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2-flavor NJL model + QED at finite baryon density and with magnetic field B∥ 𝑧

It favors the formation of an inhomogeneous chiral condensate 

Mean-field Lagrangian

Complex mass term

Frolov, et al PRD82,’10
Tatsumi et al PLB743,’15

Magnetic Dual Chiral Density Wave Model

ത𝜓𝜓 = 𝑚 cos 𝑞𝜇𝑥𝜇 , ത𝜓𝑖𝜏3𝛾5𝜓 = 𝑚 sin 𝑞𝜇𝑥𝜇 , 𝑞𝜇 = 0,0,0, 𝑞
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LLL mode is Asymmetric 

Performing the chiral local transformation

The MF Lagrangian acquires a constant mass term plus a 𝛾3𝛾5 term

For 𝐴𝜇 = 0, 0, 𝐵𝑥, 𝑜  the corresponding fermion spectrum is

Chiral Transformation & Asymmetric Spectrum



Adding a Magnetic Field: MDCDW Phase

I. E. Frolov et al, PRD 82 (2010) 076002



7

The anomaly makes the 
MDCDW solution energetically 
favored over the homogeneous 
condensate 

Topology emerges due to the LLL spectral asymmetry & to the axion term.

Anomalous baryon 
number density

Feng/EJF/Portillo PRD 101 (2020) 056012

Stability of the MDCDW Phase



EJF & Incera, PLB’ 2017; NPB’ 2018
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Key observation: the fermion measure is not invariant under UA

𝜃=𝑚𝑞𝑧
𝜅 = 2𝛼/𝜋𝑚

The effective MF Lagrangian acquires an axion term:

Integrating out the fermions, we find the electromagnetic effective action in the 
MDCDW model 

Axion Term
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Anomalous charge

Anomalous Hall current  
⊥ to both B and E

EJF & Incera, Phys.Lett. B769 (2017) 208; Nucl.Phys. B931 (2018) 192

Anomalous Hall conductivity

QED in MDCDW is Axion QED
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Anomalous 
magnetization

Anomalous 
polarization

Magnetoelectricity
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MDCDW Symmetry-Breaking Pattern

Explicit Symmetry Breaking by the Magnetic field

Spontaneous Symmetry Breaking by the Inhomogeneous Condensate

𝑺𝑼𝑽 𝟐 × 𝑺𝑼𝑨 𝟐 × 𝑺𝑶 𝟑 × 𝑹𝟑 → 𝑼𝑽(𝟏) × 𝑼𝑨(𝟏) × 𝑺𝑶(𝟐) × 𝑹𝟑

𝑼𝑽(𝟏) × 𝑼𝑨(𝟏) × 𝑺𝑶(𝟐) × 𝑹𝟑 → 𝑼𝑽(𝟏) × 𝑺𝑶(𝟐) × 𝑹𝟐

MDCDW Single-Modulated Density Wave Ansatz

Thus, the most relevant fluctuations of the condensate at low energy come from 

the two Goldstone Bosons: A pion and a phonon.
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Phonon Low Energy Theory

Phonon Fluctuation Field 𝑢(𝑥)

Low-Energy 
Theory:

Isospin and translation transformations are locked

𝑀 𝑧 → 𝑒𝑖𝜏𝑀 𝑧 + 𝑢 𝑥 = 𝑒𝑖 𝜏+𝑞𝑢 𝑥 𝑀(𝑧)

𝑀 𝑥 = 𝑀 𝑧 + 𝑢 𝑥 ≈ 𝑀0 𝑧 + 𝑀0
′ 𝑧 𝑢 𝑥 +

1

2
𝑀0

′′ 𝑥 𝑢2 𝑥
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Photon-Phonon Axion Electrodynamic at 𝑩 ≠ 𝟎

Here we assume that a linearly polarized electromagnetic wave with electric 
field parallel to the background magnetic field B0 propagates in the MDCDW 
medium

Taking now into account the contribution of the anomalous photon-phonon 

interaction 
𝜅

4
𝜃𝐹𝜇𝜈

෨𝐹𝜇𝜈 , the axion-electrodynamic/phonon equations are:
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Linearized Field Equations

EJF & Incera, Nucl.Phys.B 994 (2023) 116307
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Hybridized Propagating Modes

𝑃2 = 𝑣𝑧
2𝑝𝑧

2 + 𝑣⊥
2𝑝⊥

2
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Primakoff Effect as a Mechanism to Increase the Star Mass 

H. Primakoff, Phys. Rev. 81 (1951) 899;
EJF & Incera, Nucl.Phys.B 994 (2023) 116307

B

𝜸
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1
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The Missing Pulsar Problem

• Theoretical analysis predicts at least 103 active radio pulsars in a distance of 10 pc 
of the Galaxy center.

• However, these numbers have not been observed.

• This paradox has been magnified by the observation of magnetar SGR J1745-29 by 
the NuSTAR and Swift satellites. 

• These observations revealed that the failures to detect ordinary pulsars at low 
frequencies could not be simply due to strong interstellar scattering but to an 
intrinsic deficit produced by other causes. 

• On the other hand, the Milky Way galactic center is a very active astrophysical 
environment with numerous 𝜸-ray emitting point sources.



18

Missing Pulsar Problem in Galactic Center & Axion Polaritons

Chandrasekhar limit

We find that

This means that if just 10−10 % of the photons reaching the star interior have energy 0.4 −
1 MeV, they will generate enough number of axion polaritons to produce the NS collapse into a 
black hole.

Each GRB energy output: 1056 ~1059 MeV

Photons’ energy range: 0.1 – 1 MeV

Photons produced in each event:

EJF & Incera, Eur.Phys.J.C 84 (2024) 2, 133

For the range of 𝛿′𝑠~ 0.4 𝑀𝑒𝑉 considered



Summary:

• The electromagnetism in the MDCDW phase of quark matter 
at intermediate densities is modified by anomalous effects 
giving rise to hybridized modes called axion polaritons.

• The anomalous photon-phonon interaction in the presence of 
B in the MDCDW phase gives a mechanism through the 
Primakoff effect to produce polaritons from incident photons.

• The anomalous photon-phonon interaction in the presence of 
B in the MDCDW phase, produces a new mechanism to 
increase the mass of quark stars.
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