 1" 1.2"

δ 
(r

ad
)�

k (fm-1)�

N-N 1S0 phase shift�

Del"(pn)"

Del"(pp)"

delta_efr46"

!1.5%

!1%

!0.5%

0%

0.5%

1%

1.5%

0% 2% 4% 6% 8% 10% 12%

r (fm)�

Neutron-Neutron wave function�

phi(0.03)%

phi(0.37)%

phi(0.79)%

phi(1.19)%

Figure 1: Left: 1S0 phase shift of the nucleon-nucleon systems. SAID program is used for the pp and the
pn pair, whereas the effective range with higher order coefficients (c4 = −0.18 fm3 and c6 = 0.38 fm5) is
used for the nn pair (denoted by “delta efr46”). Right: Neutron-neutron wave functions using eq. (47) with
the phase shifts shown in the left panel. Numbers in the legend (0.03, 0.37, 0.79, and 1.19) denote the wave
numbers in fm−1.

where parameters K0 and R are determined to be 0.5563 fm−1 and 2.6723 fm, respectively, from the scatter-
ing length as and the effective range re by solving

re = R

⎡
⎢⎢⎢⎢⎢⎣1 −

1
2 (K0R)2 ·

R
as
− 1

6

(
R
as

)2⎤⎥⎥⎥⎥⎥⎦ (48)

K0cot (K0R) =
1

R − as
. (49)

See also Appendix A.3. The phase shift δk may be taken from the experimental data or evaluated by eq. (46)
as shown in the left panel of Fig. 1. Examples of eq. (47) are also shown in Fig. 1.

The density of states D1s(2s)(ϵnn) for the two-neutron wave packets, ψ1s(2s)(rnn) = u1s(2s)(rnn)/rnn, are
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Density of State

Expand Y0 with correlated n-n scattering wave fk(r)
A(k)’s are used instead of Fourier component

Effective Range Theory : 
fk(r) ~ sin d(k) × f(r)  for small r

D ~ (sin d)2/k (Watson-Migdal approx.)

D (Enn) =
|A (k)|2

k
; Enn =

~2k2
mN

A (k) =

Z
drr (r)�k (r)



Picture of 4He DCX reaction @ 200 A MeV
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Direct Part

DCX

4He ~ F[(0s)4]

4n wave packet just 
after DCX
F0~ r1・r2 F[(0s)4]

q << 200 MeV/c

where the projection operator P acts so as to ⟨Ψ|Φs
0⟩ = 0. It is noted that the wave packet Φs

0 is propor-
tional to ψ1s(rα)ψ2s(r12)ψ1s(r34)− 1

2ψ2s(rα)ψ1s(r12)ψ1s(r34), where ψ’s denote the Harmonic Oscillator wave
functions with the corresponding oscillator constants for the radial coordinates.

1.3 Anti-symmetrization

We consider anti-symmetrization of eq. (11), where the 1-2 and the 3-4 pair is assumed to be 1S0 states:

Φ0 (1, 2; 3, 4) = Φs
0
(
r⃗12−34, r⃗12, r⃗34

) · χ (1, 2) χ (3, 4) (12)

χ (i, j) =
1√
2

(↑ (i) ↓ ( j)− ↓ (i) ↑ ( j)) . (13)

This wave packet has no symmetry for the permutation across the 1-2 and 3-4 pairs. Considering the spin-
part, total anti-symmetrized wave packet is expressed as

AΦ0 ∝ Φ0 (1, 2; 3, 4)+Φ0 (3, 4; 1, 2)+Φ0 (1, 3; 4, 2)+Φ0 (4, 2; 1, 3)+Φ0 (1, 4; 2, 3)+Φ0 (2, 3; 1, 4) . (14)

By using the relations for integration of spin parts such as:

⟨χ (1, 2) χ (3, 4) |χ (1, 3) χ (4, 2)⟩ = ⟨χ (1, 2) χ (3, 4) |χ (1, 4) χ (2, 3)⟩ = ⟨χ (1, 3) χ (4, 2) |χ (1, 4) χ (2, 3)⟩ = −1
2
,

(15)

the spacial four-body density of the the anti-symmetrized wave packet after integration of spin part is ex-
pressed as:

ρ0 ∝
[
Φw

0 (12; 34)
]2
+

[
Φw

0 (13; 42)
]2
+

[
Φw

0 (14; 23)
]2

−Φw
0 (13; 42)Φw

0 (14; 23) − Φw
0 (14; 23)Φw

0 (12; 34) − Φw
0 (12; 34)Φw

0 (13; 42) , (16)

where

Φw
0 (i j; kl) = Φs

0

(
r⃗i j−kl, r⃗i j, r⃗kl

)
+ Φs

0

(
r⃗i j−kl, r⃗kl, r⃗i j

)
(17)

∝ ψ1s
(
ri j−kl

)
ψ2s

(
ri j

)
ψ1s (rkl) + ψ1s

(
ri j−kl

)
ψ1s

(
ri j

)
ψ2s (rkl) − ψ2s

(
ri j−kl

)
ψ1s

(
ri j

)
ψ1s (rkl)

(18)

∝
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2

⎞
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⎛
⎜⎜⎜⎜⎜⎝

r2
kl

a2 −
3
2

⎞
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⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

r2
i j−kl

(
a/
√

2
)2 −

3
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦ exp

⎡
⎢⎢⎢⎢⎢⎢⎣−

r2
i j−kl

a2 −
r2

i j

2a2 −
r2

kl

2a2

⎤
⎥⎥⎥⎥⎥⎥⎦ (19)

After coordinate transformation, all the Φw
0 ’s are expressed in the coordinate set of {⃗rα (= r⃗12−34), r⃗12, r⃗34}:

Φw
0 (13; 42) ∝

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

r2
α(

a/
√

2
)2 −

3
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠ −

2r⃗12 · r⃗34

a2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦ exp

⎡
⎢⎢⎢⎢⎢⎣−

r2
α

a2 −
r2

12

2a2 −
r2

34

2a2

⎤
⎥⎥⎥⎥⎥⎦ (20)

∝ ψ2s (rα)ψ1s (r12)ψ1s (r34) −
√

2 ψ1s (rα)
[
ψ1p

(
r⃗12

) ⊗ ψ1p
(
r⃗34

)]
00

(21)

Φw
0 (14; 23) ∝

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

r2
α(

a/
√

2
)2 −

3
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠ +

2r⃗12 · r⃗34

a2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦ exp

⎡
⎢⎢⎢⎢⎢⎣−

r2
α

a2 −
r2

12

2a2 −
r2

34

2a2

⎤
⎥⎥⎥⎥⎥⎦ (22)

∝ ψ2s (rα)ψ1s (r12)ψ1s (r34) +
√

2 ψ1s (rα)
[
ψ1p

(
r⃗12

) ⊗ ψ1p
(
r⃗34

)]
00

(23)

By using these relations the four-body density is expressed as:

ρ0
(
r⃗α, r⃗12, r⃗34

) ∝
⎡
⎢⎢⎢⎢⎢⎢⎣

⎛
⎜⎜⎜⎜⎜⎝

r2
12

a2 +
r2

34

a2 −
4r2
α

a2

⎞
⎟⎟⎟⎟⎟⎠

2

+ 3
(
2r⃗12 · r⃗34

a2

)2
⎤
⎥⎥⎥⎥⎥⎥⎦ exp

⎡
⎢⎢⎢⎢⎢⎣−

2r2
α

a2 −
r2

12

a2 −
r2

34

a2

⎤
⎥⎥⎥⎥⎥⎦ , (24)
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1 Note on four-nucleon system

Energy spectrum for direct decay of the tetra-neutron system populated by the double charge exchange
(DCX) reaction with a small momentum transfer, 4He→4n, is examined along the idea of ref. [1].

