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Reaching medium mass and 
neutron rich isotopes 
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Ab-Initio SCGF approaches 



The FRPA Method in Two Words 
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Particle vibration coupling is the main cause driving the distribution of 
particle strength—on both sides of the Fermi surface…�

n� p�
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…these modes are all resummed 
exactly and to all orders in a  

ab-initio many-body expansion."

“Extended”"
Hartree"Fock"

R(2p1h) Σ$(ω) = R(2h1p) 

• A complete expansion requires all 
types of particle-vibration coupling 

• The Self-energy Σ$(ω)�yields both 
single-particle states and scattering 

CB et al.,  
Phys. Rev. C63, 034313 (2001) 
Phys. Rev. A76, 052503 (2007) 
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Gorkov and symmetry breaking approaches 

%  This"approach"leads"to"the"following"Feynman"diagrams:"

V."Somà,"CB,"T."Duguet,","Phys."Rev."C"89,"024323"(2014)"
V."Somà,"CB,"T."Duguet,"Phys."Rev."C"87,"011303R"(2013)"
V."Somà,"T."Duguet,"CB,"Phys."Rev."C"84,"064317"(2011)"

Carlo"Barbieri"–"18/11"

%  Auxiliary"many6body"state"

Introduce"a"“grand6canonical”"potenDal"

minimizes" under"the"constraint"

%  Ansatz"
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B. Auxiliary many-body problem

In the presence of pairing effects one can develop an al-
ternative expansion method that accounts in a controlled
fashion for the appearance and destruction of condensed
nucleonic pairs.
Instead of targeting the actual ground state |ΨN

0 〉 of
the system, one considers a symmetry breaking state |Ψ0〉
defined as a superposition of the true ground states of the
(N − 2)-, N -, (N + 2)-, ... particle systems, i.e.

|Ψ0〉 ≡
even
∑

N

cN |ψN
0 〉 , (14)

where cN denote complex coefficients. The sum over even
particle number is said to respect the (even) number-
parity quantum number. Together with such a state, one
considers the grand-canonical-like potential Ω = H−µN ,
with µ being the chemical potential and N the particle-
number operator, in place of H [26]. The state |Ψ0〉 is
chosen to minimize

Ω0 = 〈Ψ0|Ω|Ψ0〉 (15)

under the constraint

N = 〈Ψ0|N |Ψ0〉 , (16)

i.e. it is not an eigenstate of the particle number operator
but it has a fixed number of particle on average. Equation
(15), together with the normalization condition

〈Ψ0|Ψ0〉 =
even
∑

N

|cN |2 = 1 , (17)

determines coefficients cN , while Eq. (16) fixes the chem-
ical potential µ.
By choosing |Ψ0〉 as the targeted state the initial prob-

lem of solving the many-body system with N nucleons is
replaced with another problem, whose solution approxi-
mates the initial one. The validity of such an approxi-
mation resides in the degeneracy which characterizes the
ground state of the system. The presence of a condensate
(ideally) implies that pairs of nucleons can be added or
removed from the ground-state of the system with the
same energy cost, independently of N . Such an hypoth-
esis translates into the fact that the binding energies of
the systems with N,N±2, N±4, ... particles differ by 2µ;
i.e. the idealized situation considered here corresponds
to the ansatz that all ground states obtained from the
system with N nucleons by removing or adding pairs of
particles are degenerate eigenstates of Ω such that their
binding energies fulfill

... ≈ EN+2
0 − EN

0 ≈ EN
0 − EN−2

0 ≈ ... ≈ 2µ , (18)

with µ independent of N . If the assumption is valid,
the energy obtained by solving the auxiliary many-body
problem provides the energy of the initial problem as

Ω0 =
∑

N ′

|cN ′ |2ΩN ′

0 ≈ EN
0 − µN , (19)

which follows from Eqs. (15) and (18).

C. Gorkov propagators

In order to access all one-body information contained
in |Ψ0〉, one must generalize the single-particle propaga-
tor defined in (11) by introducing additional objects that
take into account the formation and destruction of pairs.
One introduces a set of four Green’s functions, known

as Gorkov propagators [27]

i G11
ab(t, t

′) ≡ 〈Ψ0|T
{

aa(t)a
†
b(t

′)
}

|Ψ0〉 , (20a)

i G12
ab(t, t

′) ≡ 〈Ψ0|T {aa(t)āb(t′)} |Ψ0〉 , (20b)

i G21
ab(t, t

′) ≡ 〈Ψ0|T
{

ā†a(t)a
†
b(t

′)
}

|Ψ0〉 , (20c)

i G22
ab(t, t

′) ≡ 〈Ψ0|T
{

ā†a(t)āb(t
′)
}

|Ψ0〉 , (20d)

where single-particle operators associated with the dual
basis are as defined in Eq. (1) and where the modified
Heisenberg representation is defined as

aa(t) = a(Ω)
a (t) ≡ exp[iΩt] aa exp[−iΩt] , (21a)

a†a(t) =
[

a(Ω)
a (t)

]†

≡ exp[iΩt] a†a exp[−iΩt] . (21b)

Besides the time dependence and quantum numbers
a and b identifying single-particle states, Gorkov propa-
gators Gg1g2

ab carry two additional labels g1 and g2 that
span Gorkov’s space. When g1 = 1 (g1 = 2) a particle is
annihilated in the block of a (created in the block of ā)
and vice versa for g2; i.e. g2 = 1 (g2 = 2) corresponds to
a second particle created in the block of b (annihilated
in the block of b̄). Green’s functions G11 and G22 are
called normal propagators while off-diagonal ones, G12

and G21, are denoted as anomalous propagators.
Expanding the bra and the ket in Eq. (20) through

Eq. (14), Gorkov propagators can be expressed as linear
combinations of Green’s functions in the systems with
N,N ± 2, N ± 4, ... particles in the case of G11 and G22

G11
ab(t, t

′) = −i 〈Ψ0|T
{

aa(t)a
†
b(t

′)
}

|Ψ0〉

= −i
even
∑

N

c∗NcN 〈ψN
0 |T

{

aa(t)a
†
b(t

′)
}

|ψN
0 〉

≡
even
∑

N

c∗NcN G11 (N,N)
ab (t, t′) , (22)

G22
ab(t, t

′) = −i 〈Ψ0|T
{

ā†a(t)āb(t
′)
}

|Ψ0〉

= −i
even
∑

N

c∗NcN 〈ψN
0 |T

{

ā†a(t)āb(t
′)
}

|ψN
0 〉

≡
even
∑

N

c∗NcN G22 (N,N)
ab (t, t′) , (23)
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and vice versa for g2; i.e. g2 = 1 (g2 = 2) corresponds to
a second particle created in the block of b (annihilated
in the block of b̄). Green’s functions G11 and G22 are
called normal propagators while off-diagonal ones, G12

and G21, are denoted as anomalous propagators.
Expanding the bra and the ket in Eq. (20) through

Eq. (14), Gorkov propagators can be expressed as linear
combinations of Green’s functions in the systems with
N,N ± 2, N ± 4, ... particles in the case of G11 and G22

G11
ab(t, t

′) = −i 〈Ψ0|T
{

aa(t)a
†
b(t

′)
}

|Ψ0〉

= −i
even
∑

N

c∗NcN 〈ψN
0 |T

{

aa(t)a
†
b(t

′)
}

|ψN
0 〉

≡
even
∑

N

c∗NcN G11 (N,N)
ab (t, t′) , (22)

G22
ab(t, t

′) = −i 〈Ψ0|T
{
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with µ independent of N . If the assumption is valid,
the energy obtained by solving the auxiliary many-body
problem provides the energy of the initial problem as

Ω0 =
∑

N ′

|cN ′ |2ΩN ′

0 ≈ EN
0 − µN , (19)

which follows from Eqs. (15) and (18).

