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Motivations

e CKM quark mixing, meson mixing, massive neutrino mixing (and
oscillations) play a crucial role in phenomenology;

e Theoretical interest: origin of mixing in the Standard Model;

e Bargmann superselection rule*: coherent superposition of states
with different masses is not allowed in non-relativistic QM,;

e Necessity of a QFT treatment: problems in defining Hilbert space
for mixed particles’; oscillation formulas®;

*V.Bargmann, Ann. Math. (1954); D.M.Greenberger, Phys. Rev. Lett. (2001).
TC.W.Kim and A.Pevsner, Neutrinos in Physics and Astrophysics, (Harwood,
1993). C.Giunti, J. Phys. G (2007).

M.Beuthe, Phys. Rep. (2003).



Prelude



Neutrino oscillations in QM *

Pontecorvo mixing relations
|ve) = cosOlvy) + sinf |ve)
|v,) = —siné |v1) + cosf |ve)
— Time evolution:
Ve (t)) = cos @ e 1t 1)) + sinf e 2t 1y)
— Flavor oscillations:

AFE
Pueﬁug(t) = |<V6|Ve(t)>|2 = 1 —sin®20 sin’ (2t> = 1_Pl/e*>l/p.(t)

— Flavor conservation:
| (Velve)* + [vulre®)* =1

*S.M.Bilenky and B.Pontecorvo, Phys. Rep. (1978)




Mixing of neutrino fields
— Mixing relations for two Dirac fields
ve(z) = cosfuv(xz) + sinf vo(x)
v,(x) = —sinbvi(z) + cosb v(z)

vy, vy are fields with definite masses.

— Mixing transformations connect the two quadratic forms:

L = ﬂl(i@—ml)Vlﬂ-Dg(ia—mg)l/g
and
L = 0.0 @—m)ve+v, (i P—mu)vy — Mey (Devy + Uyve)
with

2 .2 .2 2 .
Mme = my cos” 0 +masin® 0, my, = msin” 0 + macos™ 0, me, = (M2 —ma)sin cos 6.



— v; are free Dirac field operators:

eik»x

vi(e) =Y — |up(t)of, + v, (0B, [, i=1,2
%; \/V [ k k k k ]

— Anticommutation relations:

{2 (@), v () e = 0% (x — ¥)0apdis s {0t 0l } = {Bici, B} = 6% (k — q)dre0i;

— Orthonormality and completeness relations:
—i -t i -t
uii(t) = e ui 5 vi(t) = e i wke = /R2+m?

rt rf s rf rack T3 Tk _
ul”uk2 ViV = Ors 5 Uy 00 ki=0 E (ukzukl—i—v o Z) 0ap -

r

— Fock space for vy, vs:

Hoo={al,, 81, 10..}

~ Vacuum state [0), , = |0); ® |0)2.



Rotation

— Pontecorvo mixing can be seen as arising by the application to the
vacuum state |0)q 2 of the rotated operators:

R(O)™! o " R(O) = cosé)agl +sint9ag2,
R(O)! o IR(O) = cos@ozf:f2 — sin@agl,

and similar ones for ﬁ]'(TZ

— The generator R(0) is

R(0) = exp {‘9 Z {(0‘122042 + 51731&2,2) - (afgaﬁg + 51:[2517;,1)] }7

k,r

The above unitary operator leaves the vacuum invariant:
R(0)[0)1,2 = |0)1,2



Consider the action of the rotation on the field 1, for example:

R™Y(0)v1(x)R(0) = cos O vy (x)
: dgk 1k-x T r r r
+sin 6 Z / —— e (ak,z ug 1 (t) + 5kT2 ’U_k,l(t)) ;

e Problem in the last term in the r.h.s. which appears as the

[43

expansion of the field in the “wrong” basis.



Bogoliubov transformation

— We can recover the wanted expression by means of a Bogoliubov

transformation:
o cosOr s alt — ¢ sin® ; B"
ak =cos Ok, g ; — € sinOx; By ;.
L T o r —
By =c08Ok; [, + € sinOk; oy, 1=1,2,

with &', = B,

3

Lo, )ale (0;), etc..

— Generator

Bi(©; {Z/ d’k ekz [akzﬁ—kq_ﬂ kzakz]}



Let us see this for the field 1.

5 (©2) R (6) v1(x) R(0) B2(©2) =

= cosOv(x +s1n92/ lkx dfczuk 1t )+B£T2 v’;kJ(t))

— cosOm(z —l—stZ / e (af, iy (1) + 511y D4 (1))

where
Ty 1(t) = cos O 2 uy 1 (t) + € sin Ok 2 v"y 4 (),

0y (t) = cos Ok 2 vl (t) — € sinOk o U 1 (t).

10



For
ék,2 =cos™! (uﬂTQ(t)uﬂl(t))
the above Bogoliubov transformation implements the mass shift
Am = mg — my

such that a, , (t) = uf ,(t) and o7, (t) = v" ) ,(t).

e The action of By '(©) R~'(#) produces the desired transformation
(rotation) of the field v;.

— Similar reasoning for vy, using By *(61) R~(6).

11



Generator of fermion mixing



Neutrino mixing in QFT
e Mixing relations for two Dirac fields

ve(x) = cosfv(xz) + sinf vy(x)

v(x) = —sinfvi(z) + cosb va(x)

vi(z) = Gy'(t) vi(w) Go(t)
vi(e) = Gg'(t) vs(x) Go(t)
— Mixing generator:

Galt) = exp |0 [ @x (vma) ~ i)

42 o o . . I _ L« d o — .,
For ve, we get Joz ve' = —vg with ic. vZ|,_, =", J5ve !9:0 =

fM.B. and G.Vitiello, Annals Phys. (1995)
12



e The vacuum |0), , is not invariant under the action of Gy(t):

0())e = Gy () 10),

e Relation between |0), , and |0(t)).,,: orthogonality! (for V' — o0)

3 . 2
fﬁ In (1—s1n29|Vk|2) _

. . |4
Vlgnoo 1,2<0‘0(t)>€,ll = Vlgnoo € 0
with
Vil = D 1o uis P#0 for my #my

13



Quantum Field Theory vs. Quantum Mechanics

e Quantum Mechanics:

- finite § of degrees of freedom.

- unitary equivalence of the representations of the canonical
commutation relations (von Neumann theorem).

e Quantum Field Theory:

- infinite f of degrees of freedom.

- 0o many unitarily inequivalent representations of the field algebra <
many vacua .
- The mapping between interacting and free fields is “weak”, i.e.

representation dependent (LSZ formalism)*. Example: theories with
spontaneous symmetry breaking.