1.1 Wave function of 4He

Wave function with the (0s)4 configuration for 4He without the center-of-mass motion are expressed as:

Ψ
(
r⃗1, r⃗2, r⃗3, r⃗4

) ∝ exp

⎡
⎢⎢⎢⎢⎢⎢⎢⎣−

1
4a2

4∑

i< j

(
r⃗i − r⃗ j

)2
⎤
⎥⎥⎥⎥⎥⎥⎥⎦ (1)

= exp
⎡
⎢⎢⎢⎢⎢⎣−

3
4a2

(
r⃗1 −

r⃗2 + r⃗3 + r⃗4

3

)2

− 2
3a2

(
r⃗2 −

r⃗3 + r⃗4

2

)2

− 1
2a2

(
r⃗3 − r⃗4

)2
⎤
⎥⎥⎥⎥⎥⎦ (2)

= exp
⎡
⎢⎢⎢⎢⎢⎣−

1
a2

(
r⃗1 + r⃗2

2
− r⃗3 + r⃗4

2

)2

− 1
2a2

(
r⃗1 − r⃗2

)2 − 1
2a2

(
r⃗3 − r⃗4

)2
⎤
⎥⎥⎥⎥⎥⎦ (3)

= exp

⎡
⎢⎢⎢⎢⎢⎢⎣−

r2
α + r2

β + r2
γ

a2

⎤
⎥⎥⎥⎥⎥⎥⎦ (4)

r⃗G =
r⃗1 + r⃗2 + r⃗3 + r⃗4

4
(5)

r⃗α =
r⃗1 + r⃗2

2
− r⃗3 + r⃗4

2
; r⃗β =

r⃗1 + r⃗3

2
− r⃗4 + r⃗2

2
; r⃗γ =

r⃗1 + r⃗4

2
− r⃗2 + r⃗3

2
(6)

ρ
(
r⃗
)
= ⟨Ψ|

4∑

i=1

δ3 (
r⃗ − (

r⃗i − r⃗G
)) |Ψ⟩ ∝ exp

[
− 8r2

3a2

]
= exp

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣−

r2

2
(√

3a/4
)2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦ (7)

ρ̃
(
q⃗
) ∝ exp

[
−3a2q2

8

]
= exp

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
− q2

2
(
2/

(√
3a

)2
)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(8)

√〈
r2〉 =

3
4

a ;
√〈

q2〉 =
2
a
=

3

2
√〈

r2〉 (9)

(10)

It is noted that the charge root-mean-square radii of the proton and the alpha are 0.84 fm and 1.68 fm,
respectively, which leads to the matter rms

√〈
r2〉 of the alpha is 1.455 fm (a=1.94 fm).

1.2 Wave packet after DCX

The DCX operator acting on 4He is considered to be ((σ1τ1)(⃗r1 − r⃗G) ⊗ (σ2τ2)(⃗r2 − r⃗G)) because of double
(spin) dipole transition, where suffices 1 and 2 denote protons in the original 4He. The spacial part of the
product is classified to three cases: ((⃗r1− r⃗G) · (⃗r2− r⃗G)), ((⃗r1− r⃗G)× (⃗r2− r⃗G)), and [(⃗r1− r⃗G)⊗ (⃗r2− r⃗G)]rank2
corresponding to JD = 0, 1, and 2, respectively. The three cases are transformed to (r2

12 − r2
α), r⃗α × r⃗12, and

(r2
12Y2(r̂12) − r2

αY2(r̂α)), respectively, where r⃗12 = r⃗1 − r⃗2 and r⃗α = (⃗r1 + r⃗2)/2 − (⃗r3 + r⃗4)/2 = r⃗12−34.
For JD = 0 case, the wave packet Φ0 after the DCX reaction is proportional to:

Φs
0
(
r⃗, r⃗12, r⃗34

) ∝ P
[(

r2
12 − r2

α

)
Ψ
]
∝

⎡
⎢⎢⎢⎢⎣
⎛
⎜⎜⎜⎜⎝

r2
12

a2 −
3
2

⎞
⎟⎟⎟⎟⎠ −

(
r2
α

a2 −
3
4

)⎤⎥⎥⎥⎥⎦ exp
⎡
⎢⎢⎢⎢⎢⎣−

r2
α

a2 −
r2

12

2a2 −
r2

34

2a2

⎤
⎥⎥⎥⎥⎥⎦ , (11)

1

Fourier Transform: (r12, r34, ra) → (k12, k34, k) 

or

ρ0
(
r⃗α, r⃗β, r⃗γ

)
∝

[(
r2
α − r2

β

)2
+

(
r2
α − r2

γ

)2
+

(
r2
β − r2

γ

)2
]

exp

⎡
⎢⎢⎢⎢⎢⎢⎢⎣−

2
(
r2
α + r2

β + r2
γ

)

a2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦ (25)

1.4 Energy distribution without final-state-interaction

Fourier transform of Φw
0 s are expressed such as

Φ̃w
0 (12; 34) ∝ ψ̃1s (k) ψ̃2s (k12) ψ̃1s (k34) + ψ̃1s (k) ψ̃1s (k12) ψ̃2s (k34) − ψ̃2s (k) ψ̃1s (k12) ψ̃1s (k34)

(26)

∝
[(

a2k2
12 −

3
2

)
+

(
a2k2

34 −
3
2

)
−

(
1
2

a2k2 − 3
2

)]
exp

⎡
⎢⎢⎢⎢⎢⎣−

a2k2

4
−

a2k2
12

2
−

a2k2
34

2

⎤
⎥⎥⎥⎥⎥⎦ (27)

=

(
ϵ12

ϵa
+
ϵ34

ϵa
− ϵ

ϵa
− 3

2

)
exp

(
− E

2ϵa

)
, (28)

where

ϵa =
!2

mNa2 = 11MeV, ϵ =
!2k2

2mN
, ϵ12 =

!2k2
12

mN
, ϵ34 =

!2k2
34

mN
, E = ϵ + ϵ12 + ϵ34 . (29)

The Fourier transform of the total anti-symmetrized wave packet AΦ0 consists of these terms. The proba-
bility density in the momentum space may be expressed as:
∣∣∣AΦ̃0