C. Gorkov propagators

In order to access all one-body information contained
in |Ψ0〉, one must generalize the single-particle propaga-
tor defined in (11) by introducing additional objects that
take into account the formation and destruction of pairs.
One introduces a set of four Green’s functions, known

as Gorkov propagators [27]

i G11
ab(t, t

′) ≡ 〈Ψ0|T
{

aa(t)a
†
b(t

′)
}

|Ψ0〉 , (20a)

i G12
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′) ≡ 〈Ψ0|T {aa(t)āb(t′)} |Ψ0〉 , (20b)
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i G22
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′) ≡ 〈Ψ0|T
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ā†a(t)āb(t
′)
}

|Ψ0〉 , (20d)

where single-particle operators associated with the dual
basis are as defined in Eq. (1) and where the modified
Heisenberg representation is defined as

aa(t) = a(Ω)
a (t) ≡ exp[iΩt] aa exp[−iΩt] , (21a)

a†a(t) =
[

a(Ω)
a (t)

]†

≡ exp[iΩt] a†a exp[−iΩt] . (21b)

Besides the time dependence and quantum numbers
a and b identifying single-particle states, Gorkov propa-
gators Gg1g2

ab carry two additional labels g1 and g2 that
span Gorkov’s space. When g1 = 1 (g1 = 2) a particle is
annihilated in the block of a (created in the block of ā)
and vice versa for g2; i.e. g2 = 1 (g2 = 2) corresponds to
a second particle created in the block of b (annihilated
in the block of b̄). Green’s functions G11 and G22 are
called normal propagators while off-diagonal ones, G12

and G21, are denoted as anomalous propagators.
Expanding the bra and the ket in Eq. (20) through

Eq. (14), Gorkov propagators can be expressed as linear
combinations of Green’s functions in the systems with
N,N ± 2, N ± 4, ... particles in the case of G11 and G22
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- Third order PT diagrams with 3BFs: 6
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FIG. 5. 1PI, skeleton and interaction irreducible self-energy diagrams appearing at 3rd-order in perturbative expansion (7),
making use of the e↵ective hamiltonian of Eq. (9).

this boils down to the equation of motion of the operators
in interaction picture [6]:

i~ @

@t
aI
↵

(t) = [aI
↵

(t), Ĥ
0

] = "
↵

aI
↵

(t) . (18)

By taking the derivative of G(0) and using Eq. (18), we
arrive at

⇢

i~ @

@t
� "

↵

�

G(0)

↵↵

0(t � t0) = �(t � t0)�
↵↵

0 , (19)

where the delta functions come from the derivative of the
step-function decomposition of the time-ordered product
in. Eq. (19) gives the inverse operator of G(0).

The same procedure applied to the exact propagator,
G(t� t0), requires the time-derivative of the annihilation
operators in the Heisenberg picture. For the hamiltonian

- Second order PT 
diagrams with 3BFs: 
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;

In Eq. (10), the two-time two-particle/two-hole propaga-
tor

GII

�⌘,�✏

(t � t0) = G4�pt

�⌘,�✏

(t+, t; t0, t0+) (12)

is an appropriate time ordering of Eq. (3) and the con-
tracted propagators yield the exact 1B and 2B reduced
density matrices:

⇢1B
��

= h N

0

| a†
�

a
�

| N

0

i = �i~G
��

(t � t+) , (13)

⇢2B
�⌘,�✏

= h N

0

| a†
�

a†
✏

a
⌘

a
�

| N

0

i = i~GII

�⌘,�✏

(t � t+) . (14)

The e↵ective Hamiltonian (9) not only regroups Feyn-
man diagrams in a more e�cient way but it also allow
to extract the e↵ective 1B and 2B terms from higher or-
der interactions. Averaging the 3BF over one and two
spectator particles in the medium is expected yield the
most important contributions to the many-body dynam-
ics [27, 30]. We note that Eqs. (10) and (11) are exact
and are derived rigorously from the pertubative expan-
sion. Details of the proof are discussed in App. B. As
long as only interaction irreducible diagrams are used to-
gether with eH, this gives a systematic way to generate
e↵ective in medium interactions, it ensures that symme-
try factors are correct and no diagram is over counted.

This approach can be seen as a generalisation of the
normal ordering of the Hamiltonian with respect to the
reference state |�N

0

i, that has already been used in nu-
clear physic applications with 3BFs [27, 30, 39]. If the
unperturbed propagators G(0) and GII,(0) were used in

Eqs. (10) and (11), the e↵ective operators
b

eU and
b

eV would
trivially reduced to the contracted 1B and 2B terms of
normal ordering. In the present case, however, the con-
traction is performed with respect to the exact correlated
density matrices and the e↵ective Hamiltonian eH can be
thought as reordered with respect the the many-body
ground-state | N

0

i, which takes into account the correla-
tions of the system. Note that, following the procedure of
App. B, the full contraction of the original hamiltonian,
H, will yield to the exact ground state energy

E
g.s.
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in accordance with our analogy between the eH = H
0

+ eH
1

and the usual normal ordered hamiltonian. In the latter,
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FIG. 3. 1PI, skeleton and interaction irreducible self-energy
diagrams appearing at 2nd-order in the perturbative expan-
sion of Eq. (7), making use of the e↵ective hamiltonian of
Eq. (9).

the 0B contraction part is simply the expectation value
of H with respect to the reference state.

A. Self-energy expansion up to third order

For a 2B Hamiltonian, the only possible interaction
reducible contribution is the extended Hartree-Fock dia-
gram. This is the second term on the right hand side of
Eq. (10) and Fig. (1). It appears only at first order in
any SCGF expansion and it is routinely included in most
GF calculations with 2B forces. Thus, regrouping dia-
grams in terms of e↵ective interactions, such as Eqs. (10)
and (11), becomes useful only when 3BF or higher terms
are present. Here, we are interested in the new diagrams
that need to be considered when one includes 3BFs. To
this purpose we derive and list all interaction irreducible
contributions to the proper self-energy, up to third order
in perturbation theory.

At first order, only one interaction irreducible contri-
bution is present which exactly corresponds to eU :

⌃?,(1)

↵�

= eU
↵�

, (16)

Being a self-energy insertion itself, eU will not appear in
any other skeleton diagram. In spite of the fact that
it only contributes to Eq. (16), the e↵ective 1B poten-
tial is very important because it defines in full the en-
ergy independent part of the self energy, hence it rep-
resents the (static) mean field seen by every particle.
Through Eq. (10), we see that this potential incorpo-
rates three separate terms, including the Hartree-Fock
potentials due to both 2B and 3BFs and higher order
interaction reducible contributions due to the dressed G
and GII propagators. Thus, the full calculation of ⌃?,(1)

requires an iterative procedure to evaluate these propa-
gators self-consistently.

At second order there are only the two interaction ir-
reducible diagrams shown in Fig. 3. Diagram 3a is the
well known contribution due to only 2BFs that freely
propagates two-particle–one-hole (2p1h) and two-hole–
one-particle (2h1p) states. Fig. 3b is the new diagram
arising from explicit 3BF interactions, which may ex-
pected to be less important: this describes contributions
from 3p2h and 3h2p excitations at higher excitation en-
ergies and, moreover, 3BFs are generally weaker than
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the 0B contraction part is simply the expectation value
of H with respect to the reference state.
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For a 2B Hamiltonian, the only possible interaction
reducible contribution is the extended Hartree-Fock dia-
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Eq. (10) and Fig. (1). It appears only at first order in
any SCGF expansion and it is routinely included in most
GF calculations with 2B forces. Thus, regrouping dia-
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are present. Here, we are interested in the new diagrams
that need to be considered when one includes 3BFs. To
this purpose we derive and list all interaction irreducible
contributions to the proper self-energy, up to third order
in perturbation theory.

At first order, only one interaction irreducible contri-
bution is present which exactly corresponds to eU :
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Being a self-energy insertion itself, eU will not appear in
any other skeleton diagram. In spite of the fact that
it only contributes to Eq. (16), the e↵ective 1B poten-
tial is very important because it defines in full the en-
ergy independent part of the self energy, hence it rep-
resents the (static) mean field seen by every particle.
Through Eq. (10), we see that this potential incorpo-
rates three separate terms, including the Hartree-Fock
potentials due to both 2B and 3BFs and higher order
interaction reducible contributions due to the dressed G
and GII propagators. Thus, the full calculation of ⌃?,(1)

requires an iterative procedure to evaluate these propa-
gators self-consistently.

