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Decomposition of Tensor Representations of SU (m)

Decomposition of Tensor Representations of SU(m) Groups

o n-quark states |q1)|gz2) - - - |gn) form a m™ dimensional direct product basis of
SU(m) (m =3, 3, 2 for the color, flavor, and spin).

@ The direct product representations of SU(m) can be decomposed according
to the irreducible representations of the permutation group S,
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Yamanouchi Basis

Yamanouchi Basis for Multiquark Systems

Yamanouchi Basis is also called the standard basis in permutation group. For ¢,
q* and ¢* systems, for example, the basis functions are defined as

s =[1]2]=112](11)), ¢ = L= |[11] 1))

on = 121 a1y 211)), zpngﬂz\[m](m»
s = = [[3] (111)), w4 =[2]=|[111](321))
3
1]2] 1]3]
Yy =[3] =|[211](3211)), w,=2] = |[211](3121))
4] 4]
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Yamanouchi Basis

Yamanouchi Basis in General

@ In general, a Yamanouchi basis function is written as

|[)\13 A27 o ] (Tnarn—h e ,7’2,7’1)>

Ai: the number of boxes in the ith row of a Young tabloid;
r;: from the ith row a box is removed.

@ Each Young tableau leads to one Yamanouchi basis function, for example,

1]2]3] 1[3]4]

415 =[321](322111)), [2]5] =|[321](321121))
6] 6]

1]3]5]

214 =|[321](312121)),

6]

@ All such defined functions for a Young tabloid together form a complete basis.
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Yamanouchi Basis

Representations of .S,, under Yamanouchi basis

It is to evaluate the matrices for all permutations of the permutation group .S,
under Yamanouchi basis

@ Suppose that the irreducible representations of S,,_1 are known, then we
have the matrices for any element which is in both the S,,_; and S,,, for
example, the permutation (i,n — 1).

@ Any element of \S,, can be resolved into a product of transpositions (i, ) (for
example, (123) = (13)(12)), thus what we need to evaluate are the matrices
of the elements (i,n).

@ But due to

(i,n) =(m—1,n)(i,n—1)(n—1,n)

we need to evaluate only the matrices for the element (n — 1, n).
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Yamanouchi Basis

Representations of S,, under Yamanouchi basis

The operation of the element (n — 1,n) on the standard basis satisfies the
followings:

A: (n—=1,n)[[Al(r,r,---)) = +[[Al(r,r,--+)).

B:  (n=1n)|N(rr—1,--)) = = [[A(r,r = 1,---))

when |[)\](T - 177’7 Tn—2y""",T2, 1)> not exist

C: (n=1n)|\(r,s,--)) = ons|[A](r,s,--+)) + V1= 0 ][[Al(s,7, )
when r # s. For [A] = [A1, Aa, -+, Ar - - Ag -+ Ay, we have

1
Ar—7) = (As — 5)

Ors =
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Yamanouchi Basis

Representations for S3

1]2] 1]3]

° Py =
basis.
@ Matrices for all permutations of S5 in this basis are

D(12) = ( 01>

v = (s ')

D(13) = D(23)D(12)D(23) = ( %32 71/2 i )

= |[21] (121)) form a complete

=|[21] (211)) and ¢, =

D(123)D(13)D(12)< }//22 _flg
D(132) = D(12)D(13) = ( \—/%ﬁ —_\{%2 >
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Yamanouchi Basis

Projection Operators

Projection operators of S, are defined in the form

W = ST AR R;

i

R;: all the permutations of S,

° W([;\)] projection operator corresponding to the irreducible representation [)]
and the Yamanouchi basis function |[A](r)) of S,,.

@ For ¢> system, the projection operators according to each Young tableau

PS = 14 (12)+(13) + (23) + (123) + (132)
PY = 1+ (12) — 1(13) — 5(23) — (123) — 1(132)
pPr = 1-—(12)+ 3(13) + 3(23) — 1(123) — 1(132)
PA = 1-—(12) — (13) — (23) + (123) + (132)
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Yamanouchi Basis

¢> Flavor Wave Functions

Acting W([:‘)} on any function f1fs--- f,, one could derive the corresponding

standard basis function. Let act, for instance, the operator P* and P” onto the
state udu (with u = ¢, and d = ¢g4), we have

1 1
r* — _z _Z _ - _z
udu udu + duu 2udu 2uud 2duu 2uud
= 1 d —&—ld d
= 2u U 5 uu — Ul
1
= Yn = —= [udu+ duu —2uud]

V6

1 1 1 1
PP = — — - — _ =
udu udu — duu + 2udu—!— 2uud 2duu 2uud
3
= iudu — §duu
1
= Y, = —= [udu— duu]

V2
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Yamanouchi Basis

q> Spin-Flavor States

Spin-flavor wave functions of various permutation symmetries may be written in
the general form,

Vs any = E E aij VYi X
i=S,A,\,p j=S,A\,p

The coefficient a;; can be determined by applying the permutation operators of
S5 to the general form. Check the simplest case,

(23) (atox xx + b0, )
=a (—%% + ?wp) (_%XA + §X0> +b (%wp + @1/5\) (%XP + ?XA)
= (a+30) vaxa + (Ga+ 1) vox, — %(a = b) (haxy + ¥pxa)

a = b leads to the fully symmetric spin-flavor wave function. Here we have used
DI[?11(23), the [21] representation matrix for the element (23) of Ss,

(2 )
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Application to Pentaquarks

[@absan

@ As the color part of the antiquark in pentaquark states is a [11] antitriplet,
the color wave function of the four-quark cluster must be a [211] triplet

1/’f211]