∣∣∣2 d3k d3k12 d3k34 ∝
{[
Φ̃w

0 (12; 34)
]2
+

[
Φ̃w

0 (13; 42)
]2
+

[
Φ̃w

0 (14; 23)
]2

−Φ̃w
0 (13; 42) Φ̃w

0 (14; 23) − Φ̃w
0 (14; 23) Φ̃w

0 (12; 34) − Φ̃w
0 (12; 34) Φ̃w

0 (13; 42)
}

× d3k d3k12 d3k34 (30)

The phase space for the total energy E is obtained by integration of eq. (30) with on-shell condition δ(E −
ϵ − ϵ12 − ϵ34):

∫ ∣∣∣AΦ̃0
∣∣∣2 d3k d3k12 d3k34 δ(E − ϵ − ϵ12 − ϵ34)

∝
∫

d3k d3k12 d3k34 δ(E − ϵ − ϵ12 − ϵ34)

×
{[
Φ̃w

0 (12; 34)
]2 − 1

2
Φ̃w

0 (12; 34)
(
Φ̃w

0 (13; 42) + Φ̃w
0 (14; 23)

)}
(31)

∝
∫

d3k d3k12 d3k34 δ(E − ϵ − ϵ12 − ϵ34) exp
[
−a2k2

2
− a2k2

12 − a2k2
34

]

×
(
a2k2

12 + a2k2
34 −

1
2

a2k2 − 3
2

) (
a2k2

12 + a2k2
34 − a2k2

)
(32)

Energy spectrum P0(E) without any final state interaction is evaluated by integrating eq. (32).

P0 (E) ∝ exp
(
− E
ϵa

) ∫
dϵ dϵ12 dϵ34

√
ϵ ϵ12 ϵ34

δ (E − ϵ − ϵ12 − ϵ34)
(
ϵ12 + ϵ34 − ϵ

ϵa
− 3

2

) (
ϵ12 + ϵ34 − 2ϵ

ϵa

)
(33)

∝ X9/2e−X
∫ π/2

0
dα

∫ π/2

0
dβ sin3 α sin2 2α sin2 2β

(
X

(
sin2 α − cos2 α

)
− 3

2

) (
sin2 α − 2 cos2 α

)
(34)

∝ X11/2 exp (−X) , (35)

3

or

ρ0
(
r⃗α, r⃗β, r⃗γ

)
∝

[(
r2
α − r2

β

)2
+

(
r2
α − r2

γ

)2
+

(
r2
β − r2

γ

)2
]

exp

⎡
⎢⎢⎢⎢⎢⎢⎢⎣−

2
(
r2
α + r2

β + r2
γ

)

a2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦ (25)

1.4 Energy distribution without final-state-interaction

Fourier transform of Φw
0 s are expressed such as

Φ̃w
0 (12; 34) ∝ ψ̃1s (k) ψ̃2s (k12) ψ̃1s (k34) + ψ̃1s (k) ψ̃1s (k12) ψ̃2s (k34) − ψ̃2s (k) ψ̃1s (k12) ψ̃1s (k34)

(26)

∝
[(

a2k2
12 −

3
2

)
+

(
a2k2

34 −
3
2

)
−

(
1
2

a2k2 − 3
2

)]
exp

⎡
⎢⎢⎢⎢⎢⎣−

a2k2

4
−

a2k2
12

2
−

a2k2
34

2

⎤
⎥⎥⎥⎥⎥⎦ (27)

=

(
ϵ12

ϵa
+
ϵ34

ϵa
− ϵ

ϵa
− 3

2

)
exp

(
− E

2ϵa

)
, (28)

where

ϵa =
!2

mNa2 = 11MeV, ϵ =
!2k2

2mN
, ϵ12 =

!2k2
12

mN
, ϵ34 =

!2k2
34

mN
, E = ϵ + ϵ12 + ϵ34 . (29)

The Fourier transform of the total anti-symmetrized wave packet AΦ0 consists of these terms. The proba-
bility density in the momentum space may be expressed as:
∣∣∣AΦ̃0

∣∣∣2 d3k d3k12 d3k34 ∝
{[
Φ̃w

0 (12; 34)
]2
+

[
Φ̃w

0 (13; 42)
]2
+

[
Φ̃w

0 (14; 23)
]2

−Φ̃w
0 (13; 42) Φ̃w

0 (14; 23) − Φ̃w
0 (14; 23) Φ̃w

0 (12; 34) − Φ̃w
0 (12; 34) Φ̃w

0 (13; 42)
}

× d3k d3k12 d3k34 (30)

The phase space for the total energy E is obtained by integration of eq. (30) with on-shell condition δ(E −
ϵ − ϵ12 − ϵ34):

∫ ∣∣∣AΦ̃0
∣∣∣2 d3k d3k12 d3k34 δ(E − ϵ − ϵ12 − ϵ34)

∝
∫

d3k d3k12 d3k34 δ(E − ϵ − ϵ12 − ϵ34)

×
{[
Φ̃w

0 (12; 34)
]2 − 1

2
Φ̃w

0 (12; 34)
(
Φ̃w

0 (13; 42) + Φ̃w
0 (14; 23)

)}
(31)

∝
∫

d3k d3k12 d3k34 δ(E − ϵ − ϵ12 − ϵ34) exp
[
−a2k2

2
− a2k2

12 − a2k2
34

]

×
(
a2k2

12 + a2k2
34 −

1
2

a2k2 − 3
2

) (
a2k2

12 + a2k2
34 − a2k2

)
(32)

Energy spectrum P0(E) without any final state interaction is evaluated by integrating eq. (32).

P0 (E) ∝ exp
(
− E
ϵa

) ∫
dϵ dϵ12 dϵ34

√
ϵ ϵ12 ϵ34

δ (E − ϵ − ϵ12 − ϵ34)
(
ϵ12 + ϵ34 − ϵ

ϵa
− 3

2

) (
ϵ12 + ϵ34 − 2ϵ

ϵa

)
(33)

∝ X9/2e−X
∫ π/2

0
dα

∫ π/2

0
dβ sin3 α sin2 2α sin2 2β

(
X

(
sin2 α − cos2 α

)
− 3

2

) (
sin2 α − 2 cos2 α

)
(34)

∝ X11/2 exp (−X) , (35)

3
where ϵ12 = E sin2 α cos2 β, ϵ34 = E sin2 α sin2 β, and X = E/ϵa.
Similar expressions of the wave packets for JD = 1 and 2 are expressed as (⃗r ≡ r⃗α):

Φ1
(
r⃗, r⃗12, r⃗34

) ∝ (
r⃗ × r⃗12

)
exp

⎡
⎢⎢⎢⎢⎢⎣−

r2

a2 −
r2

12

2a2 −
r2

34

2a2

⎤
⎥⎥⎥⎥⎥⎦ (36)

Φ2
(
r⃗, r⃗12, r⃗34

) ∝
(
r2

12Y2 (r̂12) − r2Y2 (r̂)
)

exp
⎡
⎢⎢⎢⎢⎢⎣−

r2

a2 −
r2

12

2a2 −
r2

34

2a2

⎤
⎥⎥⎥⎥⎥⎦ (37)

