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Phase diagram of QCD 
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QCD critical points 
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Classification of critical points 

What are the universality classes of the high-𝑛𝐵 critical Point ? 

Universality class High-𝑇 critical point High-𝑛𝐵 critical point 

Static 3D Ising ? 

Dynamic 
Hohenberg and Halperin (1977) 

Model H 
Fujii (2003), Son and Stephanov (2004) 

? 



Universality class 



Universality class 

Coarse graining 

・ Order parameters 
・ Conserved quantities 
・ Nambu-Goldstone modes 

Hydrodynamic variables: 



Universality class 

Coarse graining 

・ Order parameters 
・ Conserved quantities 
・ Nambu-Goldstone modes 

Hydrodynamic variables: 

Symmetries 

Classification based on hydrodynamic variables and symmetries 



Results 

New dynamic universality class  

beyond the conventional  Hohenberg-Halperin’s classification 

Universality class High-𝑇 critical point High-𝑛𝐵 critical point 

Static 3D Ising 3D Ising 

Dynamic 
Hohenberg and Halperin (1977) 

Model H 
Fujii (2003), Son and Stephanov (2004) 

New class 
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Outline 

• Hydrodynamic variables   
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• Symmetries 

Statics 

Dynamics 

• Ginzburg-Landau theory 

• Langevin equation 

High-density critical point 
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High-density critical point 

• Symmetries 

• Hydrodynamic variables       

Chiral condensate Baryon number density  Superfluid phonon 

Energy density Momentum density 

 Diquark condensate 



Statics 

decoupled due to T symmetry derivative coupling  
due to U(1) symmetry 

• Expansion dictated by the symmetries  

•    is irrelevant to the statics. 



Statics 

Same universality class of high-𝑇 critical point  

• Expansion dictated by the symmetries  



Dynamics 

dissipative  non-dissipative 

Onsager’s principle 

• Langevin equation for  



Dynamics 

dissipative  non-dissipative 

• Langevin equation for  



Dynamics 

dissipative  non-dissipative 

• Langevin equation for  

• Leading order of      : 

• Hydrodynamic modes: 



Dynamic critical phenomena 

• Speed of phonon 

“Critical slowing down” 

New dynamic universality class 
beyond  Hohenberg-Halperin’s classification 

• Dynamic critical exponent 



Why the universality class is new? 

 

Compare with the other critical points: 
 

 

• High-𝑇 critical point 

  Due to superfluid phonon associated with U(1) symmetry 
 

 

• Superfluid transition of  4He   

  Because characteristic order parameters are different. 

        
Superfluid gap  

 of superfluid  helium 4 
Chiral condensate  

of high-𝑛𝐵 critical point 
v.s. 



Future heavy-ion collisions 

• Dynamic critical phenomena distinguish the high-𝑇 and high-𝑛𝐵 
critical points. 

• Observation of high- 𝑛𝐵 critical point would provide the indirect 
evidence of the superfluidity in QCD. 



Conclusion 

• We found the new dynamic universality class beyond the 
conventional Hohenberg-Halperin’s classification. 

Universality class High-𝑇 critical point High-𝑛𝐵 critical point 

Static 3D Ising 3D Ising 

Dynamic 
Hohenberg and Halperin (1977) 

Model H 
Fujii (2003), Son and Stephanov (2004) 

New class 
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Canonical conjugate 

• Microscopic theory  

• Effective theory 

• Gauge transformation 

D. T. Son, hep-ph/0204199 

S. Weinberg, The quantum theory of elds. Vol. 2 



High-density critical point in NJL model 

𝑁𝑓 = 3 with axial anomaly  𝑁𝑓 = 2 with vector interaction 

No-superfludity in 2SC phase  

Kitazawa, Koide, Kunihiro, Nemoto (2002) Abuki, Baym, Hatsuda, Yamamoto (2010) 



High-density critical point in NJL model 



With energy and momentum 

: Curvatures in the free energy 

: Thermodynamic quantities (no singularity) 

: Susceptibilities 

• Speed of phonon 



Superfluid transition of  4He  

• Speed of phonon 

: Stiffness constant 

: Specific heat at constant pressure 

• Critical exponent 

Hohenberg and Halperin (1977) 


