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Outline

@ Exploring the phase diagram of QCD:
Critical behavior in the limit of vanishing light quark masses

@ Calculating the equation of QCD state at non-zero temperature
and chemical potentials:
Taylor expansions & Conserved charge fluctuations

@ Constraining the location of the critical point
resumming Taylor expansions
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Strongly interacting matter in the '70s and early '80s

HRG~1964

Phase diagram of QCD

LGT~1980

Rolf Hagedorn:
Hadron resonance gas,
ultimate temperature?

- v

N. Cabibbo, G. Parisi,
: Phys. Lett. 59B (1975) 67
Mike Creutz

— the physics/thermodynamics of strong interaction matter is described by the
theory of strong interactions — Quantum Chromo Dynamics (QCD)

— understanding highly non-perturbative/collective effects like phase transitions
requires the application of numerical techniques — lattice QCD
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40 years of lattice QCD thermodynamics:

the first direct evidence for the existence of a thermal phase
transition in SU(Nc) gauge theories from lattice calculations
has been presented at a conference in Bielefeld

Statistical Mechanics of Quarks and Hadrons
ZIF, Bielefeld, August 1980 (organizer H. Satz)

B. Svetitsky and L. McLerran, PLB 98 (1981)
J. Kuti, J. Polonyi and K. Szlachanyi PLB 98 (1981)

- 2020/21: speed increased
| by 10*, i.e. a
factor 2 every year

1980/81:
first lattice calculations of the EoS

J. Engels, FK, |. Montvay, H. Satz,
PLB 101 (1981)
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Deconfinement & Chiral Symmetry Restoration

OS5—————— 1
a) SU(S) @ deconfinement and chiral symmetry restoration
TYy: o | are closely related in QCD
O4F Ew e W J. Kogut et al., PRL 50 (1983) 393
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The chiral PHASE TRANSITION temperature

R. D. Pisarski, F. Wilczek,
Remarks on the chiral phase transition in chromodynamics,

Phys. Rev. D 29 (1984) 338(R)

Abstract:
The phase transition restoring chiral symmetry at finite temperatures is

considered in a linear o model. For three or more massless flavors, the
perturbative e expansion predicts the phase transition is of first order.
At high temperatures, the UA(1) symmetry will also be effectively restored.

— since 35 years it is understood that critical behavior in strong-interaction matter
is due to chiral symmetry restoration

— the chiral phase transition of QCD at vanishing values of the light quark masses
puts severe constraints on the structure of the phase diagram at physical values

of the quark masses

— deconfinement transition ?
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Phases of strong-interaction matter
determination of TC0 puts an upper limit on TCEP

~ Hl/,B(S

H=ml/ms

- 1
chiral physical
limit

TCEP

Tpc > TCO > Ttric > TC’EP

hierarchy of (pseudo-)
critical temperatures

HB

Random Matrix A. Halasz, A.D. Jackson, R.E. Shrock, M.A. Stephanov,
Model J.J.,M. Verbaarschot, Phys. Rev. D58 (1998) 096007

QCD M. Stephanov, Phys. Rev. D73 (2006) 094508
NJL M. Buballa, S. Carignano, Phys. Lett. B791 (2019) 361
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Phases of strong-interaction matter

— volume dependence of chiral susceptibility puts strong bounds on the
possible existence of first order transitions in the QCD phase diagram

— chiral order parameter: M = 2 M (P) — my(PaP) )

i
my = (M, + mg)/2
(BM n oM )
_ . . ags . M p— m
chiral susceptibility: X s o, omy
chiral limit Nf=2 pure
< Ny = 2 gauge
AN
4L
Z
E
= hys.poi . .
gt - ﬁﬂgmt R 2" order chiral phase transition
S in (2+1)-flavor QCD?
s " 1% order chiral phase transition
= in 3-flavor QCD?
|
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Phases of strong-interaction matter

— volume dependence of chiral susceptibility puts strong bounds on the
possible existence of first order transitions in the QCD phase diagram