Φ̃1
(
k⃗, k⃗12, k⃗34

)
∝

(
k⃗ × k⃗12

)
exp

⎡
⎢⎢⎢⎢⎢⎣−

a2k2

4
−

a2k2
12

2
−

a2k2
34

2

⎤
⎥⎥⎥⎥⎥⎦ (38)

Φ̃2
(
k⃗, k⃗12, k⃗34

)
∝

(
k2

12Y2
(
k̂12

)
− 1

4
k2Y2

(
k̂
))

exp
⎡
⎢⎢⎢⎢⎢⎣−

a2k2

4
−

a2k2
12

2
−

a2k2
34

2

⎤
⎥⎥⎥⎥⎥⎦ (39)

Non-correlated energy spectra PJD(E) (JD = 1, 2) are also evaluated as

P1 (E) ∝
∫

dΩk dΩk12 dΩk34dϵ dϵ12 dϵ34
√
ϵ ϵ12 ϵ34 δ (E − ϵ − ϵ12 − ϵ34)

∣∣∣∣Φ̃1
(
k⃗, k⃗12, k⃗34

)∣∣∣∣
2

(40)

∝ exp
(
− E
ϵa

) ∫
dϵ dϵ12 dϵ34

√
ϵ ϵ12 ϵ34 δ (E − ϵ − ϵ12 − ϵ34) ϵϵ12 (41)

∝ X11/2 exp (−X) (42)

P2 (E) ∝
∫

dΩk dΩk12 dΩk34dϵ dϵ12 dϵ34
√
ϵ ϵ12 ϵ34 δ (E − ϵ − ϵ12 − ϵ34)

∣∣∣∣Φ̃2
(
k⃗, k⃗12, k⃗34

)∣∣∣∣
2

(43)

∝ exp
(
− E
ϵa

) ∫
dϵ dϵ12 dϵ34

√
ϵ ϵ12 ϵ34 δ (E − ϵ − ϵ12 − ϵ34)

(
ϵ2

12 +
1
4
ϵ2

)
(44)

∝ X11/2 exp (−X) . (45)

Here, because of homogeneous character in the power of k’s, anti-symmetrization for JD = 1, 2 makes no
change in the functional shape.

It is very interesting that all the spectral shapes are represented by the same function, X11/2 exp(−X),
which has a peak at X = 11/2, i.e. E ≃60 MeV.

1.5 Di-neutron correlation using effective range theory

The N-N correlation (s-wave) is represented by the phase shifts δ which is expressed by the effective range
theory[2, 3, 4]:

k cot δk = −
1
as
+

1
2

rek2 + · · · , (46)

where ϵ = (!k)2/(2µ) = (!k)2/mN. For the two neutron system, the scattering length as ! −18.6 fm and the
effective range re ! 2.75 fm†.

The wave function of the two neutron system φk(r) may be simulated as

φk(r) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

√
2
π

[
sin (kr + δk) − sin δk

((
1 − r

as

)
−

(
1 − R

as

)
sin (K0r)
sin (K0R)

)]
(r < R)

√
2
π

sin (kr + δk) (r > R)
, (47)

†The higher order term (k4, k6 and so on) may be necessary for higher momentum region.

4

or

ρ0
(
r⃗α, r⃗β, r⃗γ

)
∝

[(
r2
α − r2

β

)2
+

(
r2
α − r2

γ

)2
+

(
r2
β − r2

γ

)2
]

exp

⎡
⎢⎢⎢⎢⎢⎢⎢⎣−

2
(
r2
α + r2

β + r2
γ

)

a2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦ (25)

1.4 Energy distribution without final-state-interaction

Fourier transform of Φw
0 s are expressed such as

Φ̃w
0 (12; 34) ∝ ψ̃1s (k) ψ̃2s (k12) ψ̃1s (k34) + ψ̃1s (k) ψ̃1s (k12) ψ̃2s (k34) − ψ̃2s (k) ψ̃1s (k12) ψ̃1s (k34)

(26)

∝
[(

a2k2
12 −

3
2

)
+

(
a2k2

34 −
3
2

)
−

(
1
2

a2k2 − 3
2

)]
exp

⎡
⎢⎢⎢⎢⎢⎣−

a2k2

4
−

a2k2
12

2
−

a2k2
34

2

⎤
⎥⎥⎥⎥⎥⎦ (27)

=

(
ϵ12

ϵa
+
ϵ34

ϵa
− ϵ

ϵa
− 3

2

)
exp

(
− E

2ϵa

)
, (28)

where

ϵa =
!2

mNa2 = 11MeV, ϵ =
!2k2

2mN
, ϵ12 =

!2k2
12

mN
, ϵ34 =

!2k2
34

mN
, E = ϵ + ϵ12 + ϵ34 . (29)

The Fourier transform of the total anti-symmetrized wave packet AΦ0 consists of these terms. The proba-
bility density in the momentum space may be expressed as:
∣∣∣AΦ̃0

∣∣∣2 d3k d3k12 d3k34 ∝
{[
Φ̃w

0 (12; 34)
]2
+

[
Φ̃w

0 (13; 42)
]2
+

[
Φ̃w

0 (14; 23)
]2

−Φ̃w
0 (13; 42) Φ̃w

0 (14; 23) − Φ̃w
0 (14; 23) Φ̃w

0 (12; 34) − Φ̃w
0 (12; 34) Φ̃w

0 (13; 42)
}

× d3k d3k12 d3k34 (30)

The phase space for the total energy E is obtained by integration of eq. (30) with on-shell condition δ(E −
ϵ − ϵ12 − ϵ34):

∫ ∣∣∣AΦ̃0
∣∣∣2 d3k d3k12 d3k34 δ(E − ϵ − ϵ12 − ϵ34)

∝
∫

d3k d3k12 d3k34 δ(E − ϵ − ϵ12 − ϵ34)

×
{[
Φ̃w

0 (12; 34)
]2 − 1

2
Φ̃w

0 (12; 34)
(
Φ̃w

0 (13; 42) + Φ̃w
0 (14; 23)

)}
(31)

∝
∫

d3k d3k12 d3k34 δ(E − ϵ − ϵ12 − ϵ34) exp
[
−a2k2

2
− a2k2

12 − a2k2
34

]

×
(
a2k2

12 + a2k2
34 −

1
2

a2k2 − 3
2

) (
a2k2

12 + a2k2
34 − a2k2

)
(32)

Energy spectrum P0(E) without any final state interaction is evaluated by integrating eq. (32).