At second order there are only the two interaction ir-
reducible diagrams shown in Fig. 3. Diagram 3a is the
well known contribution due to only 2BFs that freely
propagates two-particle–one-hole (2p1h) and two-hole–
one-particle (2h1p) states. Fig. 3b is the new diagram
arising from explicit 3BF interactions, which may ex-
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where the delta functions come from the derivative of the
step-function decomposition of the time-ordered product
in. Eq. (19) gives the inverse operator of G(0).
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The e↵ective Hamiltonian (9) not only regroups Feyn-
man diagrams in a more e�cient way but it also allow
to extract the e↵ective 1B and 2B terms from higher or-
der interactions. Averaging the 3BF over one and two
spectator particles in the medium is expected yield the
most important contributions to the many-body dynam-
ics [27, 30]. We note that Eqs. (10) and (11) are exact
and are derived rigorously from the pertubative expan-
sion. Details of the proof are discussed in App. B. As
long as only interaction irreducible diagrams are used to-
gether with eH, this gives a systematic way to generate
e↵ective in medium interactions, it ensures that symme-
try factors are correct and no diagram is over counted.

This approach can be seen as a generalisation of the
normal ordering of the Hamiltonian with respect to the
reference state |�N

0

i, that has already been used in nu-
clear physic applications with 3BFs [27, 30, 39]. If the
unperturbed propagators G(0) and GII,(0) were used in

Eqs. (10) and (11), the e↵ective operators
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eU and
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eV would
trivially reduced to the contracted 1B and 2B terms of
normal ordering. In the present case, however, the con-
traction is performed with respect to the exact correlated
density matrices and the e↵ective Hamiltonian eH can be
thought as reordered with respect the the many-body
ground-state | N

0

i, which takes into account the correla-
tions of the system. Note that, following the procedure of
App. B, the full contraction of the original hamiltonian,
H, will yield to the exact ground state energy
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diagrams appearing at 2nd-order in the perturbative expan-
sion of Eq. (7), making use of the e↵ective hamiltonian of
Eq. (9).

the 0B contraction part is simply the expectation value
of H with respect to the reference state.

A. Self-energy expansion up to third order

For a 2B Hamiltonian, the only possible interaction
reducible contribution is the extended Hartree-Fock dia-
gram. This is the second term on the right hand side of
Eq. (10) and Fig. (1). It appears only at first order in
any SCGF expansion and it is routinely included in most
GF calculations with 2B forces. Thus, regrouping dia-
grams in terms of e↵ective interactions, such as Eqs. (10)
and (11), becomes useful only when 3BF or higher terms
are present. Here, we are interested in the new diagrams
that need to be considered when one includes 3BFs. To
this purpose we derive and list all interaction irreducible
contributions to the proper self-energy, up to third order
in perturbation theory.

At first order, only one interaction irreducible contri-
bution is present which exactly corresponds to eU :
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Being a self-energy insertion itself, eU will not appear in
any other skeleton diagram. In spite of the fact that
it only contributes to Eq. (16), the e↵ective 1B poten-
tial is very important because it defines in full the en-
ergy independent part of the self energy, hence it rep-
resents the (static) mean field seen by every particle.
Through Eq. (10), we see that this potential incorpo-
rates three separate terms, including the Hartree-Fock
potentials due to both 2B and 3BFs and higher order
interaction reducible contributions due to the dressed G
and GII propagators. Thus, the full calculation of ⌃?,(1)

requires an iterative procedure to evaluate these propa-
gators self-consistently.

At second order there are only the two interaction ir-
reducible diagrams shown in Fig. 3. Diagram 3a is the
well known contribution due to only 2BFs that freely
propagates two-particle–one-hole (2p1h) and two-hole–
one-particle (2h1p) states. Fig. 3b is the new diagram
arising from explicit 3BF interactions, which may ex-
pected to be less important: this describes contributions
from 3p2h and 3h2p excitations at higher excitation en-
ergies and, moreover, 3BFs are generally weaker than
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effective interaction/charges for the shell model. 
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FIG. 6. (Color online) One-neutron separation energies with dominant spectroscopic factors versus neutron ESPEs in
16,20,22,24O. Each level is displayed for λ = 1.88 (open symbols), 2.00 (crosses), and 2.24 fm−1 (filled symbols). Results
are displayed for both HFB and second-order G-SCGF calculations. Panel (a): one- and two-body operators are retained in
the (initial and) transformed Hamiltonians. Panel (b): one-, two-, and three-body operators are retained in the initial and
transformed Hamiltonians.

tion between induced 4N interactions from the initial 2N
and 3N interactions, as discussed in Refs. [51, 52, 67, 68].
In order to verify that the pattern just discussed is not

specific to G-SCGF but reflects a generic aspect of the
many-body problem, we further compare in panel (b) of
Fig. 5 with MR-IM-SRG(2) calculations for the Hamil-
tonian containing 2N+3N forces. At the current level
of implementation, the MR-IM-SRG includes many-body
terms beyond G-SCGF, and allows an even more signif-
icant reduction of the scale dependence, while also ben-
efitting from the cancellation of induced 4N terms men-
tioned above. The residual running ranges from 50 keV
in 14O to 400 keV in 24O for λ ∈ [1.88, 2.24] fm−1. The
better many-body convergence of MR-IM-SRG(2) is also
reflected in the additional absolute binding [38, 53]. A
third-order G-SCGF truncation scheme will provide the
missing binding energy and will allow for a further atten-
uation of the scale dependence, as shown in Ref. [65] for
closed-shell oxygen isotopes.

C. Nuclear shell energies

First, we compare one-nucleon separation energies E±
k

with absolute ESPEs ecentp in 16,20,22,24O. For each spin

and parity, we consider the separation energy of the state
with the dominant strength13. As in the previous sec-
tion, we perform HFB and G-SCGF calculations using
the SRG-evolved 2N and 2N+3NHamiltonians, and com-
pile results from all four variants in Fig. 6, covering en-
ergies from −48MeV to +10MeV. Let us now list the
main lessons one can learn from these results.

• Combining panels (a) and (b), one can appreciate
the significant reduction of the scale dependence
of all one-nucleon separation energies obtained by
keeping 3N operators in the Hamiltonian and/or by
going from HFB to second-order G-SCGF.

• The running of ESPEs is qualitatively different
and quantitatively larger than for observable one-
nucleon separation energies. This is particularly
clear for the 2N+3N Hamiltonian: While the av-
erage spread of all displayed separation energies is
equal to 0.2MeV for λ ∈ [1.88, 2.24] fm−1, the av-
erage spread of ESPEs is equal to 1.1MeV. The

13 The two visible 5/2+ levels in 20O actually correspond to two dif-
ferent states with similar strength. The fact that two states with
equal strength appear near the Fermi energy is characteristic of
the superfluid and open-shell nature of 20O.
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!   d3/2 raised by genuine 3NF 

!   cf. microscopic shell model [Otsuka 
et al, PRL105, 032501 (2010).]"

Results for the N-O-F chains 

1⇧2⇤

3⇧2⇤7⇧2⇤
3⇧2⇥

1⇧2⇥
5⇧2⇥

5⇧2⇤
7⇧2⇥

9⇧2⇥

14O 16O 22O 24O 28O

0 0.5 1 0.5 1 0.5 1 0.5 1 0.5 1

⇤30

⇤20

⇤10

0

10

20

SF⇧⇧⇤2j⇥1⌅ ��⇥

⌅ n
,k⇧
�MeV

⇥
 A. Cipollone, CB, P. Navrátil, Phys. Rev. Lett. 111, 062501 (2013) 

and   arXiv:1412.3002 [nucl-th] (2014) 



! 3NF crucial for reproducing binding energies and driplines around oxygen 
 
!   cf. microscopic shell model [Otsuka et al, PRL105, 032501 (2010).]"

N3LO (Λ = 500Mev/c) chiral NN interaction evolved to 2N + 3N forces (2.0fm-1) 
N2LO (Λ = 400Mev/c) chiral 3N interaction  evolved (2.0fm-1)"

 A. Cipollone, CB, P. Navrátil, Phys. Rev. Lett. 111, 062501 (2013) 
and   arXiv:1412.3002 [nucl-th] (2014) 
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Quenching of absolute spectroscopic factors�
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Ab-initio calculations explain the Z/N dependence but the 
effect is much lower than suggested by direct knockout 
 
Effects of continuum become important at the driplines 

Spectroscopic factor are strongly 
correlated to p-h gaps: 

Z/N asymmetry dependence of SFs - Theory 
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This term automatically corrects for the zero point motion in
the oscillator basis but it depends explicitly on the number
of particles. In this work, we are interested in transitions to
states with different numbers of nucleons (A ± 1) and aim at
computing directly the differences between the total energies.
Therefore, the above correction should not be employed in
the present case. One may note that the separation of the
center-of-mass motion is an issue related to the choice made for
the model space, rather than the many-body method itself. For
example, expressing the propagators directly in momentum
space would allow an exact separation. In this situation, the
transformation between the center-of-mass and laboratory
frames for systems with a nucleon plus a A-nucleons [or
(A-1)-nucleons] core would also be simple.