[ms <’(E¢>l — my <Q:E¢>s]

my = (Mqy + myg)/2

— chiral order parameter:. M — y
Tk

_ o oM oM
— chiral susceptibility: xpz = mgs | —— +
Om,, omy
450 (2+1)-flavor QCD | 3-flavor QCD
i - N-32 - 1000 | y=mg xat/ ik Mm No
400 | D o Ne=40 o~ | L 2o 0 27 32
] nl"’ .w‘n Ng=56 - 200 %@@ N=8 27 24
a0 | gy \ 800 ¢ : 40 32 =
4 \ 200 ; 40 24 -
. \ . 60 40
P \ w L B
o 029 % o
250 | of Nt \\ﬁ | 500 o 0l f
7 - : 400 F 2% et
200 | ,f m/m =80 \. | ¥ 0e® " 5
f 300 [ o i *
5 | | | - T[MeV] 500 L T[MeV] = * * % «
135 140 145 150 155 160 165 170 110 120 130 140 150 160 170

HotQCD, PRL 123 (2019) 062002

Sipaz Sharma et al., Lattice 2021

— no hint for 1% order transition down to m, = 55 and 80 MeV, respectively.
— no 1% order phase transition for: [Ny < 6 F. Cuteri et al., arXiv:2107.12739

F. Karsch, Erice, 42™ course, September 2021 8



Critical behavior in QCD

@ close to the chiral limit thermodynamics in the vicinity of the
QCD transition(s) is controlled by a| universal scaling function

singular / regular

p . o .
T4 — VT3 In Z(V, T, ji) = —h(? )/B(sff (t/hl/ﬁé) — fr(V, T, [i)
4 T — T. L 2
A <?q>
Pseudo-critical temperatures g h o~ "";;q )
response functions @ magnetic mixed thermal
nd
2" order cumulants 921n Z 921n Z 92nz 8*InZ
Oh? dh ot ot2 Oug
(" O(4) critical ) (ml)1/5—1 (ml>(ﬁ—1)/ﬁ5 (ml)—a/ﬁ6
exponents ~ [ — ~ [ — ~ [ —
a = —0.21 T, ﬁ T ﬁ T. ﬁ
8= 0.38
~ —0.79 ~ —0.34 ~ +0.11
\ 0= 482 )
divergence: strong moderate none
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Scaling in the thermodynamic (infinite volume) limit

- approaching the chiral limit - some definitions
— order parameter M and its susceptibility
M = h'Y%fg(2) + four(T, H)
xv = hg 'R L (2) + faun(T, H)

for ANY fixed z:

Tpe(H) = T? (1 + zﬂl/ﬁ‘s) + sub leading

<0
Xﬁaw ~ H1/6—1
. _ 0 700 ———— T
conventional steps to determine 1’ Au "o
600 | ',f’
— choose a characteristic feature of x s 500 | N8 ‘f’
maax /
— the maximum X, 400 | ¥ .
— in the scaling regime this is located at 300 | ',f i
Zp = 1.5 A o
— using the scaling ansatz for Ty (H) 200 1 o z
allows to extract T, L -
B =
A. Lahiri et al, QM 2018, arXiv:1807.05727 | _ T [MeV]
H.T. Ding et al, arXiv:1903.04801 130 135 140 145 150 155 160 165 170 175 180
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Chiral PHASE TRANSITION temperature

700 - : :
An III"...'\‘R mg/m; | m,, [MeV]
600 ¢ ld' \ 20 [160 =
¥
500 | N=8 ‘f \\ 27 | 140 o~
/ \ 40 (110 o
400 | ﬁf’ P 80| 80 —- R
J 2 ¥ 160 | 55 ~- \':‘;<
300 [ " . & \\? J Y—
-‘& _..---"@ """"" ,@_ Sx\“
200 o __ Pt ~e
& @’6@ © = B Hg =
100 — @ %E Sc! (Ol o
=8 T [MeV] T 2151050051 15 2
0 A 0.00 ' ' ' '
130 135 140 145 150 155 160 165 170 175 180 2 -1 0 1 o 3

Z=t/h1/l38
Teo ~ Ts temperature at which
X M reaches 60% of its maximal value
Hx Ix (%)
——— = ——=—— + regular
M fg(z)
1/5 , 2=0 = Ts

~ 0.5 , z=2,
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Finite size scaling functions of the 3-d, O(4) spin model

M = hl/éfG(zazL)_l_.fsub(TaHvL)
xm = hg'hY°7 (2, 20) + feun(T, H, L)

a universal
ratio for each z:

volume dependence controlled by z; ~ 1/(m?2"<L) , 2v, ~ 1

™

: . . H 1
define zs(zr) as the value 2 for given zr, at which ( XM) ==
z5(zL)

z5(2L)