P0 (E) ∝ exp
(
− E
ϵa

) ∫
dϵ dϵ12 dϵ34

√
ϵ ϵ12 ϵ34

δ (E − ϵ − ϵ12 − ϵ34)
(
ϵ12 + ϵ34 − ϵ

ϵa
− 3

2

) (
ϵ12 + ϵ34 − 2ϵ

ϵa

)
(33)

∝ X9/2e−X
∫ π/2

0
dα

∫ π/2

0
dβ sin3 α sin2 2α sin2 2β

(
X

(
sin2 α − cos2 α

)
− 3

2

) (
sin2 α − 2 cos2 α

)
(34)

∝ X11/2 exp (−X) , (35)
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Peak at X = 11/2;  E ~ 60 MeV
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NN FSI

2n
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Two correlated 
neutron pairs
with weakly correlated

4n wave packet just 
after DCX
F0~ r1・r2 F[(0s)4]
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Figure 1: Left: 1S0 phase shift of the nucleon-nucleon systems. SAID program is used for the pp and the
pn pair, whereas the effective range with higher order coefficients (c4 = −0.18 fm3 and c6 = 0.38 fm5) is
used for the nn pair (denoted by “delta efr46”). Right: Neutron-neutron wave functions using eq. (47) with
the phase shifts shown in the left panel. Numbers in the legend (0.03, 0.37, 0.79, and 1.19) denote the wave
numbers in fm−1.

where parameters K0 and R are determined to be 0.5563 fm−1 and 2.6723 fm, respectively, from the scatter-
ing length as and the effective range re by solving

re = R

⎡
⎢⎢⎢⎢⎢⎣1 −

1
2 (K0R)2 ·

R
as
− 1

6

(
R
as

)2⎤⎥⎥⎥⎥⎥⎦ (48)

K0cot (K0R) =
1

R − as
. (49)

See also Appendix A.3. The phase shift δk may be taken from the experimental data or evaluated by eq. (46)
as shown in the left panel of Fig. 1. Examples of eq. (47) are also shown in Fig. 1.

The density of states D1s(2s)(ϵnn) for the two-neutron wave packets, ψ1s(2s)(rnn) = u1s(2s)(rnn)/rnn, are
expressed by the coefficients Â1s(2s)(k) for expansion with the correlated two neutron wave function φk(rnn):

Dns (ϵnn) =

∣∣∣Âns (k)
∣∣∣2

k
(for n = 1, 2) ; ϵnn =

!2k2

mN
(50)

Â1s (k) =
∫ ∞

0
dr r ψ1s (r) φk (r) = 2

(
1√
πa3

)1/2

k A1s (k) (51)

Â2s (k) =
∫ ∞

0
dr r ψ2s (r) φk (r) = 2

√
2
3

(
1√
πa3

)1/2

k A2s (k) , (52)

where

A1s (k) =
1
k

∫ ∞

0
dr r exp

[
− r2

2a2

]
φk (r) (53)

A2s (k) =
1
k

∫ ∞

0
dr r

(
r2

a2 −
3
2

)
exp

[
− r2

2a2

]
φk (r) . (54)

Equation (47) may be used for φk(r).
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Density of State

Expand AF0 with correlated 
n-n scattering wave fk(r)
A(k)’s are used instead of 
Fourier component

c.f.	
L.V.	Grigorenko,	N.K.	Timofeyuk,	M.V.	Zhukov,	Eur.	Phys.	J.	A	19,	187	(2004)

Continuum	spectrum	with	n-n	FSI
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Continuum	spectrum	with	n-n	FSI

Direct Part

2n

2n

DCX

4He ~ F[(0s)4]

Two correlated 
neutron pairs
with weakly correlated

q << 200 MeV/c
a2n-2n = 0, -0.5, -1, -3, -5 fm

Free 4n (w/o nn FSI)

4n wave packet just 
after DCX
F0~ r1・r2 F[(0s)4]

Correlation is taking into account for 2n-2n relative motion by using scattering length

Ea
; a

~3

Ea ; a=5.5



Fit with direct component & BG

3

analysis.
For the calibration of the energy of tetra-neutron sys-

tem E4n, the 1H(8He,8Li(1+))n reaction from the plastic
scintillator around target area was measured by changing
the magnetic field of the SHARAQ spectrometer. From
the peak position of the 8Li and the ratio of the field
integrals of the magnets, the missing mass of the DCX
reaction was calibrated. The systematic error due to the
calibration was estimated to be 1.25 MeV.

We obtained 27 events produced by the 4He(8He,8Be)
reaction in the energy −25 < E4n < 65 MeV region.
Figure 2 (a) shows the obtained missing-mass spectrum
of tetra-neutron system. The energy of E4n = 0 MeV
corresponds to the threshold of four-neutron decay. The
acceptance of the spectrometer was constant in the region
of the spectrum.
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direct decayresonance

wave packet 
just after reaction

E4n

E4n

FIG. 2. (color line). (a) The missing-mass spectrum of the
tetra-neutron system. The solid (red) line represents the
curve, which is sum of the result of the calculation and the
estimated background (see text). The dashed (blue) line rep-
resents the curve, which is ten times of the estimated back-
ground. The schematic picture of the decay mode is discussed
in text. (b) Evaluation of the goodness-of-fit for each bin us-
ing likelihood ratio test. The si were defined in Eq. (3).

We estimated the shape and yields of a background in
the missing-mass spectrum. The multi-particle in a trig-
gered bunch was considered a possible source of a back-
ground. A large fraction of these events were rejected
using the MWDC at F6. However, since the detection ef-
ficiency of the MWDC was limited, multi-particle events
contribute to the background in cases where one of the
particles is detected while the other was not. Further-
more, events with multi-particle in same space separated
from wires of the MWDC were not identified as two par-

ticles. Another possible sources of the background are es-
timated to be negligible, which are, for instance, events
misidentified to α particle, events produced by the foil
of the detectors. The magnitude was estimated to be
2.2 ± 1.0 events in the spectrum by using the measured
magnitudes of the detection efficiency of MWDCs. The
shape of the background was reconstructed by using a
spectrum of single-alpha events identified at S2, which
is consistent with the missing-mass spectrum of two al-
phas for the events identified as the multi-particle in a
triggered bunch. The dashed line (blue) in Fig. 2 (a)
represents the estimated background magnified by 10 for
visualization purpose.

While the statistics is small, there seems to be two
components in this spectrum. One is the continuum in
the E4n > 2 MeV region. The other is the strength at
the low energy region 0 < E4n < 2 MeV. In order to
interpret this spectrum, we assume two different decay
modes of the populated tetra-neutrons. One is the direct
decay with the final-state interaction between the two
correlated neutron pairs. This direct decay makes a con-
tinuum in the spectrum. The other is possible resonant
or bound state of the tetra-neutron system.

The shape of the continuum of the tetra-neutron sys-
tem produced by reactions was discussed by Grigorenko
et al [28]. In their paper, energy spectrum is calculated
assuming that the wave packet of the tetra-neutron sys-
tem just after the reaction is considered to be the source
evolving by the four-body Hamiltonian. For the case of
the knockout reaction of 8He, the peak position of the
continuum is predicted to be about 12 MeV (4 MeV) for
the source size of 5.6 fm (8.9 fm). On the other hand, for
the pion DCX reaction on the 4He, the peak position is
expected to be 30–40 MeV because of the compact source
from the tightly bound 4He.