@ That the total wave function of the four quark configuration is antisymmetric
dictates the ¢* orbital-spin-flavour part must be a [31] state,

osf
Viai]
@ Total wave function of the ¢* configuration may be written in the general
form

Y= Z auwzn]ﬂ’ﬁ]

1,5=X,p,M

e Considering the results for ¢ systems, an antisymmetric U may be formed by
only three components, that is

Y= a>\p¢[211]ﬂ/’[31 + apﬂ/’[ml],ﬂb 31, T ann7/1[211]n1/’[31
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Application to Pentaquarks

Antisymmetric ¢* g Wave Function

Applying the permutation (34) of S4, we have
(34)y = *akpw[cznhw[(;,slj]cp

1 2\/5 osf f osf
+ ap <—3¢f2111p + 31/’f211]n> (g%m —5 Y,

2 oS (oF]
+ an ( \[@[’[211]‘,"‘ V11 ) ( \fw[:nf w[31f>

An antisymmetric ¥ demands

Apx = —lnp

Here we have used the [31] and [211] representation matrices for the permutation
(34) of the Sy,

—1/3 2v2/3 0 -1 0 0
pBUGBay = [ 2v2/3 173 o |, DRUEY=( 0 -1/3 2v%/3
0 1 0 2v2/3 1/3
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Application to Pentaquarks

Antisymmetric ¢* g Wave Function

Applying the permutation (12) or (23) of the Sy leads to

Gpx = —Axp
Finally, we derive a fully antisymmetric wave function for the ¢* configuration
1
¥ o= —
V3

For ground state pentaquarks, the total wave function takes the form

c 0s c 0s c osf
(W 5, — Vo, ¥, + Yo, ¥357,)

1 o c sf c sf c sf
YT 5 [‘I’m ( 11, Yy, — Yiein, Yy, + ‘I’[zu]n‘l’mn)}

e W° W and W*/ are respectively the orbital, color and spin-flavor parts of the
pentaquark states.

@ The subscripts [211] and [31] of the ¥ and W*/ stand for the symmetries of
the ¢* configuration in pentaquark states.
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Application to Pentaquarks

g* Spin-Flavor Wave Functions

For the pentaquark states with isospin I = 0 and strangeness .S = 1, the
flavor-spin wave function of the ¢* configuration must be as follows:
[31] = [22] ® [31]
SU,£(6) SU¢(3) SU,(2)

Again, the spin-flavor wave functions of various permutation symmetries take the

general form,
Pt = Z Z aij Pr22), X[31];
i=X,p j=Apm

ai; can be determined by acting the permutations of S4 on the general form. The
spin-flavor wave functions for the ¢* cluster are derived as,

1 1 1

sf _ = = -

Yo, = —g%LaXes ~ 59X, T 50022, X,

B, = —lqﬁ +1¢> +i¢>

Blx — B [22], X[31], B [22]x X[31]a V2 [22]1 X[31],,
1 1

Vi, = 751220, Xi31), + 521X (3115

Yupeng Yan (SUT) Multiquark States ERICE2011, Sept. 16-24, 2011 15 /20



Application to Pentaquarks

Spin and Flavor Wave Functions

The explicit form of the spin and flavor wave functions of the ¢* configuration of
pentaquark states can be easily worked out in the Yamanouchi technique,
following the process:

o Work out first the representation matrices in the Yamanouchi basis of the
irreducible representations of Sj.
DUI(R;), DIMM(R;) (one dimensional matrices)
DP2I(R;) (two dimensional matrices)
DBU(R;), DPMI(R;) (three dimensiuional matrices)

@ Construct the corresponding projection operators.
Pg for [4]
Py for [1111]
Py and P, for [22]
P\, P, and P, for [31] and [211]

@ Act the projection operators on arbitrary four quark states to obtain the spin
and flavor wave functions with the corresponding symmetries.
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Application to Pentaquarks

Flavor Wave Functions

The A-type projection operator for the representation [22] is derived as

Pyo= ) ([22)(2211)|Ry[[22](2211)) R,
= ;_+ 2(12) — (13) — (14) — (23) — (24) + 2(34)
1+2(12)(34) + 2(14)(23) + 2(13)(24)
—(123) — (124) — (132) — (134) — (142) — (143) — (234) — (243)
—(1234) — (1243) + 2(1324) — (1342) + 2(1423) — (1432)

The flavor wave functions of the four-quark subsystem with the [22] symmetry
could be derived by operating P, on any ¢ state. For example,

1
Py (vudd) = ¢ja9, = §(dudu — duud + udud — uddu)

Py (uvudd) = ¢29, (duud + udud — 2uudd 4+ uddu + dudu — 2dduu)

1
_72\/:;
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Application to Pentaquarks

Spin Wave Functions

The 7-type projection operator for the representation [31] is derived as

24
P, = 3 (31111 Ri|[31)(2111) R,
i=1
= 3+43(12) +3(13) — (14) + 3(23) — (24) — (34)
—(12)(34) — (14)(23) — (13)(24)
+3(123) — (124) 4 3(132) — (134) — (142) — (143) — (234) — (243)
—(1234) — (1243) — (1324) — (1342) — (1423) — (1432)
The spin wave functions of the four-quark subsystem with the [31] symmetry can
be derived by operating P ,, on any q* spin state, for example, the state 1171/,

Py(117]) = x[gun(l,n:% LT 4+ 1L + 1111 =3 1111 )
P(111]) = X[31],,(171):\% LT = 1411)
P11 = x[mu,l):% 1T+ 1111 =2 1111)
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Remarks

Yamanouchi basis approach is the very tool for constructing multiquark states.
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