Ts(H,L) =T (1+
<0

Hl/B‘S) + sub leading

zs ~ 0 = weak H-dependence of T5 even at finite H and/or L
— almost perfect estimator for T, inthe imit H — 0, L — oo
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Finite size scaling functions of the 3-d, O(4) spin model

V =13
1/6 = (Nga)?
M = h'°fc(z,2L) + fsur(T, H, L)
—1,1/8—1 3
XM ho 'R £ (2, 20) + Fsun(T, H, L)
Hx fx(z,zL) + sub lead; ) quark mass dependence arises
= sub leading i
M fo(z, z1) ! only as a finite volume effect (+s.l.)
Ts(H,L) =T, (1 + zslzr) Hl/f’5>
. 0 <0
lim Ts(L) =T, J
L—oc0 - 2 6
/ finite volume effects ~ 1/V* = 1/L
1 . . 0 ' ' . ' . . . .
fx(z,zL)/fG(z,zL)
08 | -0.2 e z5 o
fita*z, b=5.82 —
0.4 |
0.6 -0.6 0
| -0.25
04 | 08| -05F
' - -0.75 t
- T o0
<2l : qol125F R w
0 | 4t 1/B3 | 0.0 — » 0 01 02 03 04 2.
y 05 0 05 1 15 0 01 02 03 04 05 06 07 08 09
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Chiral PHASE TRANSITION in (2+1)&3-flavor QCD

use a novel observable for the determination of the chiral PHASE TRANSITION
TEMPERATURE, which in the infinite volume limit correspondtoz ~ 0, i.e. in the
scaling regime they have almost no quark mass dependence

Ts(H,L) = T? (1 + Mﬂl/ﬁ‘s) + sub leading

<0
Hx 1
—C— == = T
M 0
(2+1)-flavor QCD 3-flavor QCD
1.0 . . . . . . . 0.90
| HooM @
0.9 [ M p » 0.80 |
0.8 | p ]
i} 0.70 |
07 | =12 ﬂj _
o6} M™% 74 - 0.60 |
[# ’ﬂ@ ND=4B —]
0.5 | @,ﬂ Nyg=60 ~&~ | 0.50 | =
0.4 1 /4 Ng=72 = ] 0.40 _31: """""""""""""" Y i Sice H=1/40,N_=24
0.3} v o) g - e T G H=1/40,N;=32
02 | == E—"‘—“' s _ 0.30 ks H=1/60,N =40 +&m
Sl T [MeV] H=1/80,N =32 r&m
0.1 ' ' ' ' ; ' ' ' L SR 3 g
125 130 135 140 145 150 155 160 165 170 110 115 120 Egl it o
HotQCD, PRL 123 (2019) 062002 Sipaz Sharma et al., Lattice 2021
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T [MeV]

Finite size & and quark mass scaling

Ts(H,L) =T (1+ Mﬂl/ﬁ‘s + sub leading
<0

(Ty(H, L) /TO — 1) H=V/9 — ¢, =118 = #0)

<0
v
- m < I\
leading regular term 2L = ZLo 5 T
T \my N,
ve =v/36

150 - - - - - - 150 . . .

Lﬂ_ﬂ_ S m/m=80 : filled .

<60 a0 “"“‘““’~r-r-:.—,—;—=———.=____ T —— mg/m;=80
145 o140 0 © 127 41160 RN s S ———

1/40 .,.,_ - i -'_"_'_‘__——E:_______

140 | o 127 L I = 140 T F—

s 1/40 N:=ﬁ —— e ik ) ‘

- - 8 @ 'ﬁ;‘;« =3 . h‘.’ﬁh N,=6 &
135 | 12 - - — 135 | . N=8 -

' _ R N_=6, 8, 12 -

I N.=6.8, 12 40 B gy . e \.‘ N=12 -5~

: B3 S : 5

[ [N/N(mg/m,)"/P] . NN Hmﬁh“..
125 . r{ ovs . . 125 . . (N/Ng) .