We applied this idea to the DCX reaction of
4He(8He,8Be). The calculation allows to incorporate the
initial structure of target nuclei, reaction mechanism,
few-body effects and final-state interaction in studies
of unbound states for analyzing the present data. The
initial-state of the wave function of 4He was assumed to
be Φ[(0s)4]. After the DCX reaction, the four-neutron
wave packet with angular the momentum J = 0 is as-
sumed to be Φ[(0s)2(0p)2]. Here, we consider the double-
dipole nature in the DCX reaction due to the Pauli block-
ing effect. The final-state interaction between the two
neutrons in the 1S0 neutron pair (di-neutron) and be-
tween two di-neutrons are taken into account.

In the result of the calculation, the peak position
of the continuum of about 30 MeV is well reproduced
for the data. The spectral shape near the threshold
(E4n < 4 MeV) is approximated by Eα (α ∼ 3) similar
to the index α = 7/2 for the four-body phase space. It is
noted that the calculation without a long-lived resonance
predicts very small contribution near the threshold.

In order to demonstrate the significance of the yields
near the threshold, we fitted the experimental data with a
trial function assuming neither resonant state nor bound

Energy spectrum is expressed by the 
continuum from the direct decay and 
(small) experimental background 
except for four events at 0<E4n<2 MeV
The Four events suggest a possible 
resonance at 
0.83 ± 0.65(stat.) ± 1.25(sys.) MeV 
with width narrower than 2.6 MeV 
(FWHM). [4.9s significance]
Integ. cross section qcm< 5.4deg: 
3.8 +2.9 

-1.8 nb

µne�µ/n! ' 10

�6
for µ = 0.07, n = 4



Further experimental approach

• 29F (knockout 1p) -> 28O -> 24O + 4n
• 8He (knockout a by proton) -> 4n
• 8He (knockout proton by proton) -> 7H -> 4n+t
• 4He(8He,8Be)4n again for more statistics

All of three can produce recoil-less condition

Three approaches produce different initial wave 
packets of 4n
• resonance/continuum will be different



Experiment for confirmation (2016.6.16-25)

Better statistics and Better accuracy of energy than previous experiment (4He(8He,8Be)4n @ 186 MeV/u)
4 events
→ 5 times or more

Improve efficiencies (redundancy)
E4n = 0.83 ± 0.65(stat.) ± 1.25(sys.) MeV
→ better than 0.3 MeV both for stat. and syst.

Calibration using 1H(3H,3He)n with same rigidity 3H beam (310 MeV/u) as 8He
preliminary achievement : < 100 keV

Fri Jun 24 19:40:54 2016
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Summary (exp.)
• 4He(8He,8Be)4n has been measured at 190 A MeV at RIBF-

SHARAQ
• Missing mass spectrum with very few background
• Although statistics is low, spectrum looks two components 

(continuum + peak)
• Continuum is consistent with direct breakup process from 

(0s)2(0p)2 wave packet
• Four events just above 4n threshold is statistically beyond 

prediction of continuum + background (4.9 s significance)
→ candidate of 4n resonance 

at 0.83 ± 0.65(stat.) ± 1.25(sys.) MeV; G < 2.6 MeV
• Preliminary result of the new experiment looks consistent 

with the published result.



Recent theoretical works
E. Hiyama et al., PRC 93, 044004 (2016)

E. HIYAMA, R. LAZAUSKAS, J. CARBONELL, AND M. KAMIMURA PHYSICAL REVIEW C 93, 044004 (2016)

TABLE I. Critical strength W
(0)
1 (T = 3/2) (MeV) of the phe-

nomenological T = 3/2 3N force required to bind the 4n system at
E = −1.07 MeV, the lower bound of the experimental value [8], for
different states as well as the probability (%) of their four-body partial
waves.

J π 0+ 1+ 2+ 0− 1− 2−

W
(0)
1 (T = 3

2 ) −36.14 −45.33 −38.05 −64.37 −61.74 −58.37
S wave 93.8 0.42 0.04 0.07 0.08 0.08
P wave 5.84 98.4 17.7 99.6 97.8 89.9
D wave 0.30 1.08 82.1 0.33 2.07 9.23
F wave 0.0 0.05 0.07 0.0 0.10 0.74

Ref. [17] is J π = 0+,1+,1−,2−,0−,2+. These differences are
related to the different binding mechanism of the 4-nucleon
force used in Ref. [17].

It should be noted that, in comparison with W1(T =
1/2) = −2.04 MeV established for the T = 1/2 3N force,
we need an extremely strong T = 3/2 attractive term to
make the 4n system weakly bound; when the J = 0+ state
is at E = −1.07 MeV with W1(T =3/2) = −36.14 MeV, the
expectation values of the kinetic energy, NN and 3N forces
are +67.0, − 38.6, and −29.5 MeV, respectively. We see that
the expectation value of the 3N potential is almost as large as
that of NN potential. The validity of this strongly attractive
T = 3/2 3N force will be discussed after presenting results
for 4n resonant states.

B. 4n resonances

After determining critical strength of W1(T = 3/2) re-
quired to bind the tetraneutron we gradually release this
parameter letting the 4n system move into the continuum.
In this way we follow complex-energy trajectory of the 4n
resonances for J = 0+,2+, and 2− states. We remind the
readers that these trajectories are controlled by a single
parameter W1(T = 3/2), whereas other parameters remain
fixed at the values given in Eq. (2.3) and Eq. (2.4).

In Fig. 4(a), we display the 4n S-matrix pole (resonance)
trajectory for the J = 0+ state by reducing the strength
parameter from W1(T =3/2) = −37 to −16 MeV in steps of
1 MeV. We were unable to continue the resonance trajectory
beyond the W1(T = 3/2) = −16 MeV value with the CSM,
the resonance becoming too broad to be separated from the
nonresonant continuum. To guide the eye, at the top of the
same figure, we presented an arrow to indicate the 4n real
energy range suggested by the recent measurement [8]. In
that range the maximum value of the calculated decay width
" is 0.6 MeV, which is to be compared with the observed
upper limit width " = 2.6 MeV. In Fig. 4(b) the contents
of Fig. 4(a) are illustrated in a different manner to display
explicitly the resonance energy and width versus W1(T =3/2).
The real energy of the resonances reaches its maximum value
of Re(Eres) ∼6 MeV. Once its real energy maximum is reached
the width starts quickly increasing as the strength W1(T =3/2)
is further reduced.
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FIG. 4. (a) Tetraneutron resonance trajectory for the J π = 0+

state. The circles correspond to resonance positions for the AV8′ and
the triangles INOY04’(is-m) potential [28]. Parameter W1(T = 3/2)
of the additional 3NF was changed from −37 to −16 MeV in steps of
1 MeV for calculations based on AV8′ and from −36 to −24 MeV in
steps of 2 MeV for INOY04’(is-m). To guide the eye the resonance
region suggested by the measurement [8] is indicated by the arrow at
the top. (b) The same contents as in the upper panel figure (AV8′),
but where the resonance energy (closed circles) and width (shadowed
area) are represented as a function of the W1(T = 3/2) parameter.