*F.Strocchi, Elements of Quantum Mechanics of Infinite Systems (World
Scientific, 1985).

14



e The “flavor vacuum” |0(t)).,, is a SU(2) generalized coherent state!:

0, = H {(1 —sin? 0 |Vi|?) — € sinf cos O |Vi| (oy, T T Ty iTk,l)
k,r

+ € sin® 0 [ Vie| Ui (O‘k 1 TTk,l - O‘lrjz ) + sin’ ¢ |Vk|20‘k 1 er 20‘£T2 1/10): 5
e Condensation density:

e {00100 e = e (O()| BBk i10()) e,y = sin® 0 [Vicl?
vanishing for m; = ms and/or § = 0 (in both cases no mixing).
— Condensate structure as in systems with SSB (e.g. superconductors)

— Exotic condensates: mixed pairs

— Note that [0)e, # |a)1 ® |b)2 = entanglement.

TA. Perelomov, Generalized Coherent States, (Springer V., 1986)
15



Condensation density for mixed fermions

1 - 10 100 1000
Log|k|

Solid line: mj = 1, mg = 100; Dashed line: mj = 10, mg = 100.

- Vk = 0 when m; = ms and/or 6 = 0.

)2
- Max. at k = \/72 with Viae _> fOI’ (ma—my )" — 00.

mima2

- VA)? ~ % for k> /mims.
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e Structure of the annihilation operators for [0(¢))e,,:

Olee(t) = cos O af, -+ sind (U (t) oy te Vict) 875 )
g, (t) = cosf oy o — sin 6 (Uk(t) o —€ VA(t) BiTkﬁl)
Blie(t) =cost By +sinf (Uk( ) Bl o€ VA(t) oy 2)

52k,u(t> =cosf By 5 —sinf (Uk( ) B- ka1te V() oy 1)

e Mixing transformation = Rotation + Bogoliubov transformation .
— Bogoliubov coefficients:
Uk(t) = “Ij,zulrc,l glwr2we)t Vi(t) = €" uﬂlvr—k,z gl(wratwr)t

[Ukl” + [Vi* =

17



Decomposition of mixing generator *

Mixing generator function of my, me, and 6. Try to disentangle the
mass dependence from the one by the mixing angle.

Let us define:

R(0) = exp {03 [(aihiokn + BT Ba ) e — (ofhpokey + Blasi, Jem | |,
k,r

B;(©;) = exp { Z O,i € {O‘Liﬁck,ieiiq&ki - 5Tk,i041j7‘,ei¢k’i] }7 i=1,2
k,r

Since [By, B2] = 0 we put

B(@l, @2) = Bl (@1) BQ(@Q)

*M.B., M.V.Gargiulo and G.Vitiello, Phys. Lett. B (2017)

18



e We find:
Gy = B(©1,05) R(0) B *(01,0,)

which is realized when the Oy ; are chosen as:

(Pr,1+Pk,2)

Up = e Wk cos(Ok1 — Ok 2); Vk=e p sin(Ok1 — Ok2)

The B;(Ox;), i = 1,2 are Bogoliubov transformations implementing a
mass shift, and R(0) is a rotation.

— Their action on the vacuum is given by:

|6>172 = B_l(@l7 ©2)]0)1 2 H [COS Ok, + € sin O, 1‘)‘sz }|O>

k,ri

R7Y0)|0)12 = [0)12.

19



Bogoliubov vs Pontecorvo

Bogoliubov and Pontecorvo do not commute!

& %20

~
As a result, flavor vacuum gets a non-trivial term:

0)e,e =Gy t|0)12 = [0)12 + [B(mi,ma), R7(0)] [0)12

e Non-diagonal Bogoliubov transformation

d3k g 9 T T T i
I+ 6a /7 Vi Zfr (O‘kT1 —k,2 +ak]:2 Tk,l)] 0)1,2,

= :
e enf 2

2
with q = (m2=m1)”
- mimso

20



Currents and charges for

mixed fermions



Currents and charges for mixed fermions *

— Lagrangian in the mass basis:

L = Uy (Z @—]\/[d)l/m

where v, = (v1,15) and My = ( mp 0 )
O mao
e [ invariant under global U(1) with conserved charge Q= total charge.
— Consider now the SU(2) transformation:

/T
vy, = €%y,

. j=1,2,3.

with 7; = 0;/2 and o; being the Pauli matrices.

*M. B., P. Jizba and G. Vitiello, Phys. Lett. B (2001)

21



The associated currents are:

0L = ia Uy, (1, Mglvm = —a; 0 ij
Jf:h] = Upy Tj Vm
— The charges Q,, ;(t) = [ d*xJ), ;(x), satisfy the su(2) algebra:

[Qm,j (t)7 Qm,k(t)] = z'Ejkl Qm,l(t) .

— Casimir operator proportional to the total charge: C,, = %Q.

® (3 is conserved = charge conserved separately for v, and vs:

1

Q= 5@+ Qua = [Exl@n

Qe = %Q — Qm3 = /dgx Vg(a:) vo(x).

These are the flavor charges in the absence of mixing.

22



The currents in the flavor basis

— Lagrangian in the flavor basis:

E:Df(i@fM)uf

where V? = (Ve,vy) and M = ( e Men >

Mey My
— Consider the SU(2) transformation:

I oy

vy = €%y ; j=1,2,3.

with 75 = 0;/2 and o; being the Pauli matrices.

~ The charges Qy; = [ d*x J{; satisfy the su(2) algebra:

[Qri(1), Qru()] = i€ Qra(l).

— Casimir operator proportional to the total charge Cy = C

= %Q.

23



e ()y,3 is not conserved = exchange of charge between v, and v,.

Define the flavor charges as:

Qc(t)

5Q + Qralt) = [ Pxvl(x)n(a)

Qu(t)

fQ Qr3(t) /d?’xy x) vy (x)

where Q.() + Qu(H) = Q.

— We have:
Q.(t) = cos? 0 Q1 + sin® 6 Q4 + sin O cos 6 / d®x {1/?{1/2 + u;rul}
Qu(t) = sin® 0 Q1 + cos® 0 Qo — sin 6 cos O / d3x {1/1 vy + V;rl/l]

24



In conclusion:

— In presence of mixing, neutrino flavor charges are defined as

Qe(t)

/ Pxvi@v(e) 1 Qult) = / @ V() v (2)

— They are not conserved charges = flavor oscillations.

— They are still (approximately) conserved in the vertex = define
flavor neutrinos as their eigenstates

e Problem: find the eigenstates of the above charges.