60 05 10 15 20 25 30 35 0.000 0.005 0.010 0.015 0.020

z5(zr) for O(4) from
J. Engels, FK, Phys. Rev. D90 (2014) 014501
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Chiral PHASE TRANSITION temperature
(2+1)-flavor QCD

AT ~ 25 MeV

A. Lahiri et al,
| , , arXiv:2010:15593
0] \ 0.01 0.02 0.03 0.04
chiral limit extrapolations physical masses
T° = 13215 MeV TPMY® = (156.5 & 1.5) MeV
H.-T. Ding et al [HotQCD], A. Bazavov et al [HotQCD],
arXiv:1903.04801 arXiv:1812.08235
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The chiral PHASE TRANSITION temperature
- evidence for a 2" order transition in the chiral limit-

In the thermodynamic limit:

for ANY fixed z2 24 ~ (H — H,) fa(2)
XM Fx(2)
55 80 90 110 140m,, [MeV]
"~ oN) I | |
O(N)+reg

Min@T,

0.08

0.07
0.06
0.05
0.04 ¢
0.03
0.02
0.01 f

0.00

suppose there occurs a 1% order transition for H < H,.

M(T,H) ~ (H — H.)'° fc(z) (M is “almost” an order parameter)
x(T, H) ~ (H — H)'° 7' £, (2) + ...

700
== | boundon H §

500

Z(2)@H,=1/120
Z(2)@H,=1/160
Z(2)@H,=1/240

red: continuum extrap. |

400
300
200

100

blue: Nt=8 only
5] ANTPEN N \
M\{b NS Na v my/mg

A. Lahiri et al, QCD&HRG, Wroclaw 2020, arXiv:2010.15593

M ||||Ill...ﬁ mg/m, | m_ [MeV]
'lf’ \ 20 (160 =~
f’ ¥ 27 [140 &~
N.=8 / \
/ \ 40 [ 110 o~
’ﬁ gty \v 80| 80 —&—
) 4 2 N 160 | 55 ~5~
" X BN
¥
e _@--@""@ T ;
. o o 8“
o &9 ] = = Bo.g
o @ gE =3 =
GRS T [MeV]
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Chiral observables in QCD

| _ OP/T ) ) _
— chiral condensate: (Y1), = oy /T (V)1 = ((Y)u + (P2P)a)/2

— chiral order parameter: M = fi‘l M (Y)Y — my(Py) ]
K

my = (Mmy + mg)/2

(8M + BM)
. L —m :
— chiral susceptibility: XM \om, © omy, magnetic
oM 0°P/T* :
— mixed chiral susceptibility: xy =T —— ~ T / mixed
oT 0T O0m,
4
" T2 O3P/T
2
8/rn'qal’l')( pux =0
2(’92P/T4
— conserved charge fluctuations: Xx = T EYE thermal
Hx lux=0 X =1, §,...
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Pseudo-critical temperature at non-zero up
universal scaling relations determine curvature of the crossover line

2
HB)
— + ...
rB=0 ( T

O*M(T, puB) s\’ pe\*
T2 =0 : Tpc(“B) = Tpc 1 — K2 (f) — K4 (E) —I— coo

— universality relations also relate derivatives with respectto I' and U B

In Z(V,T, i) ~ _h(z—a)/ﬁ5ff(t/h1/,86)

— KL B-dependent shift of maxima in susceptibilities
1 0?°M
20(uB/T)?

oM
M(T, p5) = M(T,0) + — (T — T.) +

T3

o

Y

d(up/T)2 ~ 8T

FK et al., arXiv:1009.5211
T20*M/0p%
2TOM /0T

numerator and denominator
diverge in chiral limit;
=) regular terms drop out

:>,4122

T.(0)
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Phases of strong-interaction matter

2 4
U B HB

T, =T,.|1— — — — + ...
pe(i5) i KZ(T) M(Tc)

phase diagram at 175

[ T |\h Irl T T T T T : _I_II r\:L .I v' T -l'
ohysical values of {70 _Tpc[lli,‘v] Crossover l:};p,gf{rﬂg
the quark masses 165 | s @ | STAR:

freeze-out: STAR @ {arXiv:1701.07065

160 ALICE - 1 A.Andronic et al.,
e L TSN N | Nature 561 (2018)

- R R
I[[ T R N SR R R R g ]
::':_" _________________________________________________________ —
s R R 32]

-------------------

o
--------------------------
-------------

[

| ng =10, ::—f; =04 + +’_

1p [MeV]