A. Choice of κM

Equation (16) introduces a single parameter (κM ) in our
calculations. The reason for this modification is that the spec-
troscopic factors of the valence orbits are strongly sensitive to
the particle-hole gap. This sensitivity is to be expected because
collective modes in the 56Ni core are dominated by excitations
across the Fermi surface. Smaller gaps imply lower excitation
energies and higher probability of admixture with valence
orbits. To extract meaningful predictions for spectroscopic
factors it is therefore necessary to constrain the Fermi gaps
for protons and neutrons to their experimental values.

To investigate this dependency we repeated our calculations
for values of κM in the range 0.4–0.7 MeV. Figure 3 shows
the resulting neutron spectroscopic factors for the valence
p3/2 quasiparticle and f7/2 quasihole. These are plotted
as a function of the calculated particle-hole gap "Eph =
ε+

1p3/2,n=0 − ε−
0f7/2,k=0. The results correspond to model spaces

of different dimensions (eight or ten oscillator shells) and
oscillator frequencies (h̄$ = 10 or 18 MeV). The gap "Eph
increases with κM but the dependence on the model space is
weak. We notice that, once the experimental value of "Eph
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FIG. 3. (Color online) Dependence of neutron spectroscopic
factors (given as a fraction of the independent-particle model value)
for the 1p3/2 and the 0f7/2 valence orbits with respect to the ph gap
"Eph. For each model space, different points correspond to different
choices of κM in the range 0.4–0.7 MeV.

is reproduced, the spectroscopic factors are well defined and
found to be converged with respect to the given model space.

All results reported below were obtained with a fixed value
of κM = 0.57 MeV. In the Nmax = 9 model space and an
oscillator energy h̄$ = 10 MeV, this choice reproduces the
experimental gaps at the Fermi surface for both protons and
neutrons to an error within 70 keV. From Fig. 3 one infers
that the calculated spectroscopic factors are reliable to within
1–2% of the independent-particle model value.

B. Convergence with respect to the model space

Figure 4 shows the dependence of the neutron 1p3/2 particle
and the 0f7/2 hole energies with respect to the oscillator
frequency and the size of the model space. As can be seen
from this figure, the single-particle energies for these two
single-particle states tend to stabilize around eight to ten
major shells. This finding concords both with coupled-cluster
calculations that employ a G matrix as effective interaction
for 16O, see Refs. [71] and [70], and with analogous Green’s
functions studies [31]. It remains, however, to make an
extensive comparison between coupled-cluster theory and the
Green’s functions approach to find an optimal size of the
model space with a given nucleon-nucleon interaction. Finally,
we plot in Fig. 5 the neutron valence single-particle energies
for all the single-particle states in the 1p0f shell. The latter
results were obtained with our largest model space, ten major
shells with Nmax = 9 and the single-particle orbital momentum
l ! 7. As can be seen from this figure, there is still, although
weak, a dependence upon the oscillator parameter. To perform
calculations beyond ten major shells will require nontrivial
extensions of our codes.
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fair agreement obtained for the calculation of the 16O rms
radii performed with the SLy4 interaction [31] compared to
the values deduced from 16Oðe; e0pÞ15Ngs and 15N3=2#
analyses [5], both states with large SFs. We thus adopted
the HFB radii calculated for the 0p wave functions for 14O
and 18O and deduced the corresponding values of r0. The
same calculation was done with other Skyrme interactions,
always in fair agreement with the 16Oðe; e0pÞ results, from
which we deduced a variance for r0.

The calculated angular distributions were normalized to
the data by a factor C2Sexp, which defines a so-called
experimental SF. C2Sexp are mainly sensitive to the most
forward angles, and so little sensitive to the details of the
nuclear potentials. C2Sexp strongly depend on radii with
!SF=SF $ 6!rrms=rrms in the 14Oðd; tÞ analysis.

We first reanalyzed published data for single nucleon
pickup reactions at about the same incident energy in direct
kinematics [19–21] on 16O and 18O targets. The angular
distributions were well reproduced in all cases by CRC
calculations. For 16Oðd; 3HeÞ at 14 and 26 MeV=nucleon,
we obtained same C2Sexp, which confirms the energy in-
dependence of the analysis. For the 14O (d, 3He) and
14O (d; t) transfers, the shape of the angular distributions

is nicely reproduced (Fig. 2) by the CRC calculations
assuming a !l ¼ 1 transferred angular momentum, as
expected from the transfer of a 0p nucleon.
In the second approach, we employed ab initio SFs and

OFs obtained from the single-particle Green’s function in
the third order algebraic diagrammatic construction
method [ADC(3)] [14,32]. Calculations were based on
chiral two-body next-to-next-to-next-to leading order
(N3LO) [33] plus three-body next-to-next-to leading order
(N2LO) [34] interactions evolved to a cutoff ! ¼
1:88 fm#1, as introduced in Ref. [35]. All microscopic
OFs were further rescaled in coordinate space by the
same factor (i.e., introducing only one phenomenological
correction) to account for differences of predicted [30] and
experimental rms radius of 16O. The OFs corresponding to
the removal of main peaks at large and small nucleon
separation energies are shown in Figs. 3(a) and 3(b),
respectively, and compared to the Wood-Saxon prescrip-
tion. We note very little radial difference in the removal of
the strongly bound neutron in 14O.
We give in Table I the normalizations C2Sexp for the two

kinds of OFs. From theoretical SFs inputs, either micro-
scopic ab initio SFs [30] or shell-model SFs, we obtain a
theoretical value "thð#Þ and the reduction factor Rs ¼
"expð#Þ="thð#Þ. For shell-model SFs, we performed two
calculations with different valence space and interaction:
(i) in the 0pþ 2@! valence space with Oxbash [36] and
the WBT interaction [37] shown in Table I (here the active
orbitals are 0p3=2 and 0p1=2 and only 2p2h excitations
toward the sd orbitals are allowed), and (ii) in the
0p1s0d valence space with Nushellx [38] and a new inter-
action [39]. With the WBT interaction, we find good
agreement for the energies of the listed states, while with
the new interaction the energies of excited states in 13N and
15N disagree by several MeV. Finally, we show the reduc-
tion factor Rs, also plotted in Figs. 4(a) and 4(b), for WS
and microscopic OFs, respectively. In the total uncertainty,
we set apart in a box the uncertainties originating from the
analysis: (i) imperfect knowledge of entrance and exit
potentials, and (ii) the variance in the calculation of rms
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FIG. 3 (color online). Radial dependence of (a), (b) the OFs for
WS and microscopic (SCGF) [30] form factors normalized to 1;
(c), (d) the OF difference $ (SCGF#WS).

TABLE I. The normalization C2Sexp for two OFs, phenomenological (WS) and microscopic (SCGF) [30]. For the WS OF, the
r0 values were chosen to reproduce RHFB

rms , except for
16O for which Rrms was taken from (e, e0p) data (see text). The SFs C2Sth are

obtained from shell-model calculations with the WBT interaction. In the second part, the analysis was performed with microscopic
OFs and SFs. The two errors for C2Sexp and Rs are the experimental and analysis errors.