25



e Flavor charge operators are diagonal in the flavor ladder operators:

1Qy(t): = /dgx s vi(2) v () =

Z/d?’ (0, Dateo (1) = B (0810 (), o= eop
Here = ... = denotes normal ordering w.r.t. flavor vacuum:
tAz= A — ¢, (0[A|0),,
e Define flavor neutrino states with definite momentum and helicity:
Meo) = il (0) [0)e,
— Such states are eigenstates of the flavor charges (at t=0):
2 Qo Vo) = Vo)

26



Neutrino oscillation formula (QFT)

— We have, for an electron neutrino state:

Qk,o’(t)

<1/£’e| Qo (t) =

Vie)

e Neutrino oscillation formula (exact result)*:

Oue(t) =1 — Uil sin®(20) sin® (L

2

Wk, 1

t) — | Vi|? sin®(26) sin (

Qi u(t) = |Us|? sin”(26) sin (W t) + |Vi|? sin®(26) sin (

- For k> /mimz, |Ux|?> — 1 and |Vi|? — 0.

*M.B., P.Henning and G.Vitiello, Phys. Lett. B (1999).

{oko (.0} + [{#, .08}

Wk,2 + Wk,1

2

Wk,2 + Wk,1

2

)
!

27



Lepton charge violation for Pontecorvo states!

— Pontecorvo states:

Vi) P cost [i1) + sinf [V o)

|V7i<$M>P = —sinf [V ,) + cosf |u7i(’2> ,
are not eigenstates of the flavor charges.

= wviolation of lepton charge conservation in the production/detection
vertices, at tree level:

P(Vkel : Qe(0) 1 [V} )p = cos? 0 4 sin? 0 + 2|Uy| sin®fcos? 6 < 1,

for any 6 # 0, k # 0 and for my # mo.

M. B., A. Capolupo, F. Terranova and G. Vitiello, Phys. Rev. D (2005)
C. C. Nishi, Phys. Rev. D (2008).

28



Other results
e Rigorous mathematical treatment for any number of flavors *

Three flavor fermion mixing: CP violation';

QFT spacetime dependent neutrino oscillation formula®;

Boson mixing?;

e Majorana neutrinos¥;

*K. C. Hannabuss and D. C. Latimer, J. Phys. A (2000); J. Phys. A (2003);
fM.B., A.Capolupo and G.Vitiello, Phys. Rev. D (2002)

M.B., P. Pires Pachéco and H. Wan Chan Tseung, Phys. Rev. D, (2003).
§M.B., A.Capolupo, O.Romei and G.Vitiello, Phys. Rev. D(2001); M.Binger and
C.R.Ji. Phys. Rev. D(1999); C.R.Ji and Y.Mishchenko, Phys. Rev. D(2001);
Phys. Rev. D(2002).

9IM.B. and J.Palmer, Phys. Rev. D (2004)
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e Flavor vacuum and cosmological constant*
e Flavor vacuum induced by condensation of D-particles.

e Geometric phase for mixed particles?.

*M.B., A.Capolupo, S.Capozziello, S.Carloni and G.Vitiello Phys. Lett. A (2004);
TN.E.Mavromatos and S.Sarkar, New J. Phys. (2008); N.E.Mavromatos, S.Sarkar
and W.Tarantino, Phys. Rev. D (2008); Phys. Rev. D (2011).

fM.B., P.Henning and G.Vitiello, Phys. Lett. B (1999)
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Lorentz invariance



The issue of Lorentz invariance
— Canonical energy-momentum tensor for flavor fields:

Tpa’ — Dei'ypacrye - npaDe(i’yAa/\ - me)Ve
+  Uuip0svy, — npgﬂu(ify)‘(‘?)\ —my)v,

+ NpoMep(Vely + Vpve)
— Define momentum and Hamiltonian operators:
pPi= /d3x Y% H= /d3x 7%,
One finds: .
Plliq) = k'|vio),
but
Hl|vo) # Qe o|Vio)-

e This happens because: [H, Q] # 0.

31



Possible scenarios

e 1, and v, are not fundamental; the fundamental objects are v, and

*,
Vo

e v, and v, are fundamental but Poincaré invariance is broken
(es.nonlinearly realized! as in DSR¥) = modified dispersion relations;

e v, and v, are fundamental and Poincaré invariance is recovered in

the vertices.

*C. Giunti and C. W. Kim, “Fundamentals of Neutrino Physics and
Astrophysics,” (2007)

M. B., J. Magueijo, P. Pires-Pacheco, EPL (2005) ;

£J. Magueijo, L. Smolin, Phys. Rev. D (2003);
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Flavor mixing as a non-abelian gauge theory*

Let us return to the Lagrangian:

L = Ui @—me)vet+v, (1 D—mu)vy — Mey (Vely + Dple ).

The field equations:
i0ove = (—ta-V + fme)ve + Bmeuvy
0yv, = (—ia-V + pm,)v, + Bmeyve.
can be written compactly:
iDovy = (—iae - V + BMg)vy,

with vy = (ve,v,)T , My = diag(me, m,,).

*M. B., M. Di Mauro, G. Vitiello, Phys. Lett. B (2011)

33



e Non-abelian covariant derivative:
Dqg := 0y +ime, S 01,
with me, = % tan 20 dm and om :=m, — me..
e Gauge connection:
A, = %AZU“ = n,,,5m% € su(2),
with n# := (1,0,0,0)7, so that:
D,=0,+igBA,.

We define g = tan 20 as the coupling constant for the mixing

interaction.

e The equations of motion and the Lagrangian read:

(iv" Dy — Mg)vy = 0,
L= ij(i"yp'D“ — Md)l/f.

34



e Define a new energy-momentum tensor:
Tpg = l7fi’prgl/f — T]pgﬂf(i’y/\D)\ — Md)ljf.
e Momentum and Hamiltonian operators:
P [axio

= i/d3xu28iue+i/d3xult8iuﬂ

Pi(t)+ Pi(t), i=1,2,3

H(t) = / d*x T

= /d3x vl (—ic- V + Bme) ve + /d3x V): (—ioe- V + Bmy) v,

H.(t)+ H,(t).

This Hamiltonian does not generate time evolution.

35



Flavor fields in a different mass basis

— Flavor fields can be expanded also as*

d3k ~ g ar ik-x
@) = [ G 3 [ (Do (1) 4 27 g (OF 0] 5%, 0 =

with uy, , () = uj ,e”" " and v () = 0" ek,

—k,o

The spinor basis is defined by:

(—Oé -k + maﬁ)uﬁ,a = wk70u£,o’
(—OZ “k+ moﬂ)vzk,a = _wk,Uvik,a’

where wy , = /k? + m2.