0 50 100 150 200 250 300 350 400
T,. = (156.5 + 1.5) MeV T, = (158.0 & 0.6) MeV

kg = 0.012(4) A Bazavovetal [HotQCD], k2 = 0.0153(18) g gyrsanyi et al

_ Phys. Lett. B795, 15 (2019), . 0
— 0.000(4 — 0.00032(67) arXiv:2002.02821
o (4) L Xiv1812.08235 o (67) arXiv
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Critical behavior and higher order cumulants
- towards the chiral limit -

critical behavior in chiral observables: derivatives of the chiral condensate

oM 1 92M we\?
1.4 :
k=0.0147 T?0°M/dp3,/2T.0M /0T | |
N . 0.020 H=1/27
i« A— ! 1/40 B8
— — W |
1_H_1/27 0.018 ?ﬁ o
A B
08 | 0.016 i %
2 2 N
-0.5 d°M/d(ug/T)° M 0014 | E
0.6 r -« TdM/dT | &
0.4 | 0.012 |2
T [MeV]
I ‘ ‘ ‘T [MGV] 0.010 | \ | \ \ |
0'2130 o pr e = T 135 140 145 150 155 160 165 170

Mugdha Sarkar (HotQCD), Lattice 2021

T?0°M /0u%
Ko ™~

T —T, :

C
curvature of crossover line only mildly (not) dependent on H
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Crossover, chiral phase transition at g = 0
and the (tri)-critical pointat g > 0

T . / crossover
(156.5 +1.5) MeV T, 4" “s..

13212 MeV T

.
A

» (TE,uE) § the critical point is

likely to be located at
T < 130 MeV

a possible tri-critical point
will show up only at

T < 135 MeV

UB

Note: T () drops by about 10 MeV between
pup = 0 and 400 MeV
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Energy-like observables in the chiral limit

— does the Polyakov loop play any role in characterizing deconfinement
in the chiral limit ?

T . +
— heavy quark free energy Fy(T, H) = —TIn(L) = —— lim In(P;FPy)

2 |&—g|—oo

— Polyakov loop is blind to chiral rotations =) energy like observable

— expect: F,(T,0) ~ at|(T — T.)/T.)|* ™ + reg
OF,(T,H)/T 1 O(P
7 OF(TH)/T _ 1 9(P)
oT (P) T

~ —AH(_a)/ﬁ‘sf}'(z) + reg

a < 0 = notdivergent; cusp

OF (T,H)/T
OH o

1 8(P)

~ —AH(ﬁ_l)/B‘Sfé(z) + reg divergent

(L) 8H
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Energy-like observables in the chiral limit

— does the Polyakov loop play any role in characterizing deconfinement
in the chiral limit ?

T . +
— heavy quark free energy Fy(T, H) = —TIn(L) = —— lim In(P;FPy)

2 |&—g|—oo

— Polyakov loop is blind to chiral rotations =) energy like observable

. 1—
— expect: Fy(T,0) ~ay|(T —T.)/Te)| ™™ + reg
0.18 — .
1.2 FLen(T) i 016 | 0.08 [
0.07
1 | 4 0.14 +
0.06 |
0.8 | é,-lé' i 0.12 0.05 | _
-,-!‘ 0.10  0.04
%o " * HISQ, cont. _ 0.08 1 H=1/160 ~v~ |
- stout, cont. aram : H__.=1/27
i _ (] ’ il 006 | P max 1/80 &~
. ; SUE) - 140 o ]
s SU(2) 0.04 | 1
-I-SU(N) i 1/27 ==
¢ 0.02 r 1/20 ~o~
& | TMev T MeV]
150 200 250 300 350 400 450 500 550 600 0.00 110 120 130 140 150 160 170 180
P. Petreczky, arXiv: 2011.01466 D.A. Clarke et al, PRD 103 (2021) L011501
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Energy-like observables in O(N) spin models

3.5F E =
C ¥120 ;
0 96 %
3.0F BT -
72
x 48 )&\i/
> e
36 1@ 0 Sk
2.5k g ><+ - O \‘x% ]
X I Y
> |
o8
2.0k o i
A |
O x& |
e |
g
1.5 Xpﬁl | |
-::i'-:ixgz( |
) -><:f\><\ | J
S |
1.0fF ~ 1 / T -
| | | I | | 1
0.44 0.45 0.46 0.47

Specific heat in the 3d, O(2) spin model,
A. Cucchieri et al, J. Phys A 35 (2002) 6517
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Energy-like observables in the chiral limit

