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(g-2)μ : theory vs experiment 

aμexp = (11 659 208.9 ± 6.3) x 10-10aμSM  = (11 659 184.0 ± 5.9) x 10-10 

present theoretical SM value 

BNL-E821 (world average)
0±63

E821 measurement of (g-2)μ (2009) 
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(g-2)μ: SM predictions & uncertainties

sensitivity of (g-2)μ experiments 

to various corrections

the various types of contributions 
to (g-2)μ 

in units 10-6 

aμ uncertainty in ppm 

experiments

theory corrections

QED
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hadronic VP determined 
by cross section 
measurements of 
e+e- -> hadrons 

hadronic vacuum polarization (VP)

    aμhad, LbL = (11.6 ± 4.0) x 10-10     

measurements of meson 
transition form factors 
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reduce uncertainty

hadronic light-by-light scattering (LbL)

QED
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with the photons might occur. According to quark-hadron duality, the (constituent) quark loop also models
the contribution to aµ from the exchanges and loops of heavier resonances, like π′, a′

0, f
′
0, p, n, . . . which have

not been included explicitly so far. It also “absorbs” the remaining cutoff dependences of the low-energy
effective models. This is even true for the modeling of the pion-exchange contribution within the large Nc

inspired approach (LMD+V), since not all QCD short-distance constraints in the 4-point function 〈V V V V 〉
are reproduced with those ansätze. Some estimates for the (dressed) constituent quark loop are given in
Table 12.

Table 12
Results for the (dressed) quark loops.

Model aµ(quarks) × 1011

Point coupling 62(3)

VMD [HKS, HK] [242,245] 9.7(11.1)

ENJL + bare heavy quark [BPP] [243] 21(3)

Bare c-quark only [PdRV] [294] 2.3

We observe again a large, very model-dependent effect of the dressing of the photons. HKS, HK [242,245]
used a simple VMD-dressing for the coupling of the photons to the constituent quarks as it happens for
instance in the ENJL model. On the other hand, BPP [243] employed the ENJL model up to some cutoff
µ and then added a bare quark loop with a constituent quark mass MQ = µ. The latter contribution
simulates the high-momentum component of the quark loop, which is non-negligible. The sum of these two
contributions is rather stable for µ = 0.7, 1, 2 and 4 GeV and gives the value quoted in Table 12. A value of
2 × 10−11 for the c-quark loop is included by BPP [243], but not by HKS [242,245].

Summary
The totals of all contributions to hadronic light-by-light scattering reported in the most recent estimations

are shown in Table 13. We have also included some “guesstimates” for the total value. Note that the number
aLbL;had

µ = (80 ± 40) × 10−11 written in the fourth column in Table 13 under the heading KN was actually
not given in Ref. [17], but represents estimates used mainly by the Marseille group before the appearance
of the paper by MV [257]. Furthermore, we have included in the sixth column the estimate aLbL;had

µ =
(110±40)×10−11 given recently in Refs. [298,41,43]. Note that PdRV [294] (seventh column) do not include
the dressed light quark loops as a separate contribution. They assume them to be already covered by using
the short-distance constraint from MV [257] on the pseudoscalar-pole contribution. PdRV add, however, a
small contribution from the bare c-quark loop.

Table 13
Summary of the most recent results for the various contributions to aLbL;had

µ × 1011. The last column is our estimate based on
our new evaluation for the pseudoscalars and some of the other results.

Contribution BPP HKS KN MV BP PdRV N/JN

π0, η, η′ 85±13 82.7±6.4 83±12 114±10 − 114±13 99±16

π, K loops −19±13 −4.5±8.1 − − − −19±19 −19±13

π, K loops + other subleading in Nc − − − 0±10 − − −

axial vectors 2.5±1.0 1.7±1.7 − 22± 5 − 15±10 22± 5

scalars −6.8±2.0 − − − − −7± 7 −7± 2

quark loops 21± 3 9.7±11.1 − − − 2.3 21± 3

total 83±32 89.6±15.4 80±40 136±25 110±40 105±26 116±39

77
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Aγ*γ transition amplitude 
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Aγ*γ transition amplitude 
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2
A)

2

mA �̃�� ⇤A

[MeV] [keV] [MeV]
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f1(1420) 1426.4± 0.9 3.2± 0.9 926± 78

 for 2γ decay widths Γγγ and dipole masses ΛA 

entering the FF, we use the experimental results 
from the L3 Collaboration.
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A→γγ transition FF:
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Two-dimensional representation
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dominating region
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...scalar and tensor mesons? f0, f2, a0, a2, etc.

experimental information is very limited!

light-by-light scattering
sum rules

Friday, January 17, 14



Sum rules
micro-causality

8

Friday, January 17, 14



Sum rules

dispersion 
theory

micro-causality

8

Friday, January 17, 14



Sum rules

dispersion 
theory

unita
rityLETs

micro-causality

8

Friday, January 17, 14



Sum rules

imaginary part of the amplitude - 
photon-photon fusion into leptons 

and hadrons:
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Meson production

 the SRs hold separately for channels of given 
intrinsic quantum numbers: isoscalar and isovector 
mesons, cc states

 input for the absorptive part of the SRs: γγ-

hadrons response functions, can be expressed in terms 
of γγ→M transition form factors