*K. Fujii, C. Habe, T. Yabuki Phys. Rev. D (1999);

36



— Operators in different bases are connected by a Bogoliubov
transformation:

( B'a’ﬁ% ) =0 < ﬂ?ﬂi@) ) St

with generator:
() = TTexp i S €&, [all, (087, (1) + Blaco(Waico ()] 7
k.7 (0,5)

where (0,7) = (e, 1), (1, 2), },"j = (Xo — X;)/2 and
Xo = arctan(uq/|k|), x; = arctan(m,/|k|).

— New flavor vacuum:

0(E))ep = 7 H(1)[0(1)) e

37



— Momentum and Hamiltonian operators are both diagonalized:

Pa) = 3 [k (@, @0, () + B, (05 0)

q

—
~

N

> / @k wico (@3, (0 10 (1) = Fio () B ().

— Flavor charges remain diagonal ([Q,(t), J(t)] = 0):
= 3 [ k(0550 (0 - T, 1)

e The new flavor states

1764 (8)) = @i, (D]0(1)) ep

are locally eigenstates of a four momentum operator:

( 5 ) i (1) = ( e ) L (0),



Poincaré structure

Define the Lorentz generators:
M)"’( )= /d‘5 (TOPCC)\ — TO)‘:EP) 5 /d‘jxu O')\pr = Mé‘p(t) + ]\Zi‘p(t),

where o = — L[y, ~"].

Algebra of equal-time commutators of the generators (o,0’ = e, u).

(P PL] =0 5 (M PY) = ibeor (WP — o P2)
ML ML) = G500 (NP — o NIEP — oM + M)

e The Poincaré structure is preserved in the interaction vertices.

39



Physical picture (optical analogy)

e Flavor neutrinos are (locally) on-shell particles, with masses:

Me = my cos® 0 + mo sin? 0, m,, = ma cos? 0 + my sin? 0.

e Oscillations arise because of interaction with the external gauge
field.

e Lorentz symmetry breaking is due to the external field.

e The vacuum acts as a sort of refractive medium (“neutrino aether”)
with respect to neutrinos.

e Optical analogy: flavor neutrinos as polarizations of the light,
oscillations induced by birefringence™.

*C. Weinheimer, Prog. Part. Nucl. Phys., 64 (2010) 205.
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Phenomenological consequences

di

n [ 16 7 s

K(KeV)

The tail of the tritium [ spectrum for:
- a massless neutrino (dotted line);
- fundamental flavor states (continuous line);

- superimposed prediction for 2 mass states (short-dashed line):

We used me = 1.75 KeV, m1 = 1 KeV, ms =4 KeV, 0 = /6.

41



Thermodynamic analogy

Identify
F=H, T=g=tan20
and write
H—F =TS,
S = /dBXDfAOVf = %5m/d3x(1781/#+17#u6).

e [ is the energy that can be extracted from neutrinos through
scattering experiments.

e Each of the two neutrinos can be considered as an open (dissipative)
system.

42



Plot of expectation values on |ve(0)) of Fe(t), F,.(t) and 2T'S.(t), as
functions of dimensionless time 7" = (w2 — w1)t and § = 7/6. Scale on
vertical axis is normalized to w,.
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Dynamical generation of flavor

mixing



Dynamical generation of flavor mixing*

e The non trivial nature of flavor vacuum should result from the SSB
process and the Higgs mechanism in the Standard Model;

e We consider dynamical symmetry breaking in a toy model with two
flavors and quartic interaction term, as a generalization of Nambu and
Jona-Lasinio modelf;

e The approach of Umezawa, Takahashi and Kamefuchi for describing
mass generation using inequivalent representations® is suitable for our

purposes.

*M.B., P.Jizba, G.Lambiase and N.Mavromatos, J. Phys. Conf. Ser. (2014);
M.B., P.Jizba and L. Smaldone, work in progress;

Y. Nambu and G. Jona-Lasinio, Phys. Rev. (1961);

*H. Umezawa, Y. Takahashi and S. Kamefuchi, Ann. Phys. (1964)
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Dynamical mass generation and inequivalent reps.
Consider a free Dirac field (at finite volume V):

1 . rt ikex r r
P = Wi Z [uk ape”mT 4oy kae k } , ag|0) = b|0) =0
k,r

The same field operator can be expanded as

1 ik-x r r —ik-x
R DM G RO T ACRO AT P
k,r

with
o = cosVy al + sinvy e¥r bﬁk
By = costp by — sindy ek apl
and
.
u (¥, ¢) = wuy cosVy + v e ¥rsindy,

vp(9,¢) = vf cos, — u”y ek sindy .



The above is a Bogoliubov transformation, inducing inequivalent
representations for different values of the parameters (¢, ¢):

|09, @) = H [cos Oy, — ek sindy, apl 07 {]0)
k,r

with of [0(0,0)) = B¢ 09, ¢)) = 0.

46



V-limit for operator products

In the infinite volume limit, one has the following relations:

th{/d:cwa z) s (x } /d% Yo ()5 (2 /dsz (9, ¢),

Vet | [ (005005, (0)00la)| =
= iS,(0,9) / P by (@)s(@) : +iST5(0,0) / P fa(2)s ()
+ S (0.9) / Ew < Py (@)s(a) : + iST,(0, ) / & - fale)s(c)

—|—/d3m > STt W, ).

contractions

S;%(G, ) are free two-point Wightman functions evaluated in |0(6, ¢)):
iSas(9,9) = (009, 9)Yha(2)vs(x)0(9, 0)),

iSap(,0) = (0(0,9)[va(w)s(2)|0(3, ¢))
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We consider the following hamiltonian:

H = Hy+ Hiye s

Hy = [dxi(-iv-V + mu,

Huw = A [ [(50)° - (5r0)?]

In the lowest order in the Yang-Feldman eq. the V-limit of H gives:

V-lim [H] = Hy + ¢ — number.
with

Hy = Hy + 6Hy

SHo = [ & (100 + igiso)
where f, g depend on the set of parameters (1, ¢):
f=ACs, g =ACp.

48



i Jim (00, 0)l3(2)150(2) 00, 2))
2
(@)

/dgk sin 29 sin @y

Jim (009, )[4 (x)¢(2)[0(9, )

Wk

2
/d3k n cos 29, — ﬁ sin 29y, cos @ | -
(27T)3 Wi
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We then require that Hy has the form of a free Hamiltonian:
Z/d3kEk ot ol + 6L Bf;) W

with
Ex = VK2 + M2 ; W, = —2/d3kEk.

by fixing the Bogoliubov transformation parameters. One obtains:

. 1
cos 20y, B {wk + f;n]
k k

k 1
cosplk,r) = —f— 2 + f2(k2Jw?)