— Polyakov loop is blind to chiral rotations =) energy like observable

7 : : :
a(Fq/T )/oH H=1/27 &~
6 1/40 6~
1/80 A
St 1160 o

4 i Ol
Gl e hatched : w/o 1/27

3 L

(X2 * K
........

solid : w 1/27

—2v

s
L

5 QCDw 1/27 —
O(2) spin model ------

o
S

-0.005

-0.01

0.01

D.A. Clarke et al, arXiv:2008.11678
— H-derivative is a mixed susceptibility
OF,(T,H)/T
OH -

1 8(P)
- (P) 6H

~ —AHP-D/Pfl.(2) + reg

— T-derivative behaves like specific heat in O(N)
spin models

- dF,(T,H)/T
° oT

~ —AH(_O‘)/B‘Sf}'(z) + reg

Specific heat in the 3d, O(2) spin model,
A. Cucchieri et al, J. Phys A 35 (2002) 6517
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Critical behavior in conserved charge cumulants
- Energy-like observables in the chiral limit -

0.0 ‘E T T T
00 CEIZ’IB N,c=8 H=1/27 &=~
04} O 1/40 &~
i
0 1/80 ~o-+ @
O ©

5 M

-1.8 1

T = = - Ay
130 135 140 145 150 155 160 165 170 175 180

0.0 ‘E T T T
Cylo il H=1/27 B
T
OFsin & 80 @0~ B
2.0 F @C)E g
© > H160 -
o &
3.0+ & > g =
$ S
03 ®
4.0+
g o &%
5.0+ ¢

6.0 ——— —
130 135 140 145 150 155 160 165 170 175 180

_ 9*p/T*
~ Omd(pp/T)?

(YY)
O(up/T)?

~ —AHB-V/B§1(2) | reg

>
Cz,B ~

mixed derivative;
divergent in chiral limit

_ *P/T*
~ 9mid(ug/T)?

A (Y);
O(nqQ/T)?

2,Q

~ —AHBE-V/B§1(2) | reg

mixed derivative;
divergent in chiral limit
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-(hoh) P2 1(2)(2)

Critical behavior in conserved charge cumulants
- Energy-like observables in the chiral limit -

— conserved charge cumulants are energy like observables

— fourth order cumulants will develop a cusp in the chiral limit, which becomes
self-evident only at VERY small quark masses

0
-0.2 |
0.4 |
-0.6 |
0.8 |

1 hgh=1 ——
2f 98—
S
-1.6 —

5 -4-3-2-1 012 3 45
Zo(T-T)/T,

B. Friman, FK, K. Redlich V. Skokov,
Eur.Phys.J.C 71 (2011) 1694

0.12

0.1

0.08 |

0.06 |

0.04 1

0.02

0

huge deviations from HRG
= deconfinement !?

continuum est.
Ni=6 A
8 H=
12 &
QMHRG2020 - - -

A m =

. . LR\
non-interacting
quarks

T [MeV] .

120 140 160 180 200 220 240 260 280

HotQCD preliminary
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Exploring the phase diagram of strong-interaction matter
with Tavior expansion of the QCD partition function

Quark-Gluon Plasma

Critical
1
W Point?

Temperature (MeV)
2

50 Color
Vacuum Superconductor

i 1L 1 I i 1 1 ' 1 i i 1 i i i N i 1
0 200 400 600 800 1000 1200 1400 1600

Baryon Chemical Potential - u,(MeV)
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QCD equation of state,critical behavior and the CEP

- Taylor expansion -
: P
Taylor expansion of the QCD pressure: T1 = Qs LS)
s - ; )
Z X295 (1) nQ Hs
v]vkv Xijk T T
\_ 1,7,k=0 )

cumulants of net-charge fluctuations and correlations:

XBQS az’—|—j—|—kP/T4
E ~ 1 ~ 7 ~
“ O’z O il O

mB,Q,s=0
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Equation of state of (2+1)-flavor QCD: pup/T > 0

A(T,pp) _ P(T,pp) — P(T,0) _ xF (NB)2+ X5 (u3)4+ X6 (u3)6+
T T4 2 \ T 24 \ T 720 \ T

(10-30)% contribution to total
pressure at pup/1T = 2

L T I
[ ng=0, np/ng=0.4
0.6 [ NS o/NB

stout HISQ

[P(T,up)-P(T,0)/ T
Bues I-S3g°

9

4

130 170 210 250 290 330 370 140 160 180 200 220 240 260 280
T [MeV]