9
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Meson production

 the SRs hold separately for channels of given 
intrinsic quantum numbers: isoscalar and isovector 
mesons, cc states

 input for the absorptive part of the SRs: γγ-

hadrons response functions, can be expressed in terms 
of γγ→M transition form factors

isoscalar light quark states:

the contribution of η, η’ 

is entirely compensated by 
f2(1270), f2(1565) and f2’(1525)

9
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Meson production in γ*γ collision: TFF

at finite Q12 the SRs imply information on 

meson transition form-factors: 

10
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Scalars and tensors: results

Meson pole contribution to the muon’s (g-2)

Vladyslav Pauk and Marc Vanderhaeghen

Institut für Kernphysik, Johannes Gutenberg Universität, Mainz D-55099, Germany

(Dated: October 28, 2013)

A. Scalar mesons

m
M

�
��

a
µ

(⇤
mono

= 1 GeV) a
µ

(⇤
mono

= 2 GeV)

[MeV] [keV] [10�11] [10�11]

f0(980) 980± 10 0.29± 0.07 �0.19± 0.05 �0.61± 0.15

f 0
0(1370) 1200� 1500 3.8± 1.5 �0.54± 0.21 �1.84± 0.73

a0(980) 980± 20 0.3± 0.1 �0.20± 0.07 �0.63± 0.21

Sum �0.9± 0.2 �3.1± 0.8

TABLE I: Scalar meson pole contribution to a
µ

based on the present PDG values [1] of the meson masses (m
M

) and their 2�

decay widths �
��

.

B. Axial-vector mesons

m
A

�̃
��

⇤
A

[MeV] [keV] [MeV]

f1(1285) 1281.8± 0.6 3.5± 0.8 1040± 78

f1(1420) 1426.4± 0.9 3.2± 0.9 926± 78

TABLE II: Present values [1] of the f1(1285) meson and f1(1420) meson masses m
A

, their equivalent 2� decay widths �̃
��

,

defined according to Eq. (??), as well as their dipole masses ⇤
A

entering the FF of Eq. (??). For �̃
��

, we use the experimental

results from the L3 Collaboration : f1(1285) from Ref. [6], f1(1420) from Ref. [7]. Note that for the f1(1420) state, only the

branching ratio �̃
��

⇥ �
KK̄⇡

/�
total

is measured so far, which we use as a lower limit on �̃
��

.

contribution of the narrow scalar resonances

contribution of the narrow tensor resonances

11

2

C. Tensor mesons

m
M

�
��

a
µ

(⇤
dip

= 1.5 GeV)

[MeV] [keV] [10�11]

f2(1270) 1275.1± 1.2 3.03± 0.35 0.79± 0.09

f2(1565) 1562± 13 0.70± 0.14 0.07± 0.01

a2(1320) 1318.3± 0.6 1.00± 0.06 0.22± 0.01

a2(1700) 1732± 16 0.30± 0.05 0.02± 0.003

Sum 1.1± 0.1

TABLE III: Tensor meson pole contribution to a
µ

based on the present PDG values [1] of the meson masses (m
M

) and their

2� decay widths �
��

.
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Dispersion approach

hadronic sector:
 vacuum polarization in g-2

12

e+

e-

π+

π-

e+e- - production of hadrons

dispersion relations

⇧(q2)�⇧(0) =
q2

⇡

1Z

0

ds
Im ⇧(s)

s(s� q2)
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Dispersion approach

hadronic sector:
 vacuum polarization in g-2

q2=-Q2

k=0

(k+q)2=p2<0the hadronic state has negative invariant mass: 
NO dispersion relation can be written!!
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Scalar theory

F (q2) =
1

⇡i

Z
q0dq0

q02 � q2
DiscF (q02)

Dispersion relations
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Scalar theory

Discontinuity

F (q2) =
1

⇡i

Z
q0dq0

q02 � q2
DiscF (q02)

Generalized unitarity
(Cutkosky rules) 2DiscMif =

X

n

MinM⇤
nf

Dispersion relations
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Scalar theory

Discontinuity

DiscF (q02) = Disc2F (q02) + Disc3F (q02)

Im
⇥
Disc2F (q02)

⇤
=

Z
d�2M1!2M⇤

2!2

Im
⇥
Disc3F (q02)

⇤
=

Z
d�3M1!3M⇤

3!2

F (q2) =
1

⇡i

Z
q0dq0

q02 � q2
DiscF (q02)

Generalized unitarity
(Cutkosky rules) 2DiscMif =

X

n

MinM⇤
nf

Dispersion relations
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Scalar theory

2-body cut

3-body cut

Discontinuity

DiscF (q02) = Disc2F (q02) + Disc3F (q02)

Im
⇥
Disc2F (q02)

⇤
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d�2M1!2M⇤

2!2

Im
⇥
Disc3F (q02)

⇤
=

Z
d�3M1!3M⇤

3!2

F (q2) =
1

⇡i

Z
q0dq0

q02 � q2
DiscF (q02)