M? (m+ >+ ¢
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Two possibilities:

2 d*k
Cp,=0 M=m—-— ——M [ —
p ) m (27T)3 Ek 9
2\ d3k
m=0 e | E,

The second case is only allowed for A < 0.

51



Dynamical generation of flavor mixing

— We consider the following hamiltonian:

o = HO +Hmt

Hy = / d*x¥ (—iy'0; + Mo) ¥
with U7 = (w15¢11) and My = diag(mlamn)'

— The interaction Hamiltonian Hj,; can be assumed in the generic
form

Hinge = (’J)P,l/}) (,JJF/ w) )
where I" and IV are some doublet spinor matrices.
— The V-limit renormalization term dHg has the following structure

57‘[0 = 57‘[6 + 57{8 + 5Hlnix

= :fI 17/7)11#1 + fII 1;1177”11 + h (17/7)I¢II + /l/;IIwI) :
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Generalized Bogoliubov transformation

— We consider the 4 x 4 canonical transformation

A Co P ax 50 Pan
OB —S0Pp1  COPpn
t =
BA Co /\AI S0 >\AII
T
BB —S50 /\BI Co /\BII
where ¢y = cosf, sy =sinf and
Pab = COS Xa ; Xb, Aab = sin Xa — Xb

2

Co A S0 Aanr a,
—50 )\BI Co )\BII Ay
Co P 4x S0 Panr bj
—S0Pp1  COPp: b;

_ k
,  Xa = cCOt ! {—
b

la

]7 a,b=11I A, B.

Thus we have three parameters (6,m4, mp) to fix in terms of

(f1 Jis h) in order to diagonalize

the Hamiltonian.



Partial diagonalization

A possible representation is obtained by a partial diagonalization of
Hy, leaving untouched §H iz

7'_[0 = Z 1&0 (_i'Y'V + mo)wa + h('J}ewu + &uwe)-
o=e,u

Such a representation is obtained by setting

0 — 0,
ma — me = m, + f,
mp — m, = my+f,.

The vacuum is denoted as
10(0 = 0,me,mp)) = [0)ep,
In this representation we have
O[O = 72/d3k (V2 + i+ m2),

since €7N<O|(5Hmix|0>e7u = 0.

54



Complete diagonalization

Another possibility is to require that H, becomes fully diagonal in
two fermion fields, ¥ and 5, with masses m; and ms:

7‘20 = Z 1[)](77/7V + mj)¢j.

j=1,2
The condition for the complete diagonalization is found to be:

_ 2
0 — 0 = tan_l[h},
my,

— M

1
My — M2 = B (me+mu:|:\/(mu —me)2+4h2),

where we introduced the notation m. = m; + f,, m, = m, + f,.

We set
|0(6,m1,m2)) = |0)1,2,

The vev of the Hamiltonian in this representation has the form:

1,2(0[Ho[0)1,2 = —2/d3k <\/k2 + mi + \/k2 + m%)
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Patterns of Dynamical Symmetry Breaking

Consider the Lagrangian

L= iy 0 + U, 9)

o lw] |
l/)II
U(v,) is assumed to be invariant under chiral transformations
U(Z)V X U(Q)AZ

where

g = (9795) 9

. «@ .
iwa T iwa T

g = € ) gs = € ) 01207172,3

so the entire Lagrangian is invariant as well.
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Chiral Symmetry Breaking

The vector and axial Noether charges are:

(e s, o
JM - '(P’Yu?l/’ 9
o U(Y
«
sz = ¢7u'757¢'
If we add a diagonal mass term
Ly = —mapyp

the conservation law of axial currents is explicitly broken:

o"Ie = 0,
Mg, = ipysmap,
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Isospin Symmetry Breaking

Adding a mass-shift term

Lan = — -Am 0

0 Amw

the isospin symmetry is broken to U(1)Y, x U(1)3, (the subscript
index indicates the generator)

0 _ LT3

I = 0 =0,
Am —

oM, = 71/’021/’7
Am —

o = -Gy
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Family lepton number nonconservation

Finally we add to the Lagrangian, an off-diagonal term

_To n
L, = —wlz O]w.

The current evolution are now
om0 = 0,
o J,ﬁ = ATm Poa1p,
3/&]3 = —%E [hos + Amoq] P,
M, = g Yoy,

Conservation of the total flavor charge QV.
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Order parameters

Dynamical generation of mixing occurs if*
U@2)y xU(2)a — UL},

at the ground state level. SSB is characterized by the existence of
some (quasi)-local operators ®; so that

(Q[[Q*(0), 2:(0)][2) = (') # 0,

on some dressed vacuum. ¢ are called order parameters. We look at
order parameters of the form t;; + ¢4 with i, j,k,1 =L IL

*M. Blasone, P. Jizba, L. S., in preparation (2017).
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Patterns of SSB

Symmetry Group

Mass Term

Order Parameter

Broken Charges

U2)y xU(2)a m=0
U(Z)V m#0; Am =0 (EIUI +auqun> #0 Q5
Uy xU(1)3 m#Z0;, Am#£0 (@IU, :N:E”L&II) Z£0 QY Q2
m#0; Am#0 (Iﬁﬂb] + &1#”11) #0 ’ :
U(1 0 . - cr: 1: Z: 3
Wy h#0 ot + Bty £0 | 2 TTC
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Field mixing in Rindler
spacetime



Boson mixing in QFT (Minkowski spacetime)
Boson mixing transformations:’
$a(x) = ¢1(z) cosf+ p2(z) sind = Gy (1) ¢1(x) Go(t)
¢B(x) —1(x) sinf + ¢a(x) cosf = Gy (t) da(x) Go(t)
where

Go(t) = exp {z‘@/d‘Bx (7T1¢2*¢T17T;*7T2¢1 +¢;WI)} :

Mapping between the Fock spaces Hi 2 and H4 g (at volume V)
0(60,8)) 4,8 = G5 (1) [0)1,2 -
Unitary inequivalence

lim 1)2<0‘0(9,t)>A’B - 0, Vit.