—> The EoS/pressure is well controlled for pp/T" < 2
or equivalently vsnn 2 11 GeV

C—> convergence of expansions for higher order derivatives
increasingly worse
F. Karsch, Erice, 42™ course, September 2021 31




Up to 8" order cumulants are used frequently

— Taylor expansion - o
0.2 8 | / 0.1 . =]
0.18} A 3
X3 -
cont. axtr. =
016 T qumpGeoz0 — 0.08 1 8-
talk by n
0.14 . . .
Jishnu Goswami i o
0.06

012} —h
cont. est. Wl 8

0.1 My =6 R
0.04 8 EM c
0.08 | 12 ren o
PDGHRG =— )]
0.06F 0.02 QMHRG2020 — | @)
0.04 T[MeV] o
l:] DE [ 1 1 T EMBv] L > 1-IIID |1'I5ﬂ L 1IEJ L ﬂ I I I I I g
7935 140 145 150 155 160 165 170 175 130 140 130 160 170 =
: -
D. Bollweg et al. (HotQCD), arXiv:2107.10011 5 @
e .B . _Spline:N, = & s 1.5 IE T, =156.5(1 5?ﬂin$ - 2

L T,. = 156.5(1.5) MeV ] . = . ) =

0.15 } 12 o 1 PDGHRG — ol

PDGHRG — QMHRG2020 —
0.1 ¢ QMHRG2020 — - =
1 <
0.05 k
0 | N
s
-0.05 } c
—
01 } P % : o
l : 28
015 ¢ T[Mev] ol T [MeV] s
0.2 - - , - : o b , . . , )
130 140 150 160 170 130 140 150 160 170 =.
7

A. Bazavov et al. (HotQCD), Phys. Rev. D 101 (2020) 074502, arXiv:2001.08530
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Up to 8" order cumulants are used frequently
- imag. chem. pot. extrapolations -

o

0.30F

0.25F
0.20 ¢
0.15}
0.10
0.05

0.00

0.05

0.00

—0.05

—0.10 }

—0.15}F

135

160 185

210

T/MeV
iy i
{f }1IEIiid
}H
135 lﬁqg/higii 210

0.10 F

0.08 +
0.06 |
0.04 |

0.02

0.00

0.3
0.2
0.1
0.0

=0.1}
=02
—-0.3}F

—0.4

III
iy
it
LESREE
135 160 185 210
T/MeV

P

.

H

HH— [

it ]

13155 lfli[] léE Ziﬂ
T/MeV

S. Borsanyi et al. , JHEP 10 (2018) 205, arXiv:1805.04445
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note: Xg is a
constrained

| fit parameter
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Critical behavior and higher order cumulants

_T%[liizv] " crossover line: @[Hf&}

ALICE
..... Tt e ; y .

ng = 0, %4 = 0.4

constant: € _
s B |
freeze-out: STAR = |

e i
e

i [MeV]

0 5

0 100 150 200 250 300 350 400

— many 8" order cumulants turn negative for
T— >, (140 — 145) MeV
— higher order cumulants will continue to "oscillate"

at even lower T, if convergence of Taylor series is
limited by a complex zero

Toep < 140MeV , uSFP > 400MeV

F. Karsch, Erice, 42™ course, September 2021 34




170
165
160
155
150
145

Critical behavior and higher order cumulants

.T#ine‘u"] |

crossover line: O(uj;)
constant: €

s E |

freeze-out: STAR = |

+++++++++

— many 8" order cumulants turn negative for
T— >, (140 — 145) MeV

— higher order cumulants will continue to "oscillate"
at even lower T, if convergence of Taylor series is
limited by a complex zero

140 +
135

0 ol 100 150 250 300 350 400

200

Exploit analytic structure of scaling functions:
M. A. Stephanov, hep-lat/0603014

— using input on non-universal parameters

Toep < 140MeV , uSFP > 400MeV

M—/

Lee-Yang edge zeroes
uses L-QCD input

. : 160+
(T, K2, 20) allows to estimate the radius 7|
of convergence deduced from universal
. ) : — 1501
properties of O(4) scaling function 2
S. Mukherjee, V. Skokov, arXiv: 1909.04639 = 1404
fc (Z) ~ (Z — Zc)a , Zc¢ complex =
1304
—p Taylor expansions will not allow to 120 , : | .
reach the CEP, if 5P > 400 MeV 0 200 400 600 800
—» Taylor series needs to be resummed M [MeV]
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Resumming Taylor series