RHFB
rms r0 C2Sexp C2Sth Rs C2Sexp C2Sth Rs

Reaction E' (MeV) J% (fm) (fm) (WS) 0pþ 2@! (WS) (SCGF) (SCGF) (SCGF)

14O (d, t) 13O 0.00 3=2# 2.69 1.40 1.69 (17)(20) 3.15 0.54(5)(6) 1.89(19)(22) 3.17 0.60(6)(7)
14O (d, 3He) 13N 0.00 1=2# 3.03 1.23 1.14(16)(15) 1.55 0.73(10)(10) 1.58(22)(2) 1.58 1.00(14)(1)

3.50 3=2# 2.77 1.12 0.94(19)(7) 1.90 0.49(10)(4) 1.00(20)(1) 1.90 0.53(10)(1)
16O (d, t) 15O 0.00 1=2# 2.91 1.46 0.91(9)(8) 1.54 0.59(6)(5) 0.96(10)(7) 1.73 0.55(6)(4)
16O (d, 3He) 15N [19,20] 0.00 1=2# 2.95 1.46 0.93(9)(9) 1.54 0.60(6)(6) 1.25(12)(5) 1.74 0.72(7)(3)

6.32 3=2# 2.80 1.31 1.83(18)(24) 3.07 0.60(6)(8) 2.24(22)(10) 3.45 0.65(6)(3)
18O (d, 3He) 17N [21] 0.00 1=2# 2.91 1.46 0.92(9)(12) 1.58 0.58(6)(10)
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fair agreement obtained for the calculation of the 16O rms
radii performed with the SLy4 interaction [31] compared to
the values deduced from 16Oðe; e0pÞ15Ngs and 15N3=2#
analyses [5], both states with large SFs. We thus adopted
the HFB radii calculated for the 0p wave functions for 14O
and 18O and deduced the corresponding values of r0. The
same calculation was done with other Skyrme interactions,
always in fair agreement with the 16Oðe; e0pÞ results, from
which we deduced a variance for r0.

The calculated angular distributions were normalized to
the data by a factor C2Sexp, which defines a so-called
experimental SF. C2Sexp are mainly sensitive to the most
forward angles, and so little sensitive to the details of the
nuclear potentials. C2Sexp strongly depend on radii with
!SF=SF $ 6!rrms=rrms in the 14Oðd; tÞ analysis.

We first reanalyzed published data for single nucleon
pickup reactions at about the same incident energy in direct
kinematics [19–21] on 16O and 18O targets. The angular
distributions were well reproduced in all cases by CRC
calculations. For 16Oðd; 3HeÞ at 14 and 26 MeV=nucleon,
we obtained same C2Sexp, which confirms the energy in-
dependence of the analysis. For the 14O (d, 3He) and
14O (d; t) transfers, the shape of the angular distributions

is nicely reproduced (Fig. 2) by the CRC calculations
assuming a !l ¼ 1 transferred angular momentum, as
expected from the transfer of a 0p nucleon.
In the second approach, we employed ab initio SFs and

OFs obtained from the single-particle Green’s function in
the third order algebraic diagrammatic construction
method [ADC(3)] [14,32]. Calculations were based on
chiral two-body next-to-next-to-next-to leading order
(N3LO) [33] plus three-body next-to-next-to leading order
(N2LO) [34] interactions evolved to a cutoff ! ¼
1:88 fm#1, as introduced in Ref. [35]. All microscopic
OFs were further rescaled in coordinate space by the
same factor (i.e., introducing only one phenomenological
correction) to account for differences of predicted [30] and
experimental rms radius of 16O. The OFs corresponding to
the removal of main peaks at large and small nucleon
separation energies are shown in Figs. 3(a) and 3(b),
respectively, and compared to the Wood-Saxon prescrip-
tion. We note very little radial difference in the removal of
the strongly bound neutron in 14O.
We give in Table I the normalizations C2Sexp for the two

kinds of OFs. From theoretical SFs inputs, either micro-
scopic ab initio SFs [30] or shell-model SFs, we obtain a
theoretical value "thð#Þ and the reduction factor Rs ¼
"expð#Þ="thð#Þ. For shell-model SFs, we performed two
calculations with different valence space and interaction:
(i) in the 0pþ 2@! valence space with Oxbash [36] and
the WBT interaction [37] shown in Table I (here the active
orbitals are 0p3=2 and 0p1=2 and only 2p2h excitations
toward the sd orbitals are allowed), and (ii) in the
0p1s0d valence space with Nushellx [38] and a new inter-
action [39]. With the WBT interaction, we find good
agreement for the energies of the listed states, while with
the new interaction the energies of excited states in 13N and
15N disagree by several MeV. Finally, we show the reduc-
tion factor Rs, also plotted in Figs. 4(a) and 4(b), for WS
and microscopic OFs, respectively. In the total uncertainty,
we set apart in a box the uncertainties originating from the
analysis: (i) imperfect knowledge of entrance and exit
potentials, and (ii) the variance in the calculation of rms
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TABLE I. The normalization C2Sexp for two OFs, phenomenological (WS) and microscopic (SCGF) [30]. For the WS OF, the
r0 values were chosen to reproduce RHFB

rms , except for
16O for which Rrms was taken from (e, e0p) data (see text). The SFs C2Sth are

obtained from shell-model calculations with the WBT interaction. In the second part, the analysis was performed with microscopic
OFs and SFs. The two errors for C2Sexp and Rs are the experimental and analysis errors.

RHFB
rms r0 C2Sexp C2Sth Rs C2Sexp C2Sth Rs

Reaction E' (MeV) J% (fm) (fm) (WS) 0pþ 2@! (WS) (SCGF) (SCGF) (SCGF)

14O (d, t) 13O 0.00 3=2# 2.69 1.40 1.69 (17)(20) 3.15 0.54(5)(6) 1.89(19)(22) 3.17 0.60(6)(7)
14O (d, 3He) 13N 0.00 1=2# 3.03 1.23 1.14(16)(15) 1.55 0.73(10)(10) 1.58(22)(2) 1.58 1.00(14)(1)

3.50 3=2# 2.77 1.12 0.94(19)(7) 1.90 0.49(10)(4) 1.00(20)(1) 1.90 0.53(10)(1)
16O (d, t) 15O 0.00 1=2# 2.91 1.46 0.91(9)(8) 1.54 0.59(6)(5) 0.96(10)(7) 1.73 0.55(6)(4)
16O (d, 3He) 15N [19,20] 0.00 1=2# 2.95 1.46 0.93(9)(9) 1.54 0.60(6)(6) 1.25(12)(5) 1.74 0.72(7)(3)

6.32 3=2# 2.80 1.31 1.83(18)(24) 3.07 0.60(6)(8) 2.24(22)(10) 3.45 0.65(6)(3)
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! Analysis of 14O(d,t)13O and 14O(d,3He)13N transfer reactions @ SPIRAL"

-  Overlap functions and strengths from GF 

-  Rs independent of asymmetry"

[F. Flavigny et al, PRL110, 122503 (2013)] 

radii (and consequently of r0) due to different Skyrme
interactions, provided the rms radii of 15N extracted from
(e, e0p) [5] are reproduced. All the other experimental
uncertainties are accounted for by the error bars displayed
on Fig. 4. A rather flat trend is found without the need
for the large asymmetry dependence suggested by inter-
mediate energy knockout data analyzed with the eikonal
formalism [10]. For a quantitative evaluation, we fitted
the reduction factor with a linear dependence Rs¼
!"!Sþ". We obtained mean values for ! and " with
associated errors from a minimization over the 48 data sets,
considering (i) eight combinations of optical potentials for
the entrance and exit channels, (ii) three Skyrme interac-
tions to calculate the rms radii, and (iii) the two above-
mentioned shell-model calculations.

For the WS OF, the reduction factor Rs ¼ 0:538ð28Þð18Þ
(for !S ¼ 0 nuclei) is in agreement with Ref. [9] and the
slope parameter ! ¼ 0:0004ð24Þð12Þ MeV&1, therefore
consistent with zero. The first standard error obtained
over one data set depends on the experimental uncertain-
ties; the second one comes from the distribution over the 48
data sets. Within the error bars, the data do not contradict
the weak dependence found by ab initio calculations, with
!0 ¼ &0:0039 MeV&1 between the two 14O points in
Ref. [7], although the calculated !S is much reduced
compared to the experimental value.