As was expected, based on our experience from previous
studies on multineutron systems [16,18], tetraneutron trajec-
tory turns out to be independent of the NN interaction model,
provided this model reproduces well the NN scattering data.
To illustrate this feature we have calculated the 4n resonance
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of two Gaussian terms:

V 3N
ijk =

3/2∑

T =1/2

2∑

n=1

Wn(T )e−(r2
ij +r2

jk+r2
ki )/b

2
n Pijk(T ), (2.2)

where Pijk(T ) is a projection operator for the total 3-nucleon
isospin T state. The parameters of this force—its strength Wn

and range bn—are adjusted to reproduce the phenomenology.
In the case of T = 1/2 the parameters were fixed in

Ref. [42] when studying the J π = 0+ states of 4He nucleus.
They are

W1(T = 1/2) = −2.04 MeV, b1 = 4.0 fm,
(2.3)

W2(T = 1/2) = +35.0 MeV, b2 = 0.75 fm.

Using this parameter set, in addition to the AV8′ and
Coulomb interactions, one obtains the following binding
energies: 3H = 8.41 (8.48) MeV, 3He = 7.74 (7.72) MeV,
4He (0+

1 ) = 28.44(28.30) MeV, and the excitation energy
of 4He(0+

2 ) = 20.25 (20.21) MeV [42], where the experi-
mental values are shown in parentheses. Furthermore, this
parametrization allows one to reproduce the observed tran-
sition form factor 4He(e,e′)4He(0+

2 ) (cf. Fig. 3 of Ref. [42]).
Although the 3H and 3He nuclei contain in their wave func-

tions a small admixture of isospin T = 3/2 configurations,
these calculations have been performed by neglecting it, as it
is the case in most of the few-nucleon calculations.

The 4n system is only sensitive to the T = 3/2 component
of the 3N interaction. This component has almost no effect in
proton-neutron symmetric nuclei, but it manifests clearly itself
in the series of He isotopes, where the purely T = 1/2 3N
force, adjusted to reproduce well the 4He, fails to describe the
increasingly neutron-rich He isotopes. This can be illustrated
with the results of the GFMC calculations, Table II of Ref. [20],
which are displayed in Fig. 1.
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FIG. 1. Experimental binding energies of the He isotopes com-
pared with the predictions based on AV18 and AV18+UIX Hamilto-
nians. The UIX 3N force is purely repulsive in the T = 3/2 channel
and exhibits attraction only in the T = 1/2 one. Displayed values are
taken from Table II of Ref. [20].

This situation was dramatically improved in Ref. [20],
where several 3 ! A ! 8 nuclei were used to fix the param-
eters of a new series of spin-isospin dependent Illinois 3N
forces (IL1−IL5) which reproduce well the experimental data
in Fig. 1. It is worth noting, however, that, from the results in
Fig. 1, the effect of the T = 3/2 component of the 3N force
remains smaller than the T = 1/2 component.

Throughout the present paper, the attractive strength pa-
rameter of the T = 3/2 component, W1(T = 3/2), will be
considered as a free parameter and varied to analyze the
existence of a possible tetraneutron resonance. The other
parameters retain the same value as in the T = 1/2 case; that
is, we use

W1(T = 3/2) = free, b1 = 4.0 fm,
(2.4)

W2(T = 3/2) = +35.0 MeV, b2 = 0.75 fm.

We will explore in parallel the effect of such a force
on the A = 4 nuclei that could be sensitive to the T = 3/2
component, that is, 4H, 4He, and 4Li, in states with total isospin
T = 1 and angular momentum J π = 1− and 2−.

III. COMPUTATIONAL METHOD

Two independent configuration space methods are used
in solving the four-body problem: The Gaussian expansion
method [34–39] is applied to solve the Schrödinger equation
and Lagrange-mesh technique applied to solve the FY equa-
tion. To simplify boundary conditions related to the four-body
problem in the continuum we employ the complex scaling
method [29–33]. These methods will be briefly sketched in
what follows.

A. Complex scaling method

In this work, we focus on the possible existence of the
narrow resonant states of 4n, which may enhance significantly
the 4n production cross section. We employ the complex
scaling method (CSM) to calculate resonance positions and
widths. The CSM and its application to nuclear physics
problems are extensively reviewed in Refs. [43,44] and
references therein. Using the CSM, the resonance energy (its
position and width) is obtained as a stable complex eigenvalue
of the complex scaled Schrödinger equation:

[H (θ ) − E(θ )]#JM,T Tz
(θ ) = 0, (3.1)

where H (θ ) is obtained by making the radial transformation
of the four-body Jacobi coordinates (Fig. 1) in H of Eq. (2.1)
with respect to the common complex scaling angle of θ :

rc → rc eiθ , Rc → Rc eiθ , ρc → ρc eiθ (c = K,H). (3.2)

According to the ABC theorem [29,30], the eigenvalues of
Eq. (3.1) may be separated into three groups:

(i) The bound state poles remain unchanged under the
complex scaling transformation and remain on the negative
real axis.

(ii) The cuts, associated with discretized continuum states,
are rotated downward making an angle of 2θ with the real axis.

(iii) The resonant poles are independent of parameter θ
and are isolated from the discretized nonresonant continuum
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set of NCSM eigenenergies Eλ. Following this route, we
obtain an excellent description of the selected Eλ with an
rms deviation of 5.8 keV with a ¼ 0.724 MeV−1=2,
b2 ¼ 0.448 MeV, c ¼ 0.941 MeV−5=2, and d ¼ −9.1×
10−4 MeV−4. The resulting predictions for the NCSM
eigenenergies are shown by solid lines in the upper panel
in Fig. 1, where we also describe well NCSM energies with
large enough Nmax and/or ℏΩ not included in the mini-
mization fit. We obtain also an excellent description of
NCSM-SS-HORSE-predicted phase shifts as is shown by
the solid line in Fig. 2.
However, the resonance parameters describing the loca-

tion of the S-matrix pole obtained by this fit are surprisingly
small: the resonance energy Er ¼ 0.186 MeV and the
width Γ ¼ 0.815 MeV. Note that, looking at the phase
shift in Fig. 2, we would expect the resonance at the energy
of approximately 0.8 MeV corresponding to the maximum

of the phase shift derivative and with the width of about
1.5 MeV—a resonance with these parameters is expected to
be observed experimentally according to the conventional
interpretation of the phase shift behavior. The contribution
of the pole term (5) to the phase shifts is shown by the
dashed line in Fig. 2. This contribution is seen to differ
considerably from the resulting phase shift due to sub-
stantial contributions from the background phase (7), which
is dominated by the terms needed to fulfill the low-energy
theorem δ ∼ k2Lþ1 and to cancel low-power terms in the
expansion of the resonant phase δrðEÞ. Such a sizable
contribution from the background in the low-energy region
impels us to search for additional poles or other singular-
ities giving rise to a strong energy dependence which would
be separate from the background phase.
After we failed to find a reasonable description of the