V—o0

fM.B., A.Capolupo, O.Romei and G.Vitiello, Phys. Rev. D (2001)
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Field expansions in plane-wave basis (i = 1,2)

e Fields with definite mass

dSk 6ik-x . v ) .
¢i = /( — (ak,ie Wt ﬁtk7i61wk”t> )

271')3/2 V2w,

with
ax,i|0)1,2 = 0, [ak,i, GL,]} =6 (k — K)oy

e Fields with definite flavor ((x,j)=(4,1),(B,2))

d3k ez’kx > . B ) .
Ox :/ (27r)3/2 2wy <ak’X6 gt aik,xewkﬁ) ’
»J

with

A ®0)as =0, [ax(®), ol ,(0)]=8" (k= K)dyo Wt
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e Annihilator for the flavor vacuum [0(6,t)) 4,5
ax A(t) = cosfax1 + sinf (,011‘2*(75) axa + A5 (1) @Tsz)

e mixing Bogoliubov coefficients:
Pa(t) = [piy] efm2mwn)t Nl (1) = A, | ef(wrater)t
IURIE G Wk,2
Atz 2 W2 W1
with [pf[* — [Af]? =
e Condensation density for mixed bosons

() ap = sin? 0 |\,

4.80(8)]a; ai
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3

10

Log|k|

Condensation density as a function of Log|k| for sample values of m; and
meg. Solid line: m1 = 10, m2 = 100. Dashed line: m; = 1, m2 = 100.
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Uniformly accelerated observer: Rindler metric

e Rindler coordinates

20 = £ sinhn, ' = & coshn

e Rindler (#) vs Minkowski (.Z)
ds? = (da®)? = (dz")? — (d7)* —
— ds® = £dn” — d§® — (dF)?

e Worldline of a Rindler observer
n=ar, £=const=a ', & =const

P
with proper acceleration a.
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Free boson field in hyperbolic basis

e Free field quantization in . in hyperbolic basis
o= [@x 3 {al 0O+ 4@1 T, =@

where
~ . 21/2 eo'TrQ/2 i(Fmo
UL = =y Kionlis) e (Fa=oan)
T

and

+o00 i0§2/2 , )
4 = / ( dkl)l/z ("J’“ - :1> @y > 457, 4y H] = 05or 07 (k= K').
oo (27w, wi — k1 :

° d,Ef’) and ay annihilate the same Minkowski vacuum [0,/)

d,gg)|OM> = a,k|OM> =0.
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Free field quantization in Rindler spacetime

—Free field quantization in & in Rindler modes*

(b:/dS/{Z{b,gU) 11/50)+620)Tu20)*}

where o)
(a) g (a) i(lz-i’foﬂn)
U’H QQ\/ﬂ (6)6

and

B, 8] = 6,083k — k), b7|0R) = 0.

|0r) is the Rindler vacuum.

*S. Takagi, Prog. Theor. Phys. Suppl.(1986)
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Minkowski quantization: Rindler quantization:
o= B3, {4 T + a0 T T s =faeE, (b7 w47 T w7
N\ e
Thermal Bogoliubov transformation
b = \/T+ N(Q)d + /N(Q)dl 1

where N(Q) = (e*? — 1)71 and &= (Q,—k).

e Rindler vacuum |0g) differs from Minkowski vacuum [0x/)
(a5 00r) = N(Q) 6500 6% (5 — #).

e For a Rindler observer, |057) is seen to be equivalent to a thermal
a

bath with temperature 7' = 2= 1.

fW. G. Unruh, Phys. Rev. D (1976)
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Mixing and thermal Bogoliubov transformations

Two Bogoliubov transformations

mixing Bogol. (0 .
— @ ¢4,¢p = condensate in|04 3),

¢17¢2

thermal Bogol. (a .
L Bggol. (@) ¢.« = condensate in|0p).

o

e How do these two transformations combine when field mixing in
accelerated frames is studied?*

*M. Blasone, G. Lambiase and G. Luciano, Phys. Rev D (2017).
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Field mixing in Minkowski spacetime: hyperbolic basis

pa(x) = ¢1(x) cosh + ¢a(x) sind,

op(x) = —¢1(x) sinb + ¢2(x) cosd

e Hyperbolic expansions of definite mass fields
o= (xS {009 + 4100 ) i- )
e Hyperbolic expansions of definite flavor fields

b, = / @n Y {aQ05 + a0 (wi) = (41).(B.2).
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Flavor annihilator in hyperbolic basis
gt - pgled) )

+o00o
(o) _ (@) | o / (e (o,0")"
dyq = cosfd, +51n9/0 dfd Z (d(Q',E),2 Aqani T o2 Baw).

[ea

where
L oQ ey
Al o dky ( 1 1 )(Wk,l + k1 )ZT (wk,z + kl)” 7 ilw = wi2)t
(2,9, k oo Am Wk, 1 Wk,2 wk,1 — k1 wk,2 — k1
e ol
B(Uv"/) — /+oo dky ( 11 ) (wa +ki )ZT ("JkaQ + kl)il : el 1t wic,2)t
A | \wk2  wk1/ \wk1 — k1 w2 — k1

Q) k

— 00

Non-trivial resolution of these integrals...
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Field mixing in Rindler spacetime

e Rindler expansions of definite flavor fields in %

/f zjuw 70T (6 = (41),(B,2)

e Mixing + thermal Bogoliubov transformation

b%) = VI T N(Q)d ) + VN©@)d
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Condensation density of Rindler mixed particles in |0,/)

Nr(0)] = Ng(Q)8*(k —«') + sinze[F(aﬂ’)NsB + G(Q,ﬂ’)NAB] 82 (k — k).

0
with
F(Q,Q) = /Nr(Q) Nr(@) + V(1 + Nr(Q) (1+ Nr()),
G(Q, Q) = 1+ Ng(Q)VNr(Q) + VNr(Q) 1+ Nr(),

— Combination of the Unruh condensation density N(€2) and mixing
condensate Ny(Q2) = Geometry of spacetime as possible source of
field mixing?

e Modification of the Bose-Einstein distribution.

74



Physical picture of the modification

No mixing: |0y) is populated by
Rindler particle/antiparticle pairs of the
same type = Particle radiation is
generated by the corresponding
one-type antiparticles falling into the
event horizon = Thermal distribution.