Despite different OFs and SFs, the analysis
performed with the ab initio OF [30] provides very
similar results with Rsð!S¼0Þ¼0:636ð34Þð42Þ and !¼
&0:0042ð28Þð36ÞMeV&1, with calculated !S¼17:6MeV
[Fig. 4(b)].
In summary, we measured exclusive differential cross

sections at 18 MeV=nucleon for the 14Oðd; tÞ13O and
14Oðd; 3HeÞ13N transfer reactions and elastic scattering.
WS OFs with a constraint on HF radii and microscopic
OFs (obtained from SCFG theory) have been compared for
the first time for symmetric and very asymmetric nuclei
and gave similar results. We extracted the reduction factors
Rs over a high asymmetry range, !S ¼ '18:5 MeV, for
oxygen isotopes. From the good agreement between the
CRC calculations and the set of transfer data highlighted in
our work, the asymmetry dependence is found to be non-
existent (or weak), within the error bars. This result is in
agreement with ab initio Green’s function and coupled-
cluster calculations [7,14], but contradicts the trend
observed in nucleon knockout data obtained at incident
energies below 100 MeV=nucleon and analyzed with the
sudden-eikonal formalism. The disagreement of the two
systematic trends from knockout and transfer calls for a
better description of so-called direct reaction mechanisms
in order that a consistent picture of nuclear structure
emerges from measurements at different incident energies.
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Single nucleon transfer in the oxygen chain 



!  induced and full 3NF investigated 
! genuine (N2LO) 3NF needed to reproduce the energy curvature and S2n 

! N=20 and Z=20 gaps overestimated! 
! Full 3NF give a correct trend but over bind! 

Ab-initio calculation of the whole Ca: induced and full 3NF investigated 
"
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! First ab-initio calculation over a contiguous portion of the nuclear 
chart—open shells are now possible through the Gorkov-GF formalism 

Neighbouring Ar, K, Ca, Sc, and Ti chains 
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Neighbouring Ar, K, Ca, Sc, and Ti chains 

Works well in 
the pf shell"
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! First ab-initio calculation over a contiguous portion of the nuclear 
chart—open shells are now possible through the Gorkov-GF formalism 
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Neighbouring Ar, K, Ca, Sc, and Ti chains 

Over estimated 
N=20 and Z=20 gaps"

Two-neutron separation energies predicted by chiral  NN+3NF forces:"

! First ab-initio calculation over a contiguous portion of the nuclear 
chart—open shells are now possible through the Gorkov-GF formalism 
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Two-neutron separation energies predicted by chiral  NN+3NF forces:"

Lack of deformation due 
to quenched cross-shell 
quadrupole excitations"

! First ab-initio calculation over a contiguous portion of the nuclear 
chart—open shells are now possible through the Gorkov-GF formalism 
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-  sd-pf separation is 
overestimated even with 
leading order N2LO 3NF 

-  Correct increase of  
p3/2-f7/2 splitting (see 
Zuker 2003) 

 Neutron spectral distributions for 48Ca and 56Ni:"

The sd-pf shell gap 

+3NFs 
(NNLO)"

TABLE 1. Predicted matter radii (in fm) for 16O and 44Ca form SRG evolved 2N-
only interactions and by including induced and full 3NF. Experiment are charge radii.

2NF only 2+3NF(ind.) 2+3NF(full) Experiment
16O: 2.10 2. 41 2.38 2.718±0.210 [19]

44Ca: 2.48 2.93 2.94 3.520±0.005 [20]

v(3NF)
�⇥ ,⌅⇤ = ⇤

µ ⌥

1
2�i

Z

C⇤
d w�⇥µ,⌅⇤⌥ g⌥µ( ) . (2)

These definition extend the normal ordering approach of Ref. [11] by contracting with
fully correlated propagators, as opposed to a mean-field reference state. The matrix
elements u(3NF)

�⇥ and v(3NF)
�⇥ ,⌅⇤ are then added to the existing 1N and 2N forces with

the caveat that only interaction irreducible diagrams are retained to ensure the correct
symmetry factors in the diagrammatic expansion [15].

After obtaining the sp propagator g( ) the total binding energy can be calculated as
usual through the Koltun sum rule which—due the the presence of 3NF—acquires the
corrected form

EA
0 = ⇤

� ⇥

1
4�i

Z

C⇤
d 

⇥
u�⇥ + ⇤�⇥

⇤
g⇥�( ) � 1

2
⌅⇥A

0 |Ŵ |⇥A
0 ⇧ . (3)

Eq. (3) is still an exact equation. However, it requires to evaluate the expectation value
of the 3NF part of the hamiltonian < Ŵ > which is calculated here to first order in Ŵ .

Calculations for closed sub-shell oxygen isotopes were performed for the chiral N3LO
2NF [16] and N2LO 3NF [17] with the cutoff of 400 MeV as introduced in Ref. [11].
These were evolved to a cutoff ⇧ = 1.88 fm�1 using free-space similarity renormaliza-
tion group (SRG) [18]. We employed large model spaces of up to 12 harmonic oscillator
shells with frequency h̄ =20 MeV. Results for the induced 3NF are obtained from the
SRG evolution of the original 2NF only and are indicated by red squares in Fig. 1. These
are to be considered analogous to predictions of the sole N3LO 2NF and systematically
under bind the oxygen isotopes. Adding full 3NFs, that include in particular the two-
pion exchange Fujita-Miyazawa contribution, reproduces experimental binding energies
throughout the isotopic chain and the location of the neutron dripline. Table 1 shows that
although SRG evolved 2NFs alone underestimate the nuclear radii, results improve with
the inclusion of 3NFs.

Gorkov formalism for open-shell isotopes. The Gorkov’s approach handles intrinsic
degeneracies of open shell systems by allowing the breaking of particle number sym-
metry. One considers the grand canonical hamiltonian �int = Hint � µpẐ � µnN̂ and
constrains expectation values of proton and neutron number operators to the expected
values. This allows defining a superfluid state which already accounts for pairing corre-
lation and can be used as reference for Green’s function diagrammatic expansion. The
formalism for Gorkov self-consistent Green’s function (Gorkov-SCGF) theory up to sec-
ond order in the self-energy has been worked out in full in Ref. [12], for 2N interactions
only. First results are reported in [13].

CB"et*al.,"arXiv:1211.3315"[nucl6th]"



! Large J in free space SRG matter (must pay attention to its convergence) 
! Overall conclusions regarding over binding and S2n remain but details change 
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For the NN + 3N -induced Hamiltonian shown in Fig. 1(a),
we overbind the Ca isotopes for the considered values of λSRG.
However, the ground-state energies vary significantly with the
resolution scale λSRG due to the omitted induced beyond-3N
forces. Other sources, such as the E3max truncation and
NO2B approximation, can be ruled out because they are only
weakly sensitive to λSRG variations [2,10–12]. Furthermore,
the λSRG dependence of MR-IM-SRG(2) and CR-CC(2,3) is
comparable despite their different many-body content, which
implies that missing many-body effects cannot be its primary
source, either.

In Fig. 1(b), we show that the inclusion of an initial 3N
force reduces the λSRG dependence drastically. As discussed
in Ref. [2], this is a result of cancellations between induced
forces from the initial NN and 3N interactions. With this
reduced dependence on λSRG we find an overbinding that is
robust under variations of λSRG and slowly increasing from
8% for 36Ca to 12% for 54Ca.

We now consider the two-neutron separation energies S2n

shown in Fig. 2. Such differential quantities filter out global
energy shifts due to missing induced many-body forces, as well
as many-body and basis truncations. For instance, the absolute
variation of the S2n with λSRG in the NN + 3N -induced case
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FIG. 2. (Color online) Two-neutron separation energies of the
Ca isotopes for the (a) NN + 3N -induced and (b) NN + 3N -full
Hamiltonian with "3N = 350 and 400 MeV/c, for a range λSRG =
1.88 fm−1 (open symbols) to 2.24 fm−1 (solid symbols). Panel (c)
compares MR-IM-SRG(2) and second-order GGF [6–8] results with
the same input Hamiltonian, but slightly different SRG evolution [54].
Experimental values (black bars) are taken from [26,50].

is much weaker than the variation of the ground-state energies
in Fig. 1(a).

The S2n for the NN + 3N -induced Hamiltonian in Fig. 2(a)
show a pronounced shell closure at 40Ca, with S2n dropping
by more than 20 MeV. The 48Ca shell closure is weak
in comparison, albeit close to experimental data, and there
are even weaker hints of shell closures in 52,54Ca (the
reference states exhibit pairing in both cases). The S2n

increase notably from 42Ca to 48Ca, and weakly from 50Ca
to 52Ca. This is an indication that interaction components
which are being accessed as neutrons are added to the pf
shell are too attractive, which is consistent with the observed
overbinding. However, shell structure effects clearly also play
a role, because the overbinding becomes less severe around
48Ca before increasing again with the neutron number N ,
while the S2n are always decreasing between shell closures
beyond 52Ca.