NCSM SS HORSE phase shifts with a low-energy virtual
state, we found the resolution of the strong background
phase problem by assuming that the S matrix has an
additional low-energy false pole at a positive imaginary
momentum [44]. We add the false term contribution [24]

δfðEÞ ¼ −tan−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E=jEfj

q
ð8Þ

to the phase shift to obtain the equation

δðEÞ ¼ ϕðEÞ þ δrðEÞ þ δfðEÞ; ð9Þ

replacing Eq. (4). This parametrization involves an additional
fitting parameter Ef. We obtain nearly the same quality
description of the selected 4n ground state energies with the
rms deviation of 6.2 keV with the parameters a ¼
0.701 MeV−1=2, b2 ¼ 1.089 MeV, c ¼ −27.0 MeV−5=2,
d ¼ 0.281 MeV−4, and a low-lying false pole at energy
Ef ¼ −54.9 keV. The respective 4n resonance at Er ¼
0.844 MeV and width Γ ¼ 1.378 MeV appears consistent
with what is expected from directly inspecting the 4n phase
shifts and what is predicted to be seen experimentally. The
parametrized phase shifts are shown by the solid line in Fig. 3
together with separate contributions from the resonant and
false pole terms. We note that corrections introduced by this
new parametrization to the solid lines in Figs. 1 and 2 are
nearly unseen in the scales of these figures.
Conclusions.—Our results with the realistic JISP16

interaction and the SS HORSE technique show there is
a resonant structure near 0.8 MeV above threshold with a
width Γ of about 1.4 MeV. Our preliminary NCSM SS
HORSE results with other NN potentials confirm the
conclusion of Ref. [17] that the tetraneutron resonance
should not be very sensitive to the choice of the NN
interaction: The 4n states at energies below a few MeVare
heavily influenced by the relative kinetic energy which, due
to the Pauli principle, receives a significant effective
attraction. This is the first theoretical calculation that
predicts such a low-energy 4n resonance, without altering
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set of NCSM eigenenergies Eλ. Following this route, we
obtain an excellent description of the selected Eλ with an
rms deviation of 5.8 keV with a ¼ 0.724 MeV−1=2,
b2 ¼ 0.448 MeV, c ¼ 0.941 MeV−5=2, and d ¼ −9.1×
10−4 MeV−4. The resulting predictions for the NCSM
eigenenergies are shown by solid lines in the upper panel
in Fig. 1, where we also describe well NCSM energies with
large enough Nmax and/or ℏΩ not included in the mini-
mization fit. We obtain also an excellent description of
NCSM-SS-HORSE-predicted phase shifts as is shown by
the solid line in Fig. 2.
However, the resonance parameters describing the loca-

tion of the S-matrix pole obtained by this fit are surprisingly
small: the resonance energy Er ¼ 0.186 MeV and the
width Γ ¼ 0.815 MeV. Note that, looking at the phase
shift in Fig. 2, we would expect the resonance at the energy
of approximately 0.8 MeV corresponding to the maximum

of the phase shift derivative and with the width of about
1.5 MeV—a resonance with these parameters is expected to
be observed experimentally according to the conventional
interpretation of the phase shift behavior. The contribution
of the pole term (5) to the phase shifts is shown by the
dashed line in Fig. 2. This contribution is seen to differ
considerably from the resulting phase shift due to sub-
stantial contributions from the background phase (7), which
is dominated by the terms needed to fulfill the low-energy
theorem δ ∼ k2Lþ1 and to cancel low-power terms in the
expansion of the resonant phase δrðEÞ. Such a sizable
contribution from the background in the low-energy region
impels us to search for additional poles or other singular-
ities giving rise to a strong energy dependence which would
be separate from the background phase.
After we failed to find a reasonable description of the

NCSM SS HORSE phase shifts with a low-energy virtual
state, we found the resolution of the strong background
phase problem by assuming that the S matrix has an
additional low-energy false pole at a positive imaginary
momentum [44]. We add the false term contribution [24]

δfðEÞ ¼ −tan−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E=jEfj

q
ð8Þ

to the phase shift to obtain the equation

δðEÞ ¼ ϕðEÞ þ δrðEÞ þ δfðEÞ; ð9Þ

replacing Eq. (4). This parametrization involves an additional
fitting parameter Ef. We obtain nearly the same quality
description of the selected 4n ground state energies with the
rms deviation of 6.2 keV with the parameters a ¼
0.701 MeV−1=2, b2 ¼ 1.089 MeV, c ¼ −27.0 MeV−5=2,
d ¼ 0.281 MeV−4, and a low-lying false pole at energy
Ef ¼ −54.9 keV. The respective 4n resonance at Er ¼
0.844 MeV and width Γ ¼ 1.378 MeV appears consistent
with what is expected from directly inspecting the 4n phase
shifts and what is predicted to be seen experimentally. The
parametrized phase shifts are shown by the solid line in Fig. 3
together with separate contributions from the resonant and
false pole terms. We note that corrections introduced by this
new parametrization to the solid lines in Figs. 1 and 2 are
nearly unseen in the scales of these figures.
Conclusions.—Our results with the realistic JISP16

interaction and the SS HORSE technique show there is
a resonant structure near 0.8 MeV above threshold with a
width Γ of about 1.4 MeV. Our preliminary NCSM SS
HORSE results with other NN potentials confirm the
conclusion of Ref. [17] that the tetraneutron resonance
should not be very sensitive to the choice of the NN
interaction: The 4n states at energies below a few MeVare
heavily influenced by the relative kinetic energy which, due
to the Pauli principle, receives a significant effective
attraction. This is the first theoretical calculation that
predicts such a low-energy 4n resonance, without altering
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Old theoretical work on a-a interaction

Effective repulsive core due to Pauli blocking

J. Hiura & R. Tamagaki, PTP Suppl. 52, 25 (1972)

C.A. Bertulani & V. Zelevinsky, JPG 29, 2431 (2003)

Direct potential is deeply attractive
W.f. has nodes in the core region orthogonal to the Pauli-
forbidden state

simple Effective Range treatment may not be adequate 

Is the tetraneutron a bound dineutron–dineutron molecule? 2435
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Figure 2. The effective potentials U1(R) and U2(R) entering equation (20). The solid curve is the
sum of the two potentials.
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Figure 3. (a) The total potential U1(R) + U2(R) entering equation (20) for eight different
parametrizations of the Volkov potential. The oscillator parameter b = 1.5 fm was used.
(b) The same as in (a), but using the Volkov-1 interaction and varying b from 1.2 fm to 2.0 fm.

In summary, we have explored a model of the tetraneutron as a dineutron–dineutron
molecule. Using a variational calculation we have found an effective Schrödinger equation for
the relative motion of the dineutrons, after a proper account for the Pauli exclusion principle.
An effective potential for the relative motion of the dineutron molecules was obtained. We
showed that this potential does not have a pocket and thus the tetraneutron is very unlikely to
be bound as a dineutron–dineutron molecule, although more complex variational approaches
still can be explored. For example, one might consider a different spatial wavefunction for the

Direct 2n

2n

Effective core due to Pauli principle (local?)