— conformal mappings V. Skokov, K. Morita, B. Friman, arXiv:1008.4549
M. Giordano et al., arXiv:2004.10800
G. Basar, arXiv:2105.08080
— partial resummation S. Modal, S. Mukherjee, P. Hegde , arXiv:2106.03165

— Pade resummation F. Karsch, B.-J. Schaefer, M. Wagner, J. Wambach ,
Phys. Lett. B 698(2011) 256, arXiv:1009.5211

a simple example:

— Taylor series for a relativistic Fermi gas as function of chemical potential
— radius of convergence controlled by an imaginary zero at p./T = @7
— series expansions in real it break down at ¢

5

— diagonal Pades, P[nn], have no m/T=0.5: ngjjeex[gg — .
problem avoiding this singularity 4l {gg% — :
.. . (88 — ‘
— phase transitions are signaled 3 | Series [4] - - o
. \
by (stable) zeroes in Pade T Vo
. o \
approximants 5| L
v !
[ !
1 B 1 1 17
[ !
0 ‘ Lt
0 1 2 3 4 5 6

wT
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Resumming Taylor series

cn = X2 /n!

Pade resummation
Cn2 = Cn/Co

P(T, NB)/T4 — P(Ta 0)/T4 + P2 (T’ m) » L= “B/T HotQCD preliminary:

thanks to
Py (T, x) = c2(T)x? + c4(T)x* + c6(T)xz® + cg(T)x® Jishnu Goswami,
Anirban Labhiri,...

(c2, — ce2)x? + (022 — 2c42C62 + Csz) x?

Pl4,4](x) = c2
’ (c2, — ce2) + (cga — cq2Ce2)x2 + (C35 — Ca2cga)x?

— possible location of (positive) pole of the [4,4] Pade within current errors on
ce = X& /720, cs = x5 /40320

2.0 ‘ | 2.0 ‘ |
Im[ug/T] Im[ug/T]
15 - 15 T = 145 MeV =1
- T=156 MeV © E

T = 145 MeV * xBorg.err. 4
1.0 | T =135 MeV 2 1.0 [ XE halferr. ¥ =

T =125 MeV ©
0.5 = NT=8 0.5 [ NT=8 =
0.0 0.0

Rel[lJB/T] ‘ | Re[l-"«B/T] |
0 1 2 3 4 0 1 2 3 4
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Pade resummation

2.0

1.5

1.0

0.5

0.0

Resumming Taylor series

Cr, = Xf/n!

Cn2 = Cn/C2

P(Ta .U»B)/T4 — P(T, 0)/T4 + P; (Ta CB) y L = NB/T HotQCD preliminary:

o 4 6 s thanks to

Py (T,x) = co(T)x* + c4(T)x™ + c6(T)x® + cs(T)x Jishnu Goswami,
Anirban Labhiri,...

(c2, — ce2)x? + (022 — 2c42C62 + Csz) x?

Pl4,4](x) = c2
’ (c2, — ce2) + (cga — cq2Ce2)x2 + (C35 — Ca2cga)x?

— possible location of (positive) pole of the [4,4] Pade within current errors on
ce = X& /720, cs = x5 /40320

e ' within current errors poles on the
I e real axis (critical point) are possible
T =156 MeV = onIy for
SRR s E T < 135MeV , pug/T > 2.5
T =125 MeV © ] o ) .
- s higher statistics will sharpen the constraint
NB: HRG poles of [4,4] Pade at
e T)Poles = £5.45 4 2.09
0 1 2 3 4 (/T) o ) )
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Conclusions

@ close to the chiral limit thermodynamics in the vicinity of the
QCD transition(s) is controlled by a| universal scaling function

singular / regular

p 1 — — =
i = s MZ(V, T, i) = —hC=Pf (2 /1/E0) — £ (V, T, fi)

Tt ... What we learned so far ahout the CEP in QCD
2 T from lattice QCD calculations:

1) the critical temperature is below Tc=132 MeV

II) curvature of the chiral critical line suggests an
even lower bound

lIl) the corresponding critical chemical potential
s likely to be above 400 MeV

—_» Taylor expansions need to be
resummed in order to reach CEP
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