The NN + 3N -induced Hamiltonian produces a distinct
drip-line signal in Figs. 1(a) and 2(a): 62Ca is consistently
unbound by 5–6 MeV with respect to 60Ca for our range of
λSRG. The change in S2n is much larger than the uncertainties
due to many-body and basis truncations, or missing induced
forces (see below). The inclusion of continuum effects in
Ref. [19] reduced the energy of low-lying unbound states only
by about 2 MeV, which is insufficient to bind isotopes with
N > 40 with respect to 60Ca. Without the inclusion of initial
3N forces, the drip line is therefore expected at N = 40.

In Fig. 2(b), we show S2n for NN + 3N -full Hamiltonians
with "3N = 350 and 400 MeV/c. The N = 20 shell closure
is weakened by the 3N forces, although the calculated S2n are
still larger than experimental data. As before, we observe an
increase of the separation energies for 42−48Ca and 50−52Ca,
but we note that the overbinding consistently increases with
N in this case [Fig. 1(b)]. Interestingly, the S2n trends in these
nuclei are flatter for "3N = 350 MeV/c than for 400 MeV/c,
which suggests a change in the shell structure of these nuclei.
Overall, the S2n are consistent under this variation of the 3N
cutoff. In contrast to the NN + 3N -induced case, both 52Ca
and 54Ca exhibit magicity, in agreement with experimental and
shell model results [24–26,55,56].

For large neutron numbers, the trends shown in Figs. 1(b)
and 2(b) are different from the NN + 3N -induced case.
56−60Ca are unbound with respect to 54Ca by a mere 1–2 MeV
(also see [19]). Consequently, these isotopes are sensitive to
continuum effects and details of the interaction, which could
lead to phenomena like neutron halos as proposed in [57].
Figure 2(b) also shows that the flat plateau of the S2n for
56−60Ca in the vicinity of zero is remarkably robust under the
variation of the cutoff of the initial 3N interaction from 400 to
350 MeV/c.

The Ca isotopes were also studied recently with the second-
order Gor’kov Green’s function (GGF) method. The S2n

published in Ref. [8] were obtained with the same NN + 3N -
full Hamiltonian with "3N = 400 MeV/c, but a smaller 3N
Jacobi HO model space was used for the SRG evolution than in
our calculations. While the S2n systematics remain the same,
we show updated GGF results [54] in Fig. 2(c) to allow a more
quantitative comparison with our MR-IM-SRG(2) separation
energies. The two methods agree well for mid-shell Ca

041302-3

! Large J in free space SRG matter (must pay attention to its convergence) 
! Overall conclusions regarding over binding and S2n remain but details change 
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!   Error bar in predictions are from 
extrapolating the many-body 
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model space. 

Two-neutron separation energies 
for neutron rich K isotopes 
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FIG. 1. Sketch of the ISOLTRAP Setup. For details, see text.
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FIG. 3. Two-neutron separation energies for the Z = 18− 21
isotopes from the atomic mass evaluation 2012 (AME2012)
[22], the ISOLTRAP data, and ab initio Gorkov-Green’s func-
tion theory (discussed below).

a unique tool to investigate isotope chains. GGF calcula-
tions have recently addressed the region around Z = 20
[26] and are extended here for the first time for potas-
sium beyond N = 32.
The present calculations made use of two- and three-
nucleon forces derived within chiral effective field the-
ory respectively at next-to-next-to-next-to-leading or-
der (N3LO) and N2LO [27, 28], evolved to the low-
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FIG. 4. Empirical shell gaps for N = 28 and N = 32 [22]
including the ISOLTRAP data.

momentum scale λ = 2.0 fm−1 by means of free-space
similarity renormalization group techniques. The many-
body treatment is set by a second-order truncation in
the GGF self-energy expansion [24]. Model spaces up
to 14 harmonic oscillator shells were employed and ex-
ponential extrapolations of the calculated ground state
energies were subsequently performed following the anal-
ysis of Ref. [29].
Different sources of uncertainty affect the present theo-
retical results (see Refs. [25, 26] for a detailed discussion).
Through the extrapolation procedure, we have assessed
specifically the error associated to the model-space trun-
cation, which amounts to 1 and 1.4 MeV in 51K and 53K,
respectively. Extrapolated results have been used to com-
pute two-neutron separation energies for odd-even 47K -
53K, which are shown with the experimental values in
Fig. 3. We find that GGF calculations are in general in
good agreement with measured S2n, with the mismatch
at 53K being of the order of the truncation error. The
significant drop from 51K to 53K is correctly reproduced
but slightly overestimated by the theory, which leads also
to an overestimation of the empirical shell-gap for potas-
sium. In contrast to the N = 28 gap, which is quan-
titatively better reproduced, the overestimation of the
N = 32 gap emerges as a common feature of ab ini-

tio calculations in this mass region (see also [30]). The
present measurements therefore constitute an important
challenge for the on-going developments of chiral inter-
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imental data on the energy of the first-excited state is
needed to further test the validity of both models.

Very recently, ab initio calculations of open-shell nu-
clei have become possible in the Ca region [48] on the
basis of the self-consistent Gorkov-Green‘s function for-
malism [49]. State-of-the-art chiral two- (NN) [50, 51]
and three-nucleon (3N) [52] interactions adjusted to two-
, three- and four-body observables (up to 4He) are em-
ployed, without any further modification, in the com-
putation of systems containing several tens of nucleons.
We refer to Ref. [48] for further details. In the present
study, Gorkov-Green’s function calculations of the low-
est 1/2+ and 3/2+ states in 43�51K have been performed
by removing a proton from 44�52Ca. Similarly to Fig. 5,
the upper panel of Fig. 6 compares the results to exper-
imental data. The inversion of the states at N = 28 is
not obtained in the calculation, because odd-A spectra
are systematically too spread out [48]. This shortcom-
ing actually correlates with the systematic overbinding of
neighboring even-A ground-states. Still, one observes the
correct relative evolution of the 1/2+ state with respect to
the 3/2+ when going from 43K to 47K and then from 47K
to 49K. As a matter of fact, rescaling the theoretical re-
sults to the experimental ones at, e.g. 47K, demonstrates
that the relative evolution of the two states is quantita-
tively well reproduced. This result is very encouraging for
those first-ever systematic ab initio calculations in mid-
mass nuclei. Indeed, it allows one to speculate that cor-
recting in the near future for the systematic overbinding
produced in the Ca region by currently available chiral
EFT interactions, and thus the too spread out spectra of
odd-A systems, might bring the theoretical calculation in
good agreement with experiment. Although this remains
to be validated, it demonstrates that systematic spec-
troscopic data in mid-mass neutron-rich nuclei provide
a good test case to validate/invalidate specific features
of basic inter-nucleon interactions and innovative many-
body theories.

To complement the above analysis, the lower panel
of Fig. 6 provides the evolution of proton 1d

3/2 and
2s

1/2 shells. These two e↵ective single-particle energies
(ESPEs) recollects [49] the fragmented 3/2+ and 1/2+

strengths obtained from one-proton addition and removal
processes on neighboring Ca isotones. Within the present
theoretical description, the evolution of the observable
(i.e. theoretical-scheme independent) lowest-lying 1/2+

and 3/2+ states does qualitatively reflect the evolution
of the underlying non-observable (i.e. theoretical-scheme
dependent) single-particle shells. As such, the energy gap
between the two shells decreases from 4.81MeV in 43K to
2.39MeV in 47K, which is about 50% reduction. Adding
4 neutrons in the ⌫2p

3/2 causes the energy di↵erence to
increase again to 4.49MeV.

FIG. 6. (color online) Upper panel: energy di↵erence between
the lowest 1/2+ and 3/2+ states obtained in 43�51K from ab
initio Gorkov-Green‘s function calculations and experiment.
Lower panel: ⇡d

3/2 and ⇡s
1/2 e↵ective single-particle energies

in 43�51K.

B. Even-A

The configuration of the even-K isotopes arises from
the coupling between an unpaired proton in the sd shell
with an unpaired neutron. Di↵erent neutron orbits are
involved: starting from 38K where a hole in the ⌫1d

3/2

is expected, then gradually filling the ⌫1f
7/2 and finally,

the ⌫2p
3/2 for 48,50K.