Generalized unitarity
(Cutkosky rules) 2DiscMif =

X

n

MinM⇤
nf

Dispersion relations

m

M

m

M
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Scalar theory

2-body cut

3-body cut

Discontinuity

DiscF (q02) = Disc2F (q02) + Disc3F (q02)

Im
⇥
Disc2F (q02)

⇤
=

Z
d�2M1!2M⇤

2!2

Im
⇥
Disc3F (q02)

⇤
=

Z
d�3M1!3M⇤

3!2

F (q2) =
1

⇡i

Z
q0dq0

q02 � q2
DiscF (q02)

Generalized unitarity
(Cutkosky rules) 2DiscMif =

X

n

MinM⇤
nf

Dispersion relations

Wick rotation:
 space-like region

m

M

m

M
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Discontinuity

Im part of discontinuities * 100

m = 0.1
h = 0.2
mM = 1.0
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Discontinuity

Im part of discontinuities * 100
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Discontinuity
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LbL discontinuity
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T T T
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T  - time-like 
information

S  - time-like 
information
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...towards a model independent evaluation
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π0γ*γ* transition FF

Analytical continuation using dispersion formalism:

e+e- colliders
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π0γ*γ* transition FF

Analytical continuation using dispersion formalism:

e+e- colliders

17

π0γγ transition FF 

in the time-like region
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Figure 4: Single off-shell π0 meson transition form factor in the low |q2| region from SND [15]
and CMD-2 [16] data on the reaction e+e− → π0γ and CELLO data on the reaction e+e− →
e+e−γ∗γ∗ → e+e−π0 [17].

Figure 5: Contributions to the pion transition form factor. Wavy lines denote real or virtual
photons.

• Another process involving the pion transition form factor is a very rare direct dilepton
decay π0 → e+e−. Two photons emitted in this process convert to a dilepton by
lepton exchange, see Fig. 34c in Ref. [6]. The pion transition form factor enters the
corresponding “QED loop”; see, e.g., Ref. [14].

Available data on |Fπ0(q2, 0)| for low |q2| values are presented in Fig. 4. For theoretical
calculations of the pion form factor see, e.g., Refs. [18–21] and references therein. The
models either use strict vector meson dominance [22] (right diagram in Fig. 5), or, as, e.g.,
in Ref. [20], include point interactions in addition (the left diagram in Fig. 5). For a review
on vector mesons and their interactions, see also Ref. [23]. In Ref. [1] the two-photon data
on the production of pseudoscalar mesons (π0, η, η′) [24] was used to model the transition
form factors needed in the evaluation of aLbL,hadµ .

In Table 1 we list the information on the branching fractions of π0 decays together with
the corresponding theoretical predictions. The branching ratios largely follow the naive
scaling as 1 : αQED : α2

QED : α2
QED/(4π)

2, where the factor (4π)2 is present since in the
Standard Model the leading contribution to π0 → e+e− appears at one loop. Note that
between the most accurate calculation for π0 → e+e− and the corresponding experimental
value there is a more than 3σ discrepancy. For asymptotically large virtualities there are
QCD constraints on the pion transition form factor, see, e.g., Refs. [14, 31, 32]. These might

6

e+

e-

X

𝝲

Q2

CMD-2
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• Another process involving the pion transition form factor is a very rare direct dilepton
decay π0 → e+e−. Two photons emitted in this process convert to a dilepton by
lepton exchange, see Fig. 34c in Ref. [6]. The pion transition form factor enters the
corresponding “QED loop”; see, e.g., Ref. [14].

Available data on |Fπ0(q2, 0)| for low |q2| values are presented in Fig. 4. For theoretical
calculations of the pion form factor see, e.g., Refs. [18–21] and references therein. The
models either use strict vector meson dominance [22] (right diagram in Fig. 5), or, as, e.g.,
in Ref. [20], include point interactions in addition (the left diagram in Fig. 5). For a review
on vector mesons and their interactions, see also Ref. [23]. In Ref. [1] the two-photon data
on the production of pseudoscalar mesons (π0, η, η′) [24] was used to model the transition
form factors needed in the evaluation of aLbL,hadµ .

In Table 1 we list the information on the branching fractions of π0 decays together with
the corresponding theoretical predictions. The branching ratios largely follow the naive
scaling as 1 : αQED : α2

QED : α2
QED/(4π)

2, where the factor (4π)2 is present since in the
Standard Model the leading contribution to π0 → e+e− appears at one loop. Note that
between the most accurate calculation for π0 → e+e− and the corresponding experimental
value there is a more than 3σ discrepancy. For asymptotically large virtualities there are
QCD constraints on the pion transition form factor, see, e.g., Refs. [14, 31, 32]. These might
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light-quark states are dominating: 
π0, π+ π- , η , η’, a1 ...

direct calculation in field 
theory does NOT give 

needed precision!
need of experimental input

dispersion relations

estimates based on data:

allow to incorporate 
non-perturbative information in terms of 

on-shell information -
can be measured in experiment!

model dependence

time- and space-like 
data are needed

Friday, January 17, 14



Thank you!
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