Mixing: Vacuum is a condensate of
particle/antiparticle pairs of different
types. = Particle radiation is generated
by both types of antiparticles falling

into the event horizon = Increase of the

Modification of the B-E distribution

entropy and modification of the B-E

distribution due to the mixing. Different colours

correspond to different types of particle.
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Conclusions and Perspectives



Conclusions and Perspectives

e Mixing transformations are not trivial in Q.F.T. (not just a
rotation!) = inequivalent representations.

e The vacuum for mixed fields has the structure of a SU(N)
generalized coherent state (condensate of particle-antiparticle pairs).

e Condensate structure of the flavor vacuum = dynamical origin of

mixing.

e Lorentz invariance violation (7)
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Conclusions and Perspectives

e Application of functional methods has suggested the study of
appearance of inequivalent representations in path integrals’.

e Neutrino oscillations in curved backgrounds;

¢ Entanglement in neutrino states: neutrino oscillations as a resource
for quantum information;

e Geometric phases;

M. B., P. Jizba, L. Smaldone, Ann. Phys. (2017).
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Three-flavor fermion mixing?
Mixing relations:

Usp(x) = MU, (x)

(v1,v2,v,) and

T _ T
where U} = (ve, vy, v7) , ¥,

i

C12C13 S12€13 si13€
is is
M = | —si12c23 — c12523513€ C12C23 — $12523513€ $23C13
1) 0
512823 — 01202351361 —C12823 — S12€23513€ C23C13

with Cij = COS 92']'7 Sij = sinHij

M.B., A.Capolupo and G.Vitiello, Phys. Rev. D (2002)
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We have:

v (z) = Gy (1) 1 () Go(8),

where (0,7) = (e, 1), (1,2), (7, 3), and
Go(t) = Ga,(t)G1,(t)Gra2(t)

Gualt) = o |Bra [ x(0](@nlo) ~ (oI
Gi3(t) = exp _913/d3x(1/1r (z)vs(x)e™™ — vi(x)n (m)ew)} ,
Gas(t) = exp 923/d x — vy (x)ug(ac))} ,

Flavor vacuum:
0}y = Gg' (1) [0)m
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Flavor annihilation operators:
Qe = C12€13 Q41 + S12€13 (Uﬁ* ozf(,ngeTVfE Bffka) +e % 515 (Uf‘g* a£73+eTV11§ ﬁfkﬁyg) ,

T 0 r [ k r ry/k ort
g, = <612623 —e 812823813) Qg o — (812623 +e 012823813) (U12 Q1 —€ Via B_k,l)

kx r ry/k orf
—+ s23C13 (U23 oy 3+e Vo /77,1(,3) )
r r 6 k r ry/k ort
Qg = C23C13 O 3 — (612823 +e 812623813) (Uzs Qg 2—€ Vas /871(‘2)
0 k I3 ry/k ort
+ (812823 —e€ C12023813) (U13 ag,1—¢€ Vis 571(,1)

and similar ones for antiparticles (6 — —0).
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Condensation densities

Condensation densities N¥ for sample values of masses and mixings
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Parameterizations of mixing matrix

v (x) = Gy () vf (w) Go(t),
Define the more general generators:

G2 = exp [912 /d3x (l/fyge_“s2 — I/;V1€M2) }
G1, = exp [013 /d"’x (nyae_ms - y;fylei‘ss)}

Ga, = exp [923 /dsx (V;y?,e_“;? - V;U26i67):|

There are six different matrices obtained by permutations of the

above generators.

We can obtain all possible parameterizations of the matrix by setting
to zero two of the phases and permuting rows/columuns.



Currents and charges for 3-flavor fermion mixing

Lagrangian for three free Dirac fields with different masses

L(x) = Un(2) (i § = M) U ()

where U1 = (v1,v9,v,) and M, = diag(my, ma, m,).

The SU(3) transformations:
() = NP, (n) 5 j=1,..,8

with a; real constants, and \; the Gell-Mann matrices, give the

currents:

J;;L,j (I) = \i/m (-75) "YIL )\j \I’m(a:)

DN | =
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The combinations:

Q1 = %Q + Qms3+ %Qm,&

Q2 = %Q — Qms+ %Qm,S
1 2

QS = EQ - %Qm,fﬁ

/d3 ak 7,Oék i ﬁi'rk,iﬁik,i) ) 1= 17 27 3.

are the Noether charges for the fields v; with ). Q; = Q.

Flavor charges:

Q) i= G5 (1) : Qi : G / @k (af (t)al, (1)

S AOLANG)
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CP violation and SU(3)
Modified Gell-Mann matrices:

0 % 0 0 —ie"2
e 0 0 |, A= e 2 0 0
0 0 0 0 0 0
0 0 —ie s 0 0 0
0 0 0 D= 0 0 €97
ie%s 0 0 0 e ™ 0
1 0 0 . 1 0 0
=0 =1 0 ., ds=—1] 0 1 0
0 0 0 V3 00 -2
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Entanglement in neutrino oscillations.

Flavor mixing and entanglement;

Entanglement in neutrino oscillations:

— Flavor entanglement;

— Decoherence;
Neutrino oscillations as a resource for quantum information.

Flavor entanglement in Quantum Field Theory.
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Entanglement in particle mixing

— Flavor mixing (neutrinos)

[ve) = cosf|v1) + sinf[vy)

|v,) = —siné|vy) + cosf |va)

e Correspondence with two-qubit states:
1) = [1)1]0)2 = [10),  |v2) = [0)1]1)2 = [01),

where |); denotes states in the Hilbert space for neutrinos with mass

m;.

= flavor states are entangled superpositions of the mass eigenstates:

|ve) = cos@|10) + sinf|01).
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Single-particle entanglement?
— A state like |¢) 4, 5 = |0) 4]1) B + |1) 4]0) 5 is entangled,;
— entanglement among field modes, rather than particles;

— entanglement is a property of composite systems, rather than of
many-particle systems;

— entanglement and non-locality are not synonyms;

— single-particle entanglement is as good as two-particle entanglement
for applications (quantum cryptography, teleportation, violation of
Bell inequalities, etc..).

§J.van Enk, Phys. Rev. A (2005), (2006);

M.O.Terra Cunha, J.A.Dunningham and V.Vedral, Proc. Royal Soc. A (2007);
J.A.Dunningham and V.Vedral, Phys. Rev. Lett. (2007).

S.B.Papp et al. Science (2009)

D.Salart et al. Phys. Rev. Lett (2010)

G.Bjork, A.Laghaout, U.L.Andersen Phys. Rev. A (2012)
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Protocols for extraction of single-particle entanglement (from M.O.Terra
Cunha, J.A.Dunningham and V.Vedral, Proc. Royal Soc. A (2007)

I

One photon is split, creating an
entangled one-photon state.

Each photon mode interacts with a
two-level atom. Resonance is
tuned to give a 7 pulse, if a photon
is present. The excitation is
transferred to the atomic pair.

One excitation is distributed
between two atoms. A Bell state of
excited-ground states is created.

one-particle
entanglement

state transfer

two-particle
entanglement

\ee/

One atom is split between two
traps, creating an entangled one-
atom state.

N

( (
Each atomic trap interacts with an
attenuated atomic beam.
Resonance is tuned to create a
molecule if one atom is found in
the trap. The traps are left empty,
and the atom is transferred to the
beams.

N N
~0/+.~/

The (dark grey) trapped atom is
distributed between two (light grey)
atomic beams. A Bell state of
molecule—atom states is created.
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Multipartite entanglement in neutrino mixing?’

— Neutrino mixing (three flavors):

) = U6,6)|uy)

with [v;) = (Jve), ), [vr))" and Jv,,) = (v), [ve), [vs)"
— Mixing matrix (MNSP)

i
C12C13 S12€13 size” "
0 _ 0 8
Uu,s) = —S12C23 — C12823813€ C12C23 — $12523813€ $23C13
id 0
§12823 — C12€23513€ —C12523 — S12€23513€ C23C13

Where (é, 5) = (012, 013, 023; (5), Cij = COS 97;]' and Sij = sin&ij.
e Correspondence with three-qubit states:

[v1) = [1)110)2]0)3 = [100),  |v2) = [0)1]1)2|0)5 = |010),

lvs) = 10)1]0)2|1)3 = |001)
9M.B., F.Dell’Anno, S.De Siena, M.Di Mauro and F.Illuminati, Phys. Rev. D
(2008).
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Multipartite entanglement

— Characterization of entanglement for multipartite systems is a
non-trivial task. Several approaches have been developed: global
entanglement, tangle, geometric measures“7 etc...

In the 3-qubit case, the two fundamental classes™ of states are those
of the GHZ state and of the W state:
1

GHz) = =

(1000) + [111)),

Wy = i3(|1oo> +1010) + [001)) .

IT.C. Wei and P.M.Goldbart Phys. Rev. A (2003);

M.B., F.Dell’Anno, S.De Siena and F.Illuminati, Phys. Rev. A (2008).
**W.Diir, G.Vidal, and J.I.Cirac, Phys. Rev. A (2000)
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(Flavor) Entanglement in neutrino oscillations'?

— Two-flavor neutrino states

Dy = U(8,s) ™)

where \Z/(f)) (Jve), ‘V‘L>)T and \1/<m)> (Jp), \1/2))T and

U®) = CO.SQ sin 6
—sinf  cosf

— Flavor states at time t:

WD(1)) = U(0,6) Uo() U@,6)" 1)) = T(t)|ut)),

—iBqt
with Uy (t) = ( “ e_?Eﬂ )

TTM.B., F.Dell’Anno, S.De Siena and F.Illuminati, EPL (2009).
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— Transition probability for v, — v

Proswy (t) = [walva(t)]? = [Uag(t)]?.

e We now take the flavor states at initial time as our qubits:

ve) = [1)el0)u = [10)5, V) = [0)e[1)y = [01) 5,

— Starting from [10) ¢ or |01), time evolution generates the
(entangled) Bell-like states:

V() = Uae®)Del0)u + Uau()0)e[L)y, @ =e,p.
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Entanglement measure

— Let p = |¢) (1| be the density operator for a pure state |1/)

Bipartition of the N-partite system S = {S1,S2,...,Sn} in two
subsystems:

Sa, ={51,Si,---,5,}, 1<ii<ia<...<in<N;(1<n<N)

and

Sex = {5515 85255 Sin b 1< <2 <o <n—n S Niig # Jp
— Reduced density matrix of S,, after tracing over Sp, . :

PA, = Pitjis,.in — Trpy_, [p] = Trj1;47A2v-"7jN7n [,0}
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e Linear entropy associated to such a bipartition:

A.;BN—n d
g p) = == (1= Tra,[p3,]).,

d is the Hilbert-space dimension:
d= min{dim Sa, ,dimSp,_, } — min{2"7 2N—n}.

e Average linear entropy (global entanglement):

n

@@”%»=<N> >S5 ),
An

sum over all the possible bi-partitions of the system in two
subsystems, respectively with n and N — n elements (1 <n < N).
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Entanglement in neutrino oscillations: two-flavors

Consider the density matrix for the electron neutrino state
) = |ve(t))(ve(t)], and trace over mode pu = p(ee).
— The associated linear entropy is :

S(LEW>(P(6)) =14 |I~Jeu(t)|2 |[~Iee(t)|2 = 4Pt/e.—>1/e (t) PV(!_”/;I (t)

— The linear entropy for the state p(®) is:

e ;e 1:1 e e
S = SO = (SP) = 4|Uau(t)? [Uae(t)]?

4‘6ae(t)‘2 (1 - |fjae(t)|2)

e Linear entropy given by product of transition probabilities !

AU )P (1= [Uau®)).
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T

2Et
2
Ami,’

sin? 0 = 0.314. Transition probabilities P,. -, (dashed) and P,

(dot-dashed) are reported for comparison.

Linear entropy S(Leﬁ:u) (full) as a function of the scaled time 7" =

with
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Neutrino oscillations as a resource for quantum information

e Single-particle entanglement encoded in flavor states [v(f)(t)) is a
real physical resource that can be used, at least in principle, for

protocols of quantum information.

— Experimental scheme for the transfer of the flavor entanglement of a
neutrino beam into a single-particle system with spatially separated
modes.

Charged-current interaction between a neutrino v, with flavor a and
a nucleon NN gives a lepton a~ and a baryon X:

Vo+ N —a +X.
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Generation of a single-particle entangled lepton state (two flavors):
In the target the charged-current interaction occurs: vo +n — a~ +p
with a = e, p.

A spatially nonuniform magnetic field B(r) constraints the momentum of
the outgoing lepton within a solid angle €2;, and ensures spatial separation
between lepton paths.

The reaction produces a superposition of electronic and muonic spatially
separated states.

99



e Given the initial Bell-like superposition |v,(t)) the unitary process
associated with the weak interaction leads to the superposition

(t)) = Acl1)e|0)y + AplO)e[ 1)

where |[A.|? 4+ [A,|* =1, and |k),, with & = 0, 1, represents the lepton
qubit.

The coefficients A, are proportional to ﬁag(t) and to the cross
sections associated with the creation of an electron or a muon.

e Analogy with single-photon system: quantum uncertainty on the
so-called “which path” of the photon at the output of an unbalanced
beam splitter < uncertainty on the “which flavor” of the produced
lepton.

The coefficients A, plays the role of the transmissivity and of the
reflectivity of the beam splitter.
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