In order to investigate the composition of the ground-
state wave functions of the even-K isotopes, we first com-
pare the experimental magnetic moments to the empiri-
cal values. Based on the additivity rule for the magnetic
moments (g factors) and assuming a weak coupling be-
tween the odd proton and the odd neutron, the empirical
magnetic moments can be calculated using the following
formula [53]: µ

emp

= g
emp

· I, with

g
emp

= g(j⇡)+g(j⌫)
2

+ g(j⇡)�g(j⌫)
2

j⇡(j⇡+1)�j⌫(j⌫+1)

I(I+1)

, (5)

where g(j⇡) and g(j⌫) are the g factors of the nuclei with
an odd proton or neutron from the corresponding orbit
and I the total spin. The calculations were performed
using the measured g factors of the neighboring isotopes
with the odd-even and even-odd number of particles in j⇡
and j⌫ , respectively. For the empirical values of unpaired
protons, results from Table III were used. The g factors
for the odd neutrons were taken from the corresponding
Ca isotones [54–57]. The obtained results with the list of
isotopes used for di↵erent configurations are presented in
Table VI.
A comparison between the experimental and empiri-

cal g factors is shown in Fig. 7. For 38K, the empirical
value calculated from 39K and 39Ca provides excellent

J. Papuga, et al., PRL 110, 172503 (2013); PRC (2014), submitted.  
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discussed by Smirnova et al. in Ref. [11], where a degen-
eracy of the ⇡2s

1/2 and ⇡1d
3/2 levels is predicted to occur

at N = 28 and returns to a ”normal” ordering (⇡2s
1/2

below ⇡1d
3/2) approaching N = 40 (Fig 1(c) in Ref. [11]).

The reordering of the orbitals is driven by the monopole
part of the proton-neutron interaction, which can be de-
composed into three components: the central, vector and
tensor. Initially Otsuka et al. [12] suggested that the
evolution of the ESPEs is mainly due to the tensor com-
ponent. However, in more recent publications [11, 13, 14]
several authors have shown that both the tensor term as
well as the central term have to be considered.

Regarding the shell model, potassium isotopes are ex-
cellent probes for this study, with only one proton less
than the magic number Z = 20. Nevertheless, little
and especially conflicting information is available so far
for the neutron-rich potassium isotopes. Level schemes
based on the tentatively assigned spins of the ground
state were provided for 48K [15] and 49K [16]. In addi-
tion, an extensive discussion was presented by Gaudefroy
[17] on the energy levels and configurations of N = 27, 28
and 29 isotones in the shell-model framework and com-
pared to the experimental observation, where available.
However, the predicted spin of 2� for 48K, is in contra-
diction with I⇡ = (1�) proposed by Królas et al. [15].
In addition, the nuclear spin of the ground state of 50K
was proposed to be 0� [18, 19] in contrast to the recent
� decay studies where it was suggested to be 1� [20].
The ground state spin-parity of 49K was tentatively as-
signed to be (1/2+) by Broda et al. [16], contrary to
the earlier tentative (3/2+) assignment from beta-decay
spectroscopy [21]. For 51K, the nuclear spin was tenta-
tively assigned to be (3/2+) by Perrot et al. [19].

Our recent hyperfine structure measurements of potas-
sium isotopes using the collinear laser spectroscopy tech-
nique provided unambiguous spin values for 48�51K and
gave the answer to the question as to what happens with
the proton sd orbitals for isotopes beyond N = 28. By
measuring the nuclear spins of 49K and 51K to be 1/2 and
3/2 [22] respectively, the evolution of these two states in
the potassium isotopes is firmly established. This is pre-
sented in Fig. 1 for isotopes from N = 18 up to N = 32
where the inversion of the states is observed at N = 28
followed by the reinversion back at N = 32. In addition,
we have confirmed a spin-parity 1� for 48K and 0� for
50K [26]. The measured magnetic moments of 48�51K
were not discussed in detail so far and will be presented
in this article. Additionally, based on the comparison
between experimental data and shell-model calculations,
the configuration of the ground-state wave functions will
be addressed as well. Finally, ab initio Gorkov-Green’s
function calculations of the odd-A isotopes will be dis-
cussed.
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FIG. 1. (color online) Experimental energies for 1/2+ and
3/2+ states in odd-A K isotopes. Inversion of the nuclear spin
is obtained in 47,49K and reinversion back in 51K. Results are
taken from [16, 23–25]. Ground-state spin for 49K and 51K
were established [22].

Continuous ion beam
from HRS

ISCOOL

Mirror

Laser

Electrostatic 
deflectors

Charge exchange 
cell 

Photomultiplier 
tubesPost-acceleration

voltage

Ions

Atoms

FIG. 2. (color online) Schematic representation of the setup
for collinear laser spectroscopy at ISOLDE.

II. EXPERIMENTAL PROCEDURE

The experiment was performed at the collinear
laser spectroscopy beam line COLLAPS [27] at
ISOLDE/CERN. The radioactive ion beam was produced
by 1.4-GeV protons (beam current about 1.7µA) im-
pinging on a thick UC

x

target (45 g/cm2). Ionization of
the resulting fragments was achieved by the surface ion
source. The target and the ionizing tube were heated to
around 2000 0C. The accelerated ions (up to 40 kV) were
mass separated by the high resolution separator (HRS).
The gas-filled Paul trap (ISCOOL) [28, 29] was used
for cooling and bunching of the ions. Multiple bunches
spaced by 90ms were generated after each proton pulse.
The bunched ions were guided to the setup for collinear
laser spectroscopy where they were superimposed with
the laser. A schematic representation of the beam line
for collinear laser spectroscopy is shown in Fig. 2.
A cw titanium:sapphire (Ti:Sa) laser was locked to the

4s 2S
1/2 ! 4p 2P

1/2 transition at 769.9 nm, providing
around 1mW power into the beam line. An applied
voltage of ±10 kV on the charge exchange cell (CEC)
provided the Doppler tuning for the ions, which were
neutralized through the collisions with potassium vapor.
Scanning of the hfs was performed by applying an addi-
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1/2 and ⇡1d
3/2 levels is predicted to occur
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1/2

below ⇡1d
3/2) approaching N = 40 (Fig 1(c) in Ref. [11]).
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ponent. However, in more recent publications [11, 13, 14]
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sium isotopes using the collinear laser spectroscopy tech-
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measuring the nuclear spins of 49K and 51K to be 1/2 and
3/2 [22] respectively, the evolution of these two states in
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sented in Fig. 1 for isotopes from N = 18 up to N = 32
where the inversion of the states is observed at N = 28
followed by the reinversion back at N = 32. In addition,
we have confirmed a spin-parity 1� for 48K and 0� for
50K [26]. The measured magnetic moments of 48�51K
were not discussed in detail so far and will be presented
in this article. Additionally, based on the comparison
between experimental data and shell-model calculations,
the configuration of the ground-state wave functions will
be addressed as well. Finally, ab initio Gorkov-Green’s
function calculations of the odd-A isotopes will be dis-
cussed.
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by 1.4-GeV protons (beam current about 1.7µA) im-
pinging on a thick UC
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target (45 g/cm2). Ionization of
the resulting fragments was achieved by the surface ion
source. The target and the ionizing tube were heated to
around 2000 0C. The accelerated ions (up to 40 kV) were
mass separated by the high resolution separator (HRS).
The gas-filled Paul trap (ISCOOL) [28, 29] was used
for cooling and bunching of the ions. Multiple bunches
spaced by 90ms were generated after each proton pulse.
The bunched ions were guided to the setup for collinear
laser spectroscopy where they were superimposed with
the laser. A schematic representation of the beam line
for collinear laser spectroscopy is shown in Fig. 2.
A cw titanium:sapphire (Ti:Sa) laser was locked to the
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around 1mW power into the beam line. An applied
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provided the Doppler tuning for the ions, which were
neutralized through the collisions with potassium vapor.
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�  What to did we learn about realistic chiral forces from ab-initio calculations ? 

!   Leading order 3NF are crucial to predict many important features that  
are observed experimentally (drip lines, saturation, orbit evolution, etc…) 

!   Experimental binding is predicted accurately up to the lower sd shell 
(A≈30) but deteriorates for medium mass isotopes (Ca and above) with 
roughly 1 MeV/A over binding. 

!   This hints to the need of more repulsion in  
future generations of chiral realistic forces